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Preface

The basic problem of low energy hadron scattering is the determination of the scattering
amplitude, which in the case of elastic two body scattering is a complex function of
two complex variables (plus spin variables). However primitive this may seem at first, a
solution should yield very fundamental and valuable insight into the structure of matter.
The problem has both experimentally and theoretically proved troublesome, and has
historically given rise to theoretical formalisms which are very disparate and reflect the
differing world views and approaches to theoretical physics of their authors.

The aim of this thesis is threefold. Firstly, to give a coherent overview of calculational
techniques of relevance to the simplest low energy hadron scattering processes, including
dispersion relation theory, current algebra and chiral perturbation theory. Secondly, to
provide means of performing some simple quantitative test of the different formalisms.
This is achieved by supplying the Mathematica notebooks of appendix D. Thirdly to
explore the role of rigorous constraints from analyticity, unitarity, crossing and chiral
symmetry. That is, in the different theoretical frameworks, examine how well substan-
tiated these assumptions are, and how they can be put to use in making theoretical
predictions. The main sections are each divided in a substantial theoretical section,
and a shorter section where the theory is used for discussion of some specific scattering
processes.

The reader is assumed to be familiar with quantum field theory at a level as in e.g.
ref. 1. From the different low energy hadron formalisms, only fairly general results
of relevance to the three processes πN, ππ and πK scattering are treated. More spe-
cialized treatments of the three processes can be found in the following references: For
ππ scattering: A short review covering the dispersion relation models, dual Regge pole
models and Padé approximants can be found in ref. 2. For an extensive review covering
all important models except chiral perturbation theory, see ref. 3. For πN scattering:
Dispersion relations are treated in ref. 4. For πK scattering: Current algebra and dis-
persion relations are treated in ref. 5. For another treatment of current algebra plus the
generating functional approach to chiral perturbation theory, I refer to a thesis written
previously at this institute - ref. 6. For a treatment of chiral perturbation theory, with
emphasis on quantitative calculation of various amplitudes with the inverse amplitude
method I refer to another thesis written at this institute - ref. 7.

I wish to thank G. C. Oades for proof reading, T. C. Hannah for various discussions,
V. F. B. Orellana for the front page, and C. A. B. Orellana for all kinds of support.
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Introduction

It seems to us to be a necessary task to explore bit-by-bit the
rigorous consequences of analyticity, unitarity and crossing.
Who knows if some day one will be able to reassemble the
pieces of the puzzle.

– André Martin –

Since the late seventies, the standard model8,9 has formed the paradigmatic basis of
theoretical elementary particle physics. The experimental verification of the standard
model is impressive and most working physicists do not question its validity. It is, how-
ever, from a purely theoretical point of view, far from a definitive theory. It includes
only three of the four fundamental forces. It does not account for the number of fun-
damental particles, i.e. why the gauge groups must be U(1), SU(2) and SU(3), which
is also a rather ambitious demand. It also does not account for the observed properties
of the postulated particles (mass, charges, spin, parity, isospin), but requires as much
as 19 input parameters,9 still not explaining why the neutrino has no mass (if that is
so) and no right-handed chiral component. Besides all this there are still some doubts
as to the consistency of the renormalization theory,10 which have given rise to specu-
lations10 on an underlying theory more general than the standard model and quantum
field theory (QFT), e.g. a supergravity or a super-string theory. The concept of effective
field theories9 has led to the idea10 that physical theories need only be renormalizable
to order E/M , i.e. the non-renormalizable terms are suppressed by a power of E/M ,
where E is the experimental energy and M is a cut-off parameter (heavy particle of
mass M). Since renormalization of a theory implies the application of of the theory at
energies, where nobody knows what the exact theory is, it seems reasonable to work
with different effective theories at different energies, instead of demanding and trying to
prove renormalizability, and this has been the trend this last decade or so.10 The use of
phenomenological theories can be regarded as resigning the dream of deducing a unified
theory, but on the other hand also as approaching it in small steps. Weinberg’s study of
effective lagrangians11,12 was originally inspired by Schwinger’s ”source theory”,13 which
abandons the concept of a local operator field, an idea which Bjorken and Drell1 had
also suggested as a response to the inconsistencies of quantum electrodynamics (QED),
but not developed.

The fundamental force responsible for the acceleration of elementary particles in
particle accelerators, is the electromagnetic interaction. At high enough energies
(� 1000 MeV), all scattering experiments are approximately described by QED. One
has, however, to introduce some form factors to get full agreement with experiments. At
medium energies these factors are rather large, and at low energies the QED-description
breaks down. This behaviour of the scattering amplitudes is believed to reflect that
another fundamental force, the strong interaction, has the peculiar behaviour that it is
negligible at high energies but dominant at low energies. The strong interactions are
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believed to be describable by quantum chromo-dynamics (see ref. 9 for an introduction)
(QCD); a (color) SU(3) gauge theory, in the framework of the standard model, which
assumes the existence of eight mass and chargeless, colored gluon gauge fields and 6 frac-
tionally charged, colored quark fields. The theory does not predict the quark masses,
but it predicts a property of the strong interactions, called asymptotic freedom, respon-
sible for the mentioned behaviour. It is also presumably predicts the non-existence of
free quarks, called confinement, which is necessary, since in experiments only hadrons,
leptons and gauge bosons are observed.

A key problem is that the strong coupling blows up at low energies, preventing explicit
perturbative calculation of low energy scattering amplitudes. Therefore, both before and
after the advent of the standard model, it has been necessary to use phenomenological
models in the low energy region. These models are constructed so as to respect certain
symmetries that one chooses to believe in, either because of intuition and agreement of
the resulting predictions with experiments, or because they are respected by an underly-
ing but too complex theory, in which one has faith. Current algebra was postulated for
the former but also partly for the latter reasons, since the early three flavor SU(3) quark
model for the electro-weak interactions14 and the sigma model were used to substantiate
it. Phenomenological lagrangians, and chiral perturbation theory (χPT) certainly, are
used for both the former and the latter reasons.

The formal transition from quark and gluon to baryon and meson degrees of freedom
is unclear, but the role of the mesons seems to be essential, since they apparently act
both as approximate Goldstone bosons of a broken symmetry and physical particles
composed of quarks, interacting weakly, strongly and electromagnetically. In the present
work, πN, ππ and πK scattering is studied. These processes are theoretically among the
simplest strong interaction processes, and all involve pions, which occupy a special place
in all hadron phenomenologies. Experimentally they are low energy processes involving
only the lightest hadrons, but due to the volatility of the mesons, ππ, πK scattering
are rather problematic to observe. However, because of their theoretical simplicity, the
chosen processes are well suited to reveal the advantages and flaws of computational
approaches based on different formalisms.

Common to all the formalism presented here are some fundamental assumptions.
The formalism underlying all theoretical physics is of course mathematical calculus and
algebra. Secondly, implicitly assumed here is standard QFT, which is expressed e.g. in
ref. 1, and which has some essential underlying assumptions, including locality, causality,
the existence of linear field operators in Hilbert space, their transformation properties
under the in-homogenous Lorentz group and asymptotic conditions. For perturbation
calculations we assume the Lehman, Symanzik, Zimmermann (LSZ) formalism. Thirdly,
the basic properties of particles revealed by experiment, including their spin, parity, mass,
charge and isospin, are assumed. In part 1, some relevant aspects of these fundamental
concepts are briefly rewieved. The theory actually to be probed here includes dispersion
relation theory (part 2), current algebra (part 3) and χPT (part 3).

As to the validity of basic dispersion relation theory there can be little doubt, since
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it is essentially an application of Cauchy’s formula to scattering amplitudes, which are
assumed to satisfy Lorentz and isospin-rotation invariance, analyticity, unitarity and
crossing, giving relations between scattering amplitudes, inelasticity parameters etc.;
the possible doubts could be concerning these assumptions. It is, however, necessary
to introduce some further, more dubious assumptions in order to be able to compute
anything. These typically concern the mathematical form of the amplitudes or are
hypotheses about the singularities (poles) and the high energy behaviour of the ampli-
tudes. Dispersion relation theory was developed by some authors into a search for a
non-phenomenological predictive theory, assuming only causality, locality, relativistic in-
variance, conservation laws, analyticity, unitarity and crossing. A necessary prerequisite
was the fact that two functions with the same cuts, poles and discontinuities, differ with
a funtion analytic everywhere, which by Liouville’s theorem can only be a constant. This
search did not prove fruit-full, but the dispersion relation approach did prove usefull for
making predictions from assumptions about the poles, to extrapolate or interpolate data
obtained from experiments, to extract scattering lengths etc., and to check that the data
satisfies crossing, unitarity and analyticity. For these last purposes they are still being
used. Nevertheless it seems desirable to incorporate some of the enormeous amount of
work done in the sixties concerning the analyticity properties of scattering amplitudes
into modern QCD.15

The current algebra hypothesis14 was postulated in the early sixties by Gell-Mann
and applied by him and others to a wide variety of processes including the ones studied
here. The original hypothesis and some of the extensions were derived from specific
lagrangians, but were assumed to be independent of, and more fundamental than the
lagrangians. With the work of Weinberg, this turned out not to be the case. He showed
that most of the low energy results of current algebra and certain smoothness assump-
tions, could be obtained as lowest order results by an effective lagrangian approach,
expanding in powers of energy, which also allowed some higher order predictions, in
contrast to current algebra.

The effective lagrangian approach called chiral perturbation theory (χPT) (see e.g.
refs. 16,17,18,19,20,21,22) has been used extensively in recent years with considerable
success. The theory requires a relatively small number of input parameters taken from
experiments, to calculate lowest order results. Pion interactions e.g. can be described
to leading order using only the well known pion decay constant and the mass, but the
number increases rapidly for higher orders; to next to leading order, 7 more constants
are needed.
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Part I

General framework

To be able to make quantitative studies of low energy hadron collisions one needs to be familiar
with some mathematical, field theoretic and scattering theoretic notions as well as with some
experimental facts. This information can be found dispelled in various textbooks and articles.
In this part, a summary is given of the elementary theory and experimental facts needed to
study low energy pion-pion, pion-kaon and pion-nucleon scattering. Apart from saving the
reader the effort of finding the information elsewhere, this serves to fix conventions of variable
definitions etc. to be used in subsequent parts.
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1 Foundations

The general framework of kinematics, spin and isospin is set up. Scattering variables and
amplitudes are defined. The concepts unitarity, crossing and analyticity are introduced.

1.1 Conventions and notation

Throughout this work, notational conventions generally follow ref. 1, with a few excep-
tions: Italics are used for scalars, vectors, matrices and tensors. Plain text is used for
operators, particle specifications and mathematical constants. Natural units (~ = c = 1)
are used, and conversion to metrical units is made only for comparison with experiments.
Even though c = 1, masses will be given in units of eV/c2 to distinguish from energy.

Mathematical symbols for integer, real and complex indices, parameters, functions,
scalars, vectors, tensors, matrices, etc. are written in italics; symbols for spatial 3-vectors
and isospin vectors (doublets, triplets, etc.) are written in boldface italics, symbols for
4-vectors are not written in boldface; designations of particles, states, etc. are written
in plain-text (except for the Greek letters which are always italicized). A nucleon is
designated by N, the proton, neutron, pion and kaon are designated by p, n, π and
K respectively. Isospin indices are always in roman letters and usually in superscript,
Lorentz indices are always in Greek letters and usually in subscript. For isospin indices,
a sum over repeated indices is understood (when the repeated indices occur on only one
side of an equation), and the usual summation convention for Lorentz indices is assumed.

Four-vectors and three-vectors are written

p ≡ (p0, p1, p2, p3) ,

p0 ≡ E, p ≡ (p1, p2, p3) ,

x ≡ (x0, x1, x2, x3) ,

x0 ≡ t, x ≡ (x1, x2, x3) ,

(1)

and the metric is given by23

p1 · p2 ≡ p1µp2
µ = p1

0p
2
0 − p1 · p2. (2)

The anti-particle of a particle α is denoted α.

Free four-component quantum mechanical (QM) Dirac particle wave-functions ψα and
ψα of a positive energy particle of four-momentum p and spin s and a positive energy
anti-particle of four-momentum p and spin s (equivalent to a negative energy particle
of four-momentum −p and spin −s), are defined in terms of a positive energy spinor
u(p, s) and an orthonormal negative energy spinor v(p, s) (defined so that p, s are the
four-momentum and spin of the positive energy anti-particle), by

ψα (x) =
1

(2EV )1/2
u (p) e−ip·x, ψα (x) =

1

(2EV )1/2
v (p) e−ip·x, (3)
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where the spin indices have been suppressed, and V is the volume in which the particle
is normalized. u†u = 2E, v†v = −2E and ūu = v̄v = 2m, where m is the mass of the
particle. Therefore

∫
V
ψα†ψαd3x = 1 and

∫
V
ψα†ψαd3x = −1.

A momentum p Fourier component24 ψin,p of a four component QFT free Dirac par-
ticle in operator field ψin, is defined in terms of u and v by

ψin,p (x) =
1√

2EV

(
cin (p)u (p) e−ip·x + d†in (p) v (p) eip·x

)
, (4)

cin(p) is the destruction operator of a free positive energy particle of momentum p,
d†in(p) is the creation operator of a free positive energy anti-particle of momentum p.
To get the field ψin a summation over spins and momenta must be performed. If V
is sufficiently large, we can replace the sum over the discrete momenta allowed in V
by an approximate integral over momentum inserting a factor (V/(2π)3)1/2. From the
canonical operator field commutators and 〈0 0〉 = 〈p in p in〉 = 1 follow1,8 〈0 ψ p in〉 =
(2EV )−1/2u(p)e−ip·x. The free out field is defined analogously.

Free one-component QM Klein-Gordon wave-functions ϕα and ϕα of a positive energy
particle and a positive energy anti-particle, both of four-momentum p, are defined by

ϕα =
1√

2EV
e−ip·x, ϕα =

1√
2EV

eip·x, (5)

so that
∫

V
(ϕα∗∂0ϕ

α − ∂0ϕ
α∗ϕα)d3x = 1 and

∫
V
(ϕα∗∂0ϕ

α − ∂0ϕ
α∗ϕα)d3x = −1. A mo-

mentum p Fourier component ϕin, p of a four component QFT free spin zero one-particle
in-operator field ϕin is defined by

ϕin,p (x) =
1√

2EV

[
ain (p) e−ip·x + b†in (p) eip·x

]
; (6)

ain(p) is the destruction operator of a positive energy particle of momentum p, b†in(p)
is the creation operator of a positive energy anti-particle of momentum p. Thus
〈0 ϕ p in〉 = (2EV )−1/2e−ip·x. Again the free out field is defined analogously.

The canonical commutation relations corresponding to the above conventions are[
ain (p) , a†in (p′)

]
=
[
bin (p) , b†in (p′)

]
= δpp′ ,{

cin (p) , c†in (p′)
}

=
{
din (p) , d†in (p′)

}
= δss′δpp′ ,

(7)

where {, } denotes the anti-commutator, and s, s′ are the spins corresponding to momenta
p, p′.

The transformation from cartesian to spherical coordinates of a three-dimensional
vector a, which may be a triplet of operator fields, scalars, matrices etc., is given by the
usual rules

a+ = a1+ia2√
2
, a0 = a3, a− = a1−ia2√

2
,

a1 = a++a−√
2
, a2 = a+−a−

i
√

2
, a3 = a0.

(8)
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The two-dimensional spin matrices σ are the Pauli matrices. The gamma matrices
are as defined in e.g. in ref. 1 or 8. The two-dimensional isospin matrices τ are defined
by

τ+ =

 0 1√
2

0 0

 , τ 0 =

 1
2

0

0 −1
2

 , τ− =

 0 0

1√
2

0

 , (9)

τ 1 =

 0 1
2

1
2

0

 , τ 2 =

 0 − i
2

i
2

0

 , τ 3 =

 1
2

0

0 −1
2

 .

The following should be noted: If ϕ = (ϕ1, ϕ2, ϕ3), τ = (τ 1, τ 2, τ 3) and |ϕ| = 1, with
this definition, ϕ · τ is ”smaller” by a factor of 1/2 than with the standard definition
of e.g. ref. 1, which uses the Pauli matrices. The pion decay constant fπ, is defined in
section 5.3. This definition agrees with the definition of ref. 3, but is larger than the
standard definition of e.g. ref. 9 by a factor of 21/2.
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1.2 Scattering variables

Mandelstam variables. - Fig. 1 represents a scattering process

α1 + α2 → α3 + α4, (10)

α1 denotes the attributes of particle number 1, i.e. its spin, spin projection, isospin and
isospin projection, α3 denotes the attributes of particle number 3 (anti-particle of α3)
etc., and

p1 =
(
p0

1, p
1
1, p

2
1, p

3
1

)
, p2, p3, p4 (11)

are the four-momenta of particles 1,2,3,4 respectively. We let the attributes be fixed and
let the scattering amplitude (which is then the amplitude for a given process characterized
by the 16 attributes) depend on the 16 real momentum parameters.

1

2 3

4

p2

-p4p1

-p3

Figure 1: Scattering with general momenta.

The Mandelstam variables are25

s ≡ (p1 + p2)
2 , t ≡ (p3 + p2)

2 , u ≡ (p4 + p2)
2 . (12)

Energy and momentum conservation and the ”mass-shell” conditions

p1 + p2 + p3 + p4 = 0,

p2
i = m2

i , i = 1, .., 4,

(13)

reduce the number of independent parameters to 8 and give

s = (p1 + p2)
2 = (p3 + p4)

2 = m2
1 +m2

2 + 2p1p2

t = (p1 + p4)
2 = (p2 + p3)

2

u = (p1 + p3)
2 = (p2 + p4)

2 .

(14)

p1 ↔ p2 is equivalent to t ↔ u. p2 ↔ p3 is equivalent to s ↔ u. p1 ↔ p3 is equivalent
to s ↔ t. Cyclic permutation p2 → p3 → p4 is equivalent to s → t → u. Note that the
”mass-shell” conditions need not be satisfied for short lived intermediate states.

5



Center of mass system. - Choosing a specific inertial system reduces the number
of independent parameters to 2. In the center of mass system (CMS) e.g. we have (fig.
2) the 6 further bounds

p1 + p2 = p3 + p4 = 0,

|p1| = |p2| ≡ q, |p3| = |p4| ≡ q′.

(15)

For elastic scattering, q=q’, m1 = m4, m2 = m3, and

p1 = −p2, |pi| = q,

q = 1
4s

√
s− (m1 +m2)

2
√
s− (m1 −m2)

2, 2ω ≡ W ≡ E1 + E2 =
√
s,

(16)

where E1 = p0
1, E2 = p0

2 and W is the total CMS energy. It is easy to check that

s+ t+ u =
4∑

i=1

m2
i , (17)

which holds also for general masses. We shall need to continue to complex variables
(corresponding to going ”off-mass-shell”), so in general, a given scattering process is
describable by a function of 2 complex variables.

q  2

q  1
1

3

2

4

Figure 2: The two choices of the scattering angle.

Physical regions. - Using the Feynman interpretation of incoming particles with
four-momentum p as equivalent to outgoing anti-particles with four-momentum −p ,
fig. 1 describes 3 scattering processes or channels: {α1, p1} + {α2, p2} → {α3,−p3} +
{α4,−p4}, {α2, p2}+{α3, p3} → {α1,−p1}+{α4,−p4}, {α1, p1}+{α3, p3} → {α2,−p2}+
{α4,−p4}, four decay processes and four inelastic three body scattering processes. Notice
that changing s-channel process, from the the original s-channel process to the original
u-channel process, α1 ↔ α3 (e.g. in π+p scattering, π+ ↔ π−), keeping the s-,t-, u-
values, is equivalent to p2 ↔ p3, which is equivalent to s↔ u, and likewise for the other
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possible exchanges. Once the masses are chosen, from conservation of energy at most
one decay is possible, and the scattering processes are only possible in certain energy
regions. When the particles on both sides of the arrow in each of the scattering processes
are physical i.e. ”on-mass-shell”, the process is referred to as the s-, t- and u-channel
physical process respectively, corresponding to three ”regions” in a Mandelstam diagram
(see fig. 3). The CMS corresponding to each of the three physical processes is different,
but the invariant variables s, t, u are the same in every CMS. The scattering angle and
momentum are non-invariant variables, and the definition of them in terms of s, t, u
take different forms in the different CMS’s. We denote the CMS by a subscript, which
we shall frequently omit, when the s-channel CMS is understood.

Equal-mass scattering. - In this case |p1| = |p2| = |p3| = |p4| ≡ q, q = q′, Ei =
(q2 +m2)1/2 for all four i and for the s-channel

s = 4 (q2 +m2)

t = − (q − q cos θ)2 − q2 sin2 θ = −2q2 (1− z)

u = − (q + q cos θ)2 − q2 sin2 θ = −2q2 (1 + z) ,

(18)

with q ≡ |q|, z ≡ cos θ and θ the scattering angle (fig. 2). Because of the arbitrariness
of identifying initial and final particles, to define θ we must choose one of the two pos-
sibilities θ1 and θ2 of fig. 2, which amounts to choosing (1,4) and (2,3) as corresponding
particles or (1,3) and (2,4) as corresponding particles. In the s-channel, we make the
first choice. In each channel (with different figures analogous to fig. 2) we have a differ-
ent definition of s,t and u in terms of q and z, of the center of mass and therefore of q
and z. Thus in each channel we must choose corresponding particles, that is we must
choose a sign for each of the three z-variables. For equal masses we choose (1,4) and
(2,3) as corresponding particles in the s-channel and for the other channels the cyclic
convention26

s−channel : s = 4
(
q2
(s) +m2

)
,

t = −2q2
(s)

(
1− z(s)

)
,

u = −2q2
(s)

(
1 + z(s)

)
, z(s) = 1 + 2t

s−4m2 = −1− 2u
s−4m2 ,

t−channel : t = 4
(
q2
(t) +m2

)
,

u = −2q2
(t)

(
1− z(s)

)
,

s = −2q2
(t)

(
1 + z(s)

)
, z(t) = 1 + 2u

t−4m2 = −1− 2s
t−4m2 ,

(19)
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u−channel : u = 4
(
q2
(u) +m2

)
,

s = −2q2
(u)

(
1− z(u)

)
,

t = −2q2
(u)

(
1 + z(u)

)
, z(u) = 1 + 2s

u−4m2 = −1− 2t
u−4m2 .

In fig. 3 are shown the physical regions for equal-mass (elastic) scattering: {s >
4m2, u, t < 0}, {t > 4m2, s, u < 0} and {u > 4m2, s, t < 0}.

non-relativistic region

z(s)=-1 z(s)=1

s=0

t=0

u=0

Figure 3: Regions of physical scattering processes.

Unequal mass scattering. - Now things are slightly more complicated. Our choice
of sign for the scattering angles differs from (19) because we want forward scattering in
both the s- and u-channels to correspond to t = 0, i.e. we want to have (1,4) and (2,3)
as corresponding particles in both channels. The following choice of z(t) and z(u) differs
from the cyclic convention (19) by a factor (−1), while the choice of z(s) agrees with (19).

s−channel : s =
(√

q2
(s) +m2

1 +
√
q2
(s) +m2

2

)2

=
(√

q′2(s) +m2
3 +

√
q′2(s) +m2

4

)2

,

t =
(√

q′2(s) +m2
3 −

√
q2
(s) +m2

2

)2

− q2
(s) − q′2(s) + 2q(s)q

′
(s)z(s),

u =
(√

q′2(s) +m2
3 −

√
q2
(s) +m2

1

)2

− q2
(s) − q′2(s) − 2q(s)q

′
(s)z(s),

8



t−channel : s =
(√

q′2(t) +m2
1 −

√
q2
(t) +m2

2

)2

− q2
(t) − q′2(t) + 2q(t)q

′
(t)z(t),

t =
(√

q2
(t) +m2

3 +
√
q2
(t) +m2

2

)2

=
(√

q′2(t) +m2
1 +

√
q′2(t) +m2

4

)2

,

u =
(√

q′2(t) +m2
1 −

√
q2
(t) +m2

3

)2

− q2
(t) − q′2(t) − 2q(t)q

′
(t)z(t),

(20)

u−channel : s =
(√

q′2(u) +m2
2 −

√
q2
(u) +m2

1

)2

− q2
(u) − q′2(u) − 2q(u)q

′
(u)z(u),

t =
(√

q′2(u) +m2
2 −

√
q2
(u) +m2

3

)2

− q2
(u) − q′2(u) + 2q(u)q

′
(u)z(u),

u =
(√

q2
(u) +m2

1 +
√
q2
(u) +m2

3

)2

=
(√

q′2(u) +m2
2 +

√
q′2(u) +m2

4

)
,

with solutions

q2
(s) =

[s−(m1+m2)2][s−(m1−m2)2]
4s

, q′2(s) =
[s−(m3+m4)2][s−(m3−m4)2]

4s
,

z(s) =
s(t−u)−(m2

1−m2
2)(m2

3−m2
4)

4sq(s)q
′
(s)

,

q2
(t) =

[t−(m3+m2)2][t−(m3−m2)2]
4t

, q′2(t) =
[t−(m1+m4)2][t−(m1−m4)2]

4t
,

z(t) =
t(u−s)−(m2

3−m2
2)(m2

1−m2
4)

4tq(t)q
′
(t)

,

(21)

q2
(u) =

[u−(m1+m3)2][u−(m1−m3)2]
4u

, q′2(u) =
[u−(m2+m4)2][u−(m2−m4)2]

4u
,

z(u) =
u(t−s)−(m2

1−m2
3)(m2

2−m2
4)

4uq(u)q
′
(u)

respectively. It can be shown26 that the bounds of the physical regions z(s),z(t),z(u) = ±1
are given by

stu = (s+ t+ u)2 (as+ bt+ cu) , (22)

with (∑4
i=1m

2
i

)3
a = (m2

1m
2
2 −m2

3m
2
4) (m2

1 +m2
2 −m2

3 −m2
4) ,(∑4

i=1m
2
i

)3
b = (m2

2m
2
3 −m2

1m
2
4) (m2

2 +m2
3 −m2

1 −m2
4) ,(∑4

i=1m
2
i

)3
c = (m2

1m
2
3 −m2

2m
2
4) (m2

1 +m2
3 −m2

2 −m2
4) ,

(23)

which for equal mass reduce to stu = 0, while in the case of elastic scattering m1 = m4,
m2 = m3,

su =
(
m2

1 −m2
2

)2
. (24)
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For details, see the Mathematica notebooks ”s-Channel-t-Cut.nb”, ”s-Channel-t-Integra-
tion.nb” and ”s-Channel-u-Integration.nb” (appendix D). In section 2 the physical re-
gions are shown graphically for some processes. From 20 can easily be deduced some
simple bounds. For m1 = m4 and m 2 = m 3, we get: In the (elastic) s-channel, q = q′,
s ≥ (m1+m2)

2, t ≤ 0, u ≤ (m1−m2)
2; in the (non-elastic) t-channel, q2 = q′2+m2

1−m2
2,

t ≥ 4m2
1, t ≥ 4m2

2, u ≤ 0, s ≤ 0; in the (elastic) u-channel, q′2 = q2, s ≤ (m1 −m2)
2,

t ≤ 0, u ≥ (m 1+m2)
2. For decays there are the further restrictions, m4 ≥ m1+m2+m3

etc., from which can also be deduced some restrictions on s,t and u.

10



1.3 Analyticity, unitarity and crossing

In the following sections, together with Lorentz invariance and isospin-rotation invari-
ance, three fundamental properties of the scattering amplitude shall be used extensively.
These properties are analyticity, unitarity and crossing, and shall be introduced here
together with the necessary QFT and QM formalism. Of the three properties, unitarity
has a prominent position, since it is one of the basic assumptions of rigorous QFT and
QM. The other two only follow from rigorous QFT in some special cases, and are thus,
in general, assumptions.

Analyticity. - When integrating functions with a pole of first order at z0 on the real
axis and residue φ(z0), like φ(z)/(z−z0) around some closed path entailing the real axis,
the following consequence (in a shorthand notation) of Cauchy’s theorem is very useful.

1

z − z0 ± iε
= P

1

z − z0

∓ iπδ (z − z0) , (25)

P denotes the principal value (details can be found in ref. 24). We shall use functions
like s−1/2 , that are not single-valued and cannot be chosen to be continuous in the whole
complex plane, but must have a cut (starting and ending at branch points) in the complex
plane, across which it is discontinuous. The way to deal with these is by introducing
Riemann sheets (figs. 4 and 5). On the two sheets s−1/2 is continuous. We change from
one sheet to another when we cross the cut. When calculating physical observables we
want to operate with single-valued functions, and must specify a physical sheet on which
we then get a discontinuity as we cross the cut. Thus, our physical definition of s−1/2

is single-valued, but is non-analytic on the cut. We define3 the scattering amplitude
M s(s, t, u) for a given scattering process in the s-channel as the boundary value of
M(s, t, u) as s tends to the real axis on the upper half of the s-channel physical sheet

M (s) (s, t, u) ≡ lim
ε→0

M (s+ iε, t, u) . (26)

We shall assume analyticity of the invariant scattering amplitude M(s, t, u) (which is
defined below) in the physical sheets of the complex s, t and u-planes for t, u < 0, u,
s < 0 and t, u < 0 respectively, except for the cuts demanded by unitarity and crossing
(see below). This will allow us to write dispersion relations (section 3).

Analytic continuation. - If a function f is analytic at some point z0, according
to Taylor’s theorem we can define the function and its derivatives within the radius of
convergence R0 (the distance to the nearest singularity) by a power series in z. Making
another expansion around a point z1 within R0, we get an analytic continuation of f .
If the continuation is made around a singularity, it is in general not single valued. In
practical applications one usually fits experimental data, known in only a limited region,
by a polynomial, and then extrapolates to another region. It often turns out that an
expansion in a conformal function† of the variable z has better convergence properties

†A mapping from R2 to R2 is conformal if it preserves both size and sign of angles. An analytic
function is conformal at any point where its derivative is non-vanishing.
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z 1/2=+1
z 1/2=-i

z 1/2=+1

z 1/2=+i

z 1/2=-1

z 1/2=-1

z

Figure 4: A function with a cut in the complex plane.

a d

b

e

c f

c
d

a
f

b

e

z z1/2

Figure 5: Continuation from one plane to the other.

and gives a more stable extrapolation. Another way of analytically continuing f is by
an integral, using the fact26 that if k(z, w) is an analytic function of z for all w on Γ and
g a generalized function, the following integral is an analytic function of z as long as the
integral converges absolutely

f (z) ≡
∫

Γ

k (z, w) g (w) dw. (27)

Crossing. - is the assumption that one scattering amplitude M(s, t, u) describes the
scattering processes in all three channels, with definitions of M (t) and M (u) analogous
to the definition (26) of M (s). This would follow from the existence of one function
M(s, t, u), which is analytic in the regions of (complex) s, t, u, corresponding to the upper
half of the s-, t-, u-channel physical sheets (above thresholds) minus possible singularities,
and the possibility of an analytic continuation between the regions (which would follow
if the regions were connected each and with each other). Some experimental evidence
for crossing has been achieved (see section 3.3), but without a lagrangian, in general it
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remains an assumption. Thus the superscript (s), (t) or (u) denotes the Riemann sheet.
In the following, when there is no such superscript, an (s) is understood (this should be
clear from the specific context). Furthermore, it should be noted that the dependence
of the full amplitude, M , on (s), (t), (u), does not depend on which CMS is chosen,
whereas for amplitudes of a process in a given partial wave, the dependence on (s), (t),
(u) does depend on the CMS (and only one of (s), (t), (u) instead of two). As we shall
see, the practical implementation of unitarity involves the scattering angle, which implies
that the s-, t-, u-dependence of the contributions to the scattering amplitude derived
from unitarity in a given channel depends on the CMS. Now, the s-, t-, u-dependence
of an amplitude depends, of course, on which process the amplitude is describing in the
channels, e.g. on the spin and isospin attributes of the particles in the s-channel. We
use the notation M (s)αβ(s, t, u) = Mαβ(s, t, u) for elastic αβ scattering in the s-channel,
M (t)αβ(s, t, u) for elastic αβ scattering in the t-channel and M (u)αβ(s, t, u) for elastic αβ
scattering in the u-channel. Likewise, we use the notation M (s)I(s, t, u) for isospin I in
the s-channel, etc. Crossing gives

M (s)αβ (s, t, u) = M (u)αβ (s, t, u) = M (t)ββ→αα (s, t, u) ,

M (u)I(u) (s, t, u) =
∑

I(s)
β

(su)
I(s)I(u)

M (s)I(s) (s, t, u) ,

M (t)I(t) (s, t, u) =
∑

I(s)
β

(st)
I(s)I(t)

M (s)I(s) (s, t, u) .

(28)

The transformation matrices β(su), β(st), β(tu) are called crossing matrices and can, for
a given process, be calculated explicitly (section 2). As noted in section 1, changing
s-channel process (and CMS and physical sheet) from the original s- to the original
u-channel process is equivalent to s↔ u. Whence, by crossing,

M (s)αβ (s, t, u) = M (u)αβ (u, t, s) ,

M (s)I (s, t, u) = M (u)I (u, t, s) ,

(29)

(c.f. section 2.1), where the last equation is valid only if the particles in the s- and u-
channel are the same (but may have different isospin projection), as for elastic scattering
in the s-channel. For the other exchanges, we have similar results. We indicate the CMS
by writing a subscript on M , but shall not write it unless it differs from the choice of
channel indicated by the superscript (s), (t) or (u).

Causality. - Analyticity is deeply connected with the concept of causality in QFT.
Causality in the QFT LSZ formalism1 is the fundamental assumption, for a given field,
that two observables at two space-time points A(x) and B(y) commute, if (x− y)2 < 0.
Because observables depend quadratically on the field, causality implies25 the funda-
mental commutator relations of the Klein-Gordon fields and anti-commutator relations
of the Dirac fields. The connection has to my knowledge not been proved generally, but
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here a simple example26 will do to illustrate the idea: If f(t) is a retarded function, i.e.
f(t) ≡ 0 for all t < 0, then its Fourier transform

f(ω) =
1

2π

∫ ∞

−∞
f(t) eiωtdt =

1

2π

∫ ∞

0

f(t) eiωtdt (30)

is analytic in the upper half ω-plane, since the last integral is absolutely convergent if
Imω > 0, as long as f(t) < ktN for t→∞ for some k,N . By (27) this means that f(ω)
is analytic. The existence of the Fourier transform of functions like an operator field or
the commutator of two operator fields is a consequence of the assumptions of the QFT
LSZ formalism.

QFT scattering. - In QFT the scattering operator S, is defined as relating the
initial (i) and final (f) states of a system1,25 : A given m-non-interacting-particles initial
four-momentum-eigenstate |p1...pm in〉 |t=−∞, evolves during a scattering process into a
final state |final out〉 |t=∞ which contains many of the possible n-non-interacting-particles
final four-momentum-eigenstates |p′1...p′n out〉 |t=∞. We define S by

〈p1...pn in|S = 〈p1...pn out| . (31)

The probability that after the collision (i.e. at t = ∞) the system is in the state
|p′1...p′n out〉, is

|〈p′1...p′n out|p1...pm in〉|2 . (32)

The corresponding collision amplitude is

Sfi ≡ 〈p′1...p′n out|p1...pm in〉

= 〈p′1...p′n in|S|p1...pm in〉

= 〈p′1...p′n out|final out〉 .

(33)

Unitarity. - If 〈p′1...p′n out〉 = 〈p1...pm in〉 and is a complete discrete set, unitarity
of the S-matrix reads

S†S = 1. (34)

Unitarity expresses the conservation of probability and is on general grounds assumed
to be valid for kinematic variables in the physical region. For a scattering process as in
fig. 1, Sfi will depend on p1, p2, p3, p4.

QM non-relativistic potential scattering. - Let {φj} be a complete discrete
set of box normalized energy eigenstate wave-functions satisfying the free Schrödinger
equation27

(Ej −H0)φj = 0, (35)

where H0 is the free Hamiltonian with no interaction potential, and let {ψ±j } be another
set satisfying the Schrödinger equation

(Ej −H0 − V )ψ±j = 0, (36)
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where V is the interaction potential. The two equations have formal solutions in terms
of operators, the Lippman-Schwinger equations27

ψ±j = φj + 1
Ej−H0±iε

V ψ±j

= φj + 1
Ej−H0−V±iε

V φj,

(37)

for t→ ±∞, ψ+
j → φj and ψ−j → φj. Thus, with m = n = 1, the above initial |p1...pm in〉

corresponds1 to some φi, the final |p′1...p′n out〉 corresponds to some φf , and

Sfi ≡ Sfi = 〈ψ+
f |ψ

−
i 〉 . (38)

The Dirac brackets here indicate integration over the normalization volume. If {ψ±j } is
complete apart from bound states, unitarity follows directly:∑

j

S∗jiSjf =
∑

j

〈ψ−i |ψ+
j 〉 〈ψ+

j |ψ−f 〉 = 〈ψ−i |ψ−f 〉 = δif . (39)

From (37) we see that

Sfi = 〈ψ+
f |ψ

−
i 〉

= 〈ψ+
f |φi〉+ 〈ψ+

f | 1
Ei−H0−V−iε

V φi〉

= 〈φf |φi〉+ 〈ψ+
f |V 1

Ef−H0−iε
φi〉+ 〈ψ+

f | 1
Ei−H0−V−iε

V φi〉

= δfi + 〈ψ+
f |V 1

Ef−Ei−iε
φi〉+ 〈ψ+

f | 1
Ei−Ef−iε

V φi〉

= δfi +
(

1
Ef−Ei−iε

+ 1
Ei−Ef−iε

)
〈ψ+

f |V φi〉 .

(40)

Defining the transition amplitude Tfi = −〈ψ+
f |V φi〉, and using (25), we get

Sfi = δfi + 2πiδEf ,Ei
Tfi. (41)

Relativistic collision theory. - Now the free particle equation is a Lorentz invariant
one, like e.g. the Dirac or the Klein-Gordon equation. Using either QM27 or QFT,1,25 a
decomposition analogous to (41) is found. We define

Sfi = δfi + i (2π)4 δ4 (Pf − Pi)Tfi, (42)

where Pf and Pi are the total four-momenta of the final and initial states belonging to
a continuous set of four-momentum eigenstates. In the case of fig. 1, Pi = p1 + p2 and
Pf = −p3− p4. Letting ℘ be the set of states that may be reached from the initial state
and may reach the final state, unitarity,∑

j∈℘

S†fjSji = δfi, (43)
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implies that the transition probability |Sfi|2 from a state i to a state f , satisfies∑
f∈℘

|Sfi|2 = 1. (44)

We define f ≡ {F, p1, ..., pNF
}, and approximate Σf∈℘ by appropriate integrals over the

NF continuous sets dF,r of final momenta for each possible set of particles F together
with a sum over all the different sets F that may be reached from the initial state

∑
f∈℘

≡
∑

F

1∏
α nα (F )!

NF∏
r=1

∫
dF,r

VF,r
d3pF,r

(2π)3 . (45)

(Παnα(F )!)−1 is a statistical factor depending on the number nα(F ) of identical particles
of type α in the set F . Nf is the number of particles in the final state f . The particles
are each normalized in a volume VF,r. The density of states for a single particle is the
usual V d3p/(2π)3 (recall ~ ≡ 1). We define the delta function by

δfi ≡ δFI

NF∏
r′=1

NI∏
r=1

(2π)3√
VF,rVI,r′

δ3 (pF,r′ − pI,r) , (46)

with δFI = 1 for F = I and 0 otherwise, ensuring Σfδfi = 1 and Σjδfjδji = δfi. If we
let V = (2E)−1, the above expressions are relativistically invariant. Since we shall be
studying strong interactions, we can assume time reversal invariance,25 which implies
Sfi = Sif and Tfi = Tif . Unitarity now reads

ImTfi =
∑
j∈℘

1

2
(2π)4 δ4 (Pf − Pj)T

†
fjTji. (47)

Real analyticity - or Hermitian analyticity of T is another property which we shall
use (it is satisfied by e.g. the usual Breit-Wigner form), can be proved rather easily in
QM non-relativistic potential scattering.26 It reads

T ∗(s) = T (s∗), (48)

implying that a possible discontinuity is given by

T (s+ iε)− T (s− iε) = T (s+ iε)− T ∗ (s+ iε) = 2iImT (s+ iε) . (49)

Using general QFT, real analyticity can be proved under the assumption that stable
particles have real masses.28,29

The invariant amplitude. - We define the relativistically invariant transition am-
plitudes Mfi by

Tfiδ
4 (Pf − Pi) = δ4 (Pf − Pi)

Mfi√∏NF

r′=12EF,r′VF,r′
∏NI

r=12EI,rVI,r

. (50)
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For elastic scattering of two particles Mfi can depend on merely two independent invari-
ant variables.

The decay rate. - Consider the situation where the initial state contains only one
particle, normalized in a volume Vi. The decay rate is the transition probability into the
allowed final states ℘, per unit time per initial particle, i.e. Σf∈℘|i(2π)4Tfiδ

4(Pf − Pi)|2
divided by the total time the system is observed Tobs and the number of initial particles‡

Vobs/Vi in the total volume under observation,

dλ = 1
Tobs

Vi

Vobs

∑
f∈℘ |Tfi|2 TobsVobs (2π)4 δ4 (Pf − Pi)

= 1
2Ei

∑
F

1∑
α nα(F )!

∏NF

r=1

∫
dF,r

d3pF,r

(2π)3
|Mfi|2
2EF,r

(2π)4 δ4 (Pf − Pi) .

(51)

The three-momentum intervals d3pF,r of ℘ are here understood to be infinitesimal.

The cross-section. - In the situation where the initial state contains two particles,
the incident particle I, 1 and the target I, 2. The differential cross-section dσ is the tran-
sition probability divided by the observation time Tobs, the number of target particles‡

Vobs/VI,2 and the flux of incident particles |pI,1/EI,1 − pI,2/EI,2|/VI,1

dσ =
1

4 |pI,1EI,2 − pI,2EI,1|
∑

F

1∏
α nα (J)!

NF∏
r=1

∫
dF,r

d3pF,r

(2π)3

|Mfi|2

2EF,r

(2π)4 δ4 (Pf − Pi) .

(52)
For elastic scattering, let Ω be the solid angle of one final particle relative to the other.
The amplitude fσ, in the CMS, is defined by30

dσ

dΩ
≡ |fσ|2 , fσ =

Mfi

8πW
. (53)

For elastic scattering the total cross-section is given by

σ = ε

∫
4π

dσ

dΩ
dΩ, (54)

with ε = 1/2(1) for scattering of identical (non-identical) particles.

Unitarity - can be expressed, using time reversal invariance Mfi = Mif , by

ImMfi =
1

2

∑
J

1∏
αnα (J)!

(∏NJ

r=1

∫
dJ,r

d3pJ,r

2EJ,r (2π)3

)
(2π)4 δ (Pj − Pi)M

†
fjMji. (55)

For two-particle forward scattering, f = i, i.e. z(s) = 0, choosing the CMS (see (16)) and
comparing with (52) we get the relativistic optical theorem

ImM
(
s, z(s) = 1

)
= 4qωσ(s), (56)

‡In decays (collisions) we have only one initial particle (target) denoted i (I, 2), but if it is normalized
to 1 in a volume Vi 6= Vobs (VI,2 6= Vobs), we must divide by Vobs/Vi (Vobs/VI,2).
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which reduces to the usual quantum mechanical optical theorem27 in the non-relativistic
limit q � m. If we include only elastic final states J with NJ = 2, the unitarity condition
(55) reduces to the elastic unitarity condition

ImM (s, zfi) =
1

2ε

q

64π2ω

∫
M † (s, zfj)M (s, zji) dΩj, (57)

where z is defined by (21). The region where the inclusion of only elastic final states is
valid and the elastic unitarity condition is exact depends on the existence of states with
the same quantum numbers and 4-momentum as the initial state. For ππ scattering
for instance, the region is 4m2

π ≤ s ≤ 16m2
π (see section 2). By (56) and (49), in the

physical region, s > (m1 + m2)
2, where unitarity applies and M (s)(s) is non-zero, we

expect M (s)(s) to have a non-zero imaginary component which is half the discontinuity
of M(s) as we cross s = 0. Thus we expect M (s)(s) to have a cut from s = (m1 +m2)

2

to ∞.
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1.4 Partial waves and inelasticity

We define the partial wave amplitudes Ml by

M(s, z) =
∑∞

l=0 (2l + 1)Ml(s)Pl(z),

Ml(s) = 1
2

∫ 1

−1
dzM(s, z)Pl(z).

(58)

Pl are Legendre polynomials. In a process involving spin zero particles only l is conserved.
We can then have scattering in distinct l-channels. When spin is involved we have
scattering in distinct J-channels (J denotes the conserved total angular momentum),
and the partial wave analysis is more complicated, involving also the helicity of the
particles. It will be dealt with in section 2.1 for the case of spin 1/2. In the CMS, for
equal masses m, (19) gives the simple expression

Ml(s) =

∫ 0

−s+4

dt

s− 4m2
M(s, t)Pl

(
1 +

2t

s− 4m2

)
. (59)

For general masses, the corresponding expression can easily be found from (21), but
is rather long (see appendix D). Elastic unitarity (57) implies for general mass elastic
scattering

ImM el
l (s) =

1

2ε

q

16πω

∣∣M el
l (s)

∣∣2 . (60)

From (60) follows that there there must exist a real phase-shift δl, such that

M el
l (s) = 1

2ε
16πω

q
eiδl sin δl

= 1
2ε

16πω
q
eiδl eiδl−e−iδl

2i

= 1
2ε

16πω
q

e2iδl−1
2i

.

(61)

(60) together with the relativistic optical theorem (56) implies

σel =
1

2ε

1

64πω2

∞∑
l=0

[
(2l + 1)

∣∣M el
l (s)

∣∣2] . (62)

Real analyticity - of the partial wave scattering amplitudes follows from reality of
the scattering amplitude below the physical threshold.3

Inelasticity. - We now consider a single partial wave amplitude, and allow inelastic
final states in the unitarity condition (44) for S, i.e. we let the sum run over all states
(sets of particles) of a given s and total angular momentum l. The part Sii is reduced
in magnitude compared to the case with only elastic final states. Thus, for 0 ≤ ηl ≤ 1,
we write

Mii,l(s) =
1

2ε

16πω

q

ηl(s)e
2iδl − 1

2i
(63)
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We see that if inelasticity dominates, ηl ≈ 0, Mii,l is predominantly imaginary and
approaches a constant at high energies. When inelasticity is present, (60) must be
replaced by an inequality

32πω

q
≥ ImMl(s) ≥

1

2ε

q

16πω
|Ml(s)|2 , (64)

where the right-hand equality applies in the elastic region of the process under consid-
eration. Instead of the inelasticity parameter ηl, we may use the parameter Rl, defined
by

Rl(s) =
σtot,l(s)

σel,l(s)
, ImMl(s) =

1

2ε
Rl(s)

q

16πω
|Ml(s)|2 . (65)

Whence (61) is be replaced by

M el
l (s) =

16πω

Rl(s)2εq
eiδl sin δl. (66)

Now, for simplicity, let ε = 1. For purely elastic scattering, η = 1, we get from (61) and
(62)

σtot
l = σel

l =
4π

q2
sin2 δl. (67)

For pure absorbtion, η = 0,

σtot
l = 2σel

l = 2σinel
l =

2π

q2
, (68)

R
(s)I
l (s) = 2, M

(s)I
l (s) = −8πi

ω

q
. (69)

In the high energy limit, where the wave-length (of the initial and final particles) is
small compared to the radius of interaction R, angular momentum states up to the
classical limit lrmmax = qR will contribute. Under the assumption that all these are fully
absorbed, we find

σtot = 2σel = 2σinel =
lmax∑
l=0

2π

q2
(2l + 1) = 2πR2. (70)

σel is then the forward shadow scattering known from QM. The constancy of high energy
elastic amplitudes is verified by experiment and is referred to as diffraction scattering.
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1.5 Isospin

In the following sections we shall consider exclusively scattering like in fig. 1. Apart from
the four-momentum of the initial and final particles the scattering amplitude depends
on the type of the particles. To describe this we introduce the concept of isospin, which
is completely analogous to angular momentum, but with the internal iso-space replacing
the ordinary three dimensional space. Imagine a hypothetic basic iso-space C2, on the
coordinates of which the ”state -function” depends, and let the isospin operators acting
here parallel the angular momentum operators acting in R3. We start with the simple
case of a nucleon N, that is, a neutron n or a proton p. The strong interaction is generally,
from experimental evidence believed not to distinguish between n and p. This is called
charge symmetry.30 Since their masses are approximately equal, n and p can thus be
thought of as the same particle in different eigenstates i.e. with different eigenvalues
I3 = ±1/2 of an operator I3, which is the third component of an isospin operator
I ≡ (I1, I2, I3). More precisely we define8,31 the isospin operator I3 to be the third of
three generators of some representation of SU(2), that is three operators that satisfy[

I i, Ij
]

= iεijkI
k, (71)

where εijk are the structure constants of SU(2).8 Assuming that the state is also an
eigenstate of |I|2, the isospin I is defined by letting I(I + 1) be the eigenvalue of |I|2.
When we say that a state has isospin I, we mean that it belongs to a 2I +1 multiplet of
eigenstates which form a basis for a 2I + 1 dimensional matrix representation of SU(2).
The state is then a linear combination of eigenstates, represented by a vector in a complex
(2I+1)-dimensional iso-space and the isospin operators are represented by the matrices.
We assume that I commutes with the Hamilton operator H of the system,

[H, I] = 0, (72)

so that I is conserved and H is invariant under all iso-space rotations. This last property
of the strong interactions is called isospin symmetry, and includes, in the case of single
nucleon charge symmetry, [H, I3] = 0. Isospin can equally well be defined for other
particle multiplets than the pn doublet, e.g. for the pion triplet π1, π0, π−1 with I =
1, corresponding to a three-dimensional representation of SU(2). The electric charge
operator Q is related to I3 by the Nishijima-Gell-Mann relation,

Q = I3 +
1

2
Y, (73)

where the hypercharge Y has a characteristic value for each particle multiplet - the average
charge of the multiplet. The three matrices that generate the particular matrix represen-
tation of SU(2) depend on the chosen basis states of the system (or vice versa). Consider
the isospin operators of a system of two one particle systems (1 and 2). The products of
eigenstates form a basis for the product representation32 of SU(2), which consists of the
direct products of the matrices generated by the I1 and I2 matrices. These, however,
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are reducible, and to the reduced matrices correspond new basis states, eigenstates of
|I|2 = |I1 + I2|2 and I3 = (I3

1 + I3
2 ), which are linear combinations of the old ones, the

linear coefficients being Clebsch-Gordan coefficients. The corresponding unitary trans-
formation matrix also by conjugation connects the reduced matrices with the direct
product matrices. The isospin I of the system can assume the values |I1 − I2| , ..., I1 +I2,
corresponding to sub-matrices of dimensions 2 |I1 − I2|+ 1, ..., 2 (I1 + I2) + 1.

Field theory. - Let τ = (τ 1, τ 2, τ 3) be three generators (isospin matrices) of the two-
dimensional matrix representation of SU(2), and let t = (t1, t2, t3) be three generators of
a three-dimensional matrix representation of SU(2). We call the corresponding iso-state
operator fields Ψ = (Ψp,Ψn)T and ϕ = (ϕ1, ϕ2, ϕ3) and identify them with the field
operators of a nucleon and a pion respectively

ϕ1 ≡ 1√
2

(
ϕπ+

+ ϕπ−
)
, ϕ2 ≡ −i√

2

(
ϕπ+ − ϕπ−

)
, ϕ3 ≡ ϕπ0

. (74)

One possible H that satisfies (72) is given by1

H = Ψ
(
−i∂µγ

µ +m0
N

)
Ψ +

1

2

(
∂µϕ · ∂µϕ +m0

π
2
ϕ ·ϕ

)
+ 2ig0Ψγ5τ ·ϕΨ, (75)

m0
N and m0

π are the unrenormalized masses of the nucleon and the pion respectively,
the usual notation1 is used for Dirac matrices acting on the nucleon fields separately, g0

is the unrenormalized strong coupling constant, and π = (π1, π2, π3) are the momenta
conjugate to the pion fields. Normal ordering of operator field products is assumed in
(75) and onward. With the addition of a counterterm

1

4
l (ϕ ·ϕ)2 , (76)

where l is a constant, to the hamiltonian of (75), to cancel the infinities of nucleon box
diagrams in e.g. ππ scattering, we get a renormalizable theory.1 The renormalization
procedure25 requires the mass counterterms

−1

2
δm2

πϕ ·ϕ− δmNΨΨ, (77)

also to be added to the hamiltonian (75). The corresponding Lagrange density is

L = Ψ
(
i∂µγ

µ −m0
N

)
Ψ +

1

2

(
∂µϕ · ∂µϕ−m0

π
2
ϕ ·ϕ

)
− 2ig0Ψγ5τ ·ϕΨ. (78)

The above Lagrange and Hamilton densities are invariant under simultaneous isospin
rotations of the two fields, under simultaneous phase transformations of the two fields
and under a third transformation as well. By Noethers theorem1,9, 25 this gives three
conserved isospin current operators, one conserved nucleon current operator and one
conserved electromagnetic current operator, and by integration of the time components
over all three-dimensional space (or integration of the projection of the currents on any
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hyperplane over the hyperplane) the conserved ”charges” corresponding to the three
components of isospin, nucleon number and electric charge. The three conserved isospin
current operators are, from (78)

Jµ (x) = ΨγµτΨ + ϕ× ∂µϕ, ∂
µ Jµ (x) = 0, (79)

and the conserved iso-spin operator

I = I (t) =

∫
d3xJ0 (x) =

∫
d3x

(
Ψ†τΨ + ϕ× ∂0ϕ

)
, ∂0I (t) = 0, (80)

whose three components are conserved i.e. time-independent and generate isospin rota-
tions.

The Wigner-Eckhart theorem. - Consider a scattering process where the ini-
tial and final states are eigenstates of |I|2 and I3 and denoted |I, I3〉, and |I ′, I ′3〉,
respectively. (72) implies that the scattering operator S is a scalar operator and the
Wigner-Eckhart theorem therefore implies

〈I ′, I ′3 |S| I, I3〉 = SIδI,I′δI3,I′3 , (81)

which considerably reduces the number of scattering amplitudes to calculate.
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1.6 Poles, resonances and cuts

The following particles decay weakly and are thus fairly long lived:33 The proton is a
stable particle, the neutron has a lifetime tn ≈ 889 s, the π+ and π− have lifetimes tπ+ ≈
2.6 · 10−8 s, the K-mesons also have lifetimes ∼ 10−8 s. The π0 on the other hand decays
electromagnetically and has a shorter lifetime tπ0 ≈ 8.4 · 10−17 s. There are however also
strongly decaying particles, which have very short lifetimes ∼ 10−24 − 10−22 s. These
appear as resonance peaks in the scattering amplitudes, with definite mass, isospin, spin
and angular momentum. At low energies these peaks are the dominant feature of the
scattering amplitude. The most important peaks for the (low energy) processes of the
coming sections will be discussed in section 2. In the present section we will discuss how
singularities and resonance peaks of the scattering amplitude can be associated with
stable and unstable particles.

Propagators. - Consider the schematic Feynman diagrams of figs. 1.6 and 1.6,
where the intermediate state is assumed to be one particle (no QFT momentum loop
integrals). Using either second order QM perturbation theory8,34 with 3-momentum
conservation at each vertex, or QFT LSZ reduction formalism1 with 4-momentum con-
servation at each vertex, or equivalently just applying the Feynman rules1,8, 25,34 of the
given lagrangian, one finds that the second order (in the coupling constant or the per-
turbing term) scattering amplitude has the structure

−M (2)
fi = M

(1)
125

1

s−m2
5 + iε

M
(1)
534, M

(2)
fi = M

(1)
235

1

t−m2
5 + iε

M
(1)
145, (82)

for the contributions of the diagrams of figs. 1.6 and 1.6 respectively, where m2
5 is the

squared (real) physical mass of the intermediate particle, which in the QFT approach
needs not be ”on-mass-shell”. Thus we get a pole at s = m2

5 and t = m2
5 respectively.

i j f

1

2
3

4

5

i j f

1

2

3

4

5

(a) (b)

Figure 6: Intermediate scattering state moving backward and forward in time.

If we have a continuum of states 5 (several particles), we must integrate over m2
5, which

actually gives a cut starting at the smallest exchanged mass. In any case, as we saw in
section 1.3, we have a cut starting at the physical threshold, and therefore (at least) the
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i j f i j f

1
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4
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41

2

5 5

(a) (b)

Figure 7: ”Exchanged” scattering state moving backward and forward in time.

s-plane is split in two sheets. The physical sheet is chosen as the one on which the s-pole
is not located.

The Breit-Wigner form. - A structure which fits the experimental finite peaks well,
is the Breit-Wigner form.26 It includes adding a small momentum dependent imaginary
part to m5 in (82), giving a pole in the upper or lower half complex plane. The closer the
pole is to the real axis, the sharper the peak. When choosing a particular Breit-Wigner
form, one must also select an unphysical sheet, in the upper half plane of which the pole
is located. By making an analytic continuation one then finds another pole in the lower
half plane of the unphysical sheet. As a rather vague theoretical motivation (the real
motivation is simply that it fits experiment) form consider (66). It implies that Ml is
imaginary where it has a maximum, and that

16π/ (εRlMl) =
q

ω
cot δ − i

q

ω
≡ K − i

q

ω
, (83)

giving a very simple expression of unitarity

16π

εRl

Im
[
(Ml)

−1] = −q/ω. (84)

A simple choice for K is K = (sBW − s)/q2lΓ. This choice gives

εRl(s)Ml(s)/16π = q2lΓ
sBW−s−iΓq2l+1/ω

=

([s−(m1+m2)2][s−(m1−m2)2]/4s)
l
Γ

sBW−s−iΓ 1
4([s−(m1+m2)2][s−(m1−m2)2]/4s)

l
√

[s−(m1+m2)2][s−(m1−m2)2]
.

(85)

The last equality follows from (21). The Breit-Wigner form for Ml obviously has a peak
at sBW and moreover has the correct threshold behaviour ∼ q2l (see section 3.1). Ml(s)
has branch points at s = (m1 −m2)

2 and at s = (m1 +m2)
2 and cuts running to ±∞,

as shown in fig. 1.6. We define the unphysical sheet to be the sheet on which (85) is
valid, so that in the physical region, s real and s > (m1 +m2)

2, the physical amplitude
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is given by (26). From (85) Ml has a pole (see fig. 1.6) on the unphysical sheet at
s = sBW + iΓq2l+1/ω. The continuation of Ml(s) in the gap between the cuts is given by
(85) with √[

s− (m1 +m2)
2]→ i

√
−
[
s− (m1 +m2)

2], (86)

while below the physical cut (from (m1 +m2)
2 to ∞) it is given by (85) with√

s− (m1 +m2)
2 → −

√
s− (m1 +m2)

2, (87)

giving a pole (see fig. 1.6) on the unphysical sheet at s = sBW−iΓq2l+1/ω. As previously
noted, the Breit-Wigner form satisfies real analyticity (48).

s+iε

s-iε

s

(m1-m2)2 (m1+m2)2

Figure 8: Continuation between two cuts from the physical to the unphysical sheet.

Wigner’s theorem. - States that the rate of fall of the phase-shift is limited in
such a way that a resonance peak of the scattering amplitude cannot appear when
the phase-shift falls through π/2. It can be proved in non-relativistic QM potential
scattering theory,35 or alternatively in dispersion relation theory,36 though in both cases
the proof is a bit messy and not thoroughly convincing. Here will be given a simple
qualitative argument based on causality.26 A resonance state with a falling phase-shift,
would correspond to a negative Γ in (85), and thus a pole in the upper half plane of the
physical sheet. From (30) this would correspond to an acausal state. Furthermore, since
the time dependence of QFT matrix elements or the QM wavefunction corresponding to
the state would have an exponentially increasing factor, the state should have a lifetime
smaller than the period of scattering, and therefore such states must have widths large
compared to their spacing.

Effective range expansion. - At low energies it is natural to try a power series
(Taylor) expansion in q2 around q2 = 0. To make a Taylor expansion however, we must
be sure that what we expand is analytic in q2 = 0. In (83) we have chosen K to be
analytic and real and since Ml is real analytic, so is K. The discontinuity of K is thus
2i ImK = 0, and K has no branch points and cuts. Therefore, if Ml(q

2 = 0) 6= 0, we
choose to expand K rather than Ml. Thus in the elastic unitarity case we can write

K = (q/ω) cot δ =
2

a (m1 +m2)
+

r0
(m1 +m2)

q2 +O
(
q4
)
, (88)
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we call a the scattering length and r0 the effective range. If Ml(q
2 = 0) = 0, K has a pole

which must be taken care of. This is the case for l > 0, where we can use the expansion

16πq2l/ (εMl) = K̄ − i
(

q
ω

)2l+1
,

K̄ = 2
a(m1+m2)

+ r0

(m1+m2)
q2 +O (q4) .

(89)

Including only the lowest order contribution, we find from (89)

1
2

εMl

16π
≈ q2l 1

2
a(m1+m2)

−i( q
ω )

2l+1 ≈ q
2la(m1 +m2)

2
. (90)

We may also expand ReMl at threshold,

εReMl(q
2
(s))/(16π) = q2l

(s)

(
a+ bq2

(s) + ...
)
. (91)

From (90), we see that for ππ scattering (setting mπ = 1) the a of the two expan-
sions (88) and (91) agree. For a calculational example, see the Mathematica notebook
”EffectiveRangeFits.nb” of appendix D.

Poles and particles. - We shall henceforth assume28 that poles appear in the s-
variable at fixed positions independently of the other variables, and that a pole is to be
interpreted as a particle, the pole position being equal to the square of the particle mass.
A stable particle has a real mass, while an ordinary resonance has an imaginary part
in its mass, equal to half its width. We shall further assume the hypothesis of maximal
analyticity (of the first degree)28,37 which is the assumption that resonances and other
singularities at s-values above the physical threshold, appear only on the non-physical
sheets.

Cuts. - Scattering amplitudes depend on the momentum q. Because of the square
root in (20), the transition to dependence on s, introduces a double-valuedness and cut
in the complex s-plane. At each s-value where a new channel of the scattering amplitude
opens, there is a new momentum variable, and a branch point where a cut starts.28 In
particular, the physical cut of the s-channel, demanded by real analyticity, starts at
s = (m1 +m2)

2 (section 1.3).
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2 Specific processes

Three scattering processes are introduced in separate sections. The main features of the ex-
perimental data are briefly reviewed. Isospin and crossing properties of scattering amplitudes
are examined in detail. For pion-nucleon scattering, spin complications are discussed.

2.1 Pion-nucleon scattering

Experimental facts. - Reliable data exist from the threshold at the total CMS energy
W =

√
s = mπ+ + mp=1077.84226±0.0006 MeV38 up to about 30 GeV. The main

feature of πN low energy data is the resonance peak in the I = 3/2, j = 3/2 channel,
at38 1233±2 MeV with width Γ=116±5 MeV, which is denoted ∆, N∗ or N∗

33. There
are many other resonances, the properties of which are summarized in ref. 39. For up
to date data one should consult ref. 40. Here, we shall consider only elastic scattering.
Below the ππN threshold at

√
s = mπ+ + mπ0 + mp=1212.81945±0.00123 MeV38 π+p

scattering is purely elastic and inelasticity effects (inelastic intermediate states and multi-
channel effects) can be neglected, whereas π−p has both the elastic and charge exchange
(π−p → π0n channels open). Above the threshold, inelasticity effects gradually become
more important. A short review of data analysis methods can be found also in ref. 39.

Isospin amplitudes and crossing. - Initial and final states are linear combinations
of products of triplet Iπ = 1 states and doublet IN = 1/2 states denoted |π0p〉, |π+n〉,
etc. These product states form a basis of a 6-dimensional direct product32 representation
of SU(2), which is reducible31 to a 4-dimensional I = 3/2 plus a 2-dimensional I = 1/2
representation. Thus, by isospin symmetry, all 36 possible scattering amplitudes are
expressible in terms of only two amplitudes A3/2 and A1/2. Clearly |3/2, 3/2〉 = |π+p〉,
|3/2,−3/2〉 = |π−n〉, and by using the properties of the raising and lowering operators,
I± = (1/2)−1/2(I1 ± iI2)† (or simply looking up Clebsch-Gordan coefficients) it can be

†From this relation (equivalent to (8)) between spherical components (raising and lowering operators)
and cartesian components, with the usual Pauli matrices as cartesian components, we get raising and
lowering matrices in agreement with the Condon-Shortley convention. From the same relation and the
standard three dimensional rotation matrices Xk defined in terms of the SU(2) structure constants εijk

by (Xk)ij = −iεijk, as cartesian components (operating on Cartesian basis functions x, y, z) we get
raising and lowering matrices not in agreement with the Condon-Shortley convention. This however has
no importance as long as we stick everywhere to our conventions (8) and (9), which are not in agreement
with the standard Condon-Shortley and Pauli conventions.
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shown that

|3/2, 1/2〉 = 1√
3

(
−
√

2 |π0p〉+ |π+n〉
)
,

|3/2,−1/2〉 = 1√
3

(
|π−p〉+

√
2 |π0n〉

)
,

|1/2, 1/2〉 = 1√
3

(
|π0p〉+

√
2 |π+n〉

)
,

|1/2,−1/2〉 = 1√
3

(√
2 |π−p〉 − |π0n〉

)
,

(92)

|π0p〉 = 1√
3

(
−
√

2 |3/2, 1/2〉+ |1/2, 1/2〉
)
,

|π−p〉 = 1√
3

(√
2 |1/2,−1/2〉+ |3/2,−1/2〉

)
,

|π+n〉 = 1√
3

(
|3/2, 1/2〉+

√
2 |1/2, 1/2〉

)
,

|π0n〉 = 1√
3

(√
2 |3/2,−1/2〉 − |1/2,−1/2〉

)
.

(93)

From (81) the scattering amplitudes are given by

Mπ0p→π+n = Mπ0n→π−p =
√

2
3

(
M3/2 −M1/2

)
,

Mπ+n→π+n = Mπ−p→π−p = 1
3

(
M3/2 + 2M1/2

)
,

Mπ0p→π0p = Mπ0n→π0n = 1
3

(
2M3/2 +M1/2

)
.

(94)

Equations (94) are derived from symmetry considerations alone and are therefore ex-
act if we assume that isospin symmetry is an exact symmetry. They can be tested
experimentally since by subtraction√

1

2
σce ≤

√
σ+ +

√
σ0, (95)

where σ+ and σ0 are the cross-sections corresponding to the two amplitudes from (94)
and σce is the charge exchange cross-section. πN scattering is dominated by the ∆-
resonance, which has I = 3/2, M3/2 �M1/2, so that

M (π−p → π−p) ≈ 1
3
M (π+p → π+p) ,

σ (π−p) ≈ 1
9
σ (π+p) .

(96)

The last equation is also experimentally testable. Instead of the scattering amplitudes
M3/2 and M1/2 we may introduce a scattering operator30

M (s) = M (s)3/2P (s)3/2 +M (s)1/2P (s)1/2, (97)
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where P (s)3/2 and P (s)1/2 are isospin projection operators. The channel index s (see
(26)) is added because we shall consider the other two channels as well. Since the isospin
operators can be represented by matrices, so can the projection and scattering operators,
and if we specify the initial pion state by i and the anti-state of the final pion state by j,
the scattering and projection operators may be represented by two-dimensional matrices
to be sandwiched between states specified by nucleon unit isospin vectors. It can be
shown directly,26,30 that∥∥P (s)3/2

∥∥
ij

=
1

3
(2δjiI + 2 [τi, τj]) ,

∥∥P (s)1/2
∥∥ =

1

3
(δjiI− 2 [τi, τj]) , (98)

where
∥∥P (s)3/2

∥∥ symbolizes a matrix and I the identity matrix. The scattering operator
can then be written

‖M‖ij = δijIM (+) + 2 [τj, τi]M
(−), (99)

with

M (+) = 1
3

(
2M (s)3/2 +M (s)1/2

)
= 1

2

(
M (s)π−p +M (s)π+p

)
,

M (−) = 1
3

(
−M (s)3/2 +M (s)1/2

)
= 1

2

(
M (s)π−p −M (s)π+p

)
.

(100)

In the other two channels a similar analysis can be carried through26 . In the u-channel∥∥P (u)3/2
∥∥ =

2

3
(δjiI− [τi, τj]) ,

∥∥P (u)1/2
∥∥ =

1

3
(δjiI + 2 [τi, τj]) (101)

and

M (+) = 1
3

(
2M (u)3/2 +M (u)1/2

)
= 1

2

(
M (u)π−p +M (u)π+p

)
,

M (−) = 1
3

(
M (u)3/2 −M (u)1/2

)
= 1

2

(
−M (u)π−p +M (u)π+p

)
,

(102)

implying

M (s)1/2 (s, t, u) = −1
3
M (u)1/2 (s, t, u) + 4

3
M (u)3/2 (s, t, u) ,

M (s)3/2 (s, t, u) = 2
3
M (u)1/2 (s, t, u) + 1

3
M (u)3/2 (s, t, u) .

(103)

In the t-channel ∥∥P (t)0
∥∥ =

1√
6
δjiI,

∥∥P (t)1
∥∥ = [τi, τj] . (104)

The isospin crossing matrices β(su), β(st) are defined by∑
Is

∥∥P (s)Is
∥∥ β(su)

IsIu
=
∥∥P (u)Iu

∥∥ , ∑
Is

∥∥P (s)Is
∥∥ β(st)

IsIt
=
∥∥P (t)It

∥∥ . (105)

We find

β(su) =

−1
3

4
3

2
3

1
3

 , β(st) =

 1√
6

1

1√
6
−1

2

 . (106)
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Kinematical constraints. - The boundaries of the physical regions follow from (20)
and (23). In fig. 9 they are shown graphically for π+p scattering and crossed processes,
using units of m2

π. From (21) we find that Re(s) as a function of q2 is double-valued

-400

-200

0

200

400

-400

-200

0

200

400

Figure 9: Boundaries of physical regions for πp scattering.

in the regions q2 < −m2
N and −m2

π < q2, whereas Im(s) is double-valued in the region
−m2

N < q2 < −m2
π. In fig. 10 Re(s) and Im(s) are displayed as functions of real values of

q2, again using units of m2
π. In fig. 11 q2 is displayed as a function of s on the circle in the

complex s-plane where q2 is real. The graphics of figs. 9 and 10 can be generated with
the Mathematica notebooks ”MandelstamPlots.nb” and ”sComplex.nb” (see appendix
D).

Figure 10: Re(s) and Im(s) as functions of real values of q2.
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s

|s|=mN
2-mπ

2 q2=-mπ
2

q2=-mN
2

q2=-(mN
2+mπ

2)/2

q2=-(mN
2+mπ

2)/2

Figure 11: q2 as a function of s on the circle in the complex s-plane where q2 is real.

Spin decomposition. - Lorentz invariance, four-momentum conservation and the
”mass-shell” conditions imply30 that the scattering amplitude for a process involving one
given nucleon and one given pion (e.g. π+p scattering) can generally be written

M = u (p′)
(
A+Bγµ (P + P ′)

µ
/2
)
u (p) , (107)

u is a spinor representing the nucleon, p, p′, P, P ′ are as in fig. 13 below, and A,B are
functions of the independent invariant quantities that can be constructed with the three
independent four-momentum vectors - there are two besides the masses squared. We can
define scattering matrices aji, bji and amplitudes a(+), a(−), b(+), b(−) analogously to (99).
In the CMS and non-relativistic limit, the most general way to write fσ = M/(8πW )
is30

fσ = ζ†f

(
a+ bσ · P ′

P ′ σ ·
P

P

)
ζi, (108)

σ is the triplet of Pauli spin matrices, ζ denotes a two-component spinor and a, b are
two new amplitudes which depend on e.g. the total CMS energy W and the scattering
polar angle θ. If ζi and ζf are helicity QM eigenstates, i.e. eigenvectors of σ · P /P and
σ′ · P ′/P ′ (108) gives two independent amplitudes: The spin changing amplitude a− b
and the spin non-changing amplitude a + b. From (52) we get analogously to (53) the
relation for the spin averaged cross-section σ

dσ

dΩ
=

1

2

∑
spins

|fσ|2 . (109)

a, b are related to A,B by

a = p0+mN

8πW
[A+B (W −mN)]

b = −p0+mN

8πW
[A−B (W +mN)] .

(110)

Helicity amplitudes. - Returning now to the general (relativistic) case: For general
spins we can characterize a two particle state by the total angular momentum j, the
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z-component m and the two helicities λ1 and λ2. Rotation invariance then implies
(analogously to (81))

〈j′m′λ′1λ
′
2|M |jmλ1λ2〉 = δjj′δmm′ 〈λ′1λ′2|Tj(W )|λ1λ2〉 , (111)

Tj is a new scattering operator. Taking the z-axis along the initial momentum it can be
shown30 that fσ is given by

fσ (λ′1, λ
′
2, λ1, λ2, θ, ϕ) =

1

2P

∑
j

(2j + 1) 〈λ′1λ′2|Tj(W )|λ1λ2〉Dj
λλ′ (ϕ, θ, 0)

∗
, (112)

Dj(α, β, γ) are the well-known rotation matrices (forming a 2j+1 dimensional represen-
tation of SO(3)) with the Euler angles α, β, γ specifying the rotation, λ = λ1 − λ2 and
λ′ = λ′1 − λ′2. In the case of πN scattering we have only two helicity states λ = ±1/2.
Introducing two partial amplitudes

fj++ =
〈1

2
|Tj|12〉
2P

, fj−+ =
〈−1

2
|Tj|12〉
2P

, (113)

(112) gives the two helicity amplitudes

f++(θ, ϕ) =
∑

j(2j + 1)fj++D
j
1
2

1
2

(ϕ, θ, 0)

= 2
∑

j fj++[P ′
j+1/2(z)− P ′

j−1/2(z)] cos θ
2
,

f−+(θ, ϕ) =
∑

j(2j + 1)fj−+D
j
1
2
− 1

2

(ϕ, θ, 0)

= −2
∑

j fj−+[P ′
j+1/2(z) + P ′

j−1/2(z)]e
iθ sin θ

2
,

(114)

fj+± =
1

2

∫ 1

−1

dz [f++ (z)± f−+ (z)]
1± z

2j + 1

[
P ′

j+1/2 (z)− P ′
j−1/2 (z)

]
. (115)

P ′
l is the first derivative of the Legendre polynomial Pl. The amplitudes f+±, A,B, a, b

are related26 by

M
(s)
++ = 8πWf++ = 8πW cos θ

2
(a+ b) = 2mN cos θ

2

(
A+ P 2+P0p0

mN
B
)
,

M
(s)
+− = 8πWf+− = 8πW sin θ

2
e−iϕ (a− b) = 2mN sin θ

2
e−iϕ

(
A p0

mN
+ P0B

) (116)

which also defines M
(s)
+± in the CMS (ϕ = 0).

Parity eigenstates. - For each value of j there are two values j ± 1/2 of l, which
are denoted (l+1)− and l+ and correspond to parity (−1)j±1/2. Since j is conserved and
j-eigenstates do not mix in scattering as helicity and angular momentum eigenstates do,
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unitarity can be expressed for each j-channel separately. However, parity is also con-
served, and states of definite parity ±1 can be expressed in terms of helicity eigenstates
by

fj± = fj++ + (−1)j±1/2 fj+−. (117)

Introducing two new amplitudes fl± ≡ fl(j = l ± 1/2), we find

fl+ = fj++ + fj+− , f(l+1)− = fj++ − fj+−
,

fj++ = fj−− = 1
2

(
fl+ + f(l+1)−

)
,

fj+− = −fj−+ = 1
2

(
fl+ − f(l+1)−

)
,

l = j − 1

2
, (118)

which are related to a and b, by

a = f0+ +
∑∞

l=1 [fl+P
′
l+1 (cos θ)− fl−P

′
l−1 (cos θ)] ,

b =
∑∞

l=1 [fl− − fl+]P ′
l (cos θ) ,

(119)

fl± = f(l±1/2)++ ± f(l±1/2)+− = 1
2

∫ 1

−1
dz [Pl (z) f1 (x) + Pl±1 (z) f2 (z)] , (120)

These expansions are useful for two reasons: First, with a range of interaction r and a
CMS momentum q, by a classical analogy, values of l less than qr should not contribute.
For q ≈ 200 MeV and r ≈ 10−13 cm, one should not expect d- or higher waves to be
important and only f0+, f1−, f1+ need be retained. Second, πN scattering cross-sections
up to 2 GeV are dominated by relatively few large peaks. If these peaks correspond to
resonances the partial waves of the same quantum numbers as the resonances should
dominate. From the above formulas, cross-sections for polarized and unpolarized initial
and final states can be calculated30 and some polar angle dependency can be extracted
and verified experimentally, confirming the validity of the helicity formalism.

Elastic and inelastic cross-sections. - At low energies πN scattering is almost
purely elastic and the elastic unitarity condition (57) is almost exact. Elastic unitarity
(compare (61)) can be expressed separately for each partial wave

f I
lj =

1

q
exp

(
iδI

lj

)
sin δI

lj. (121)

At higher energies, inelastic states appear and unitarity reads (compare (63))

f I
lj =

ηI
lje

2iδI
lj − 1

2iq
. (122)
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The elastic and inelastic partial wave cross-sections are given by30 (compare (67))

σI
lj,el = π

q2

(
j + 1

2

) ∣∣∣1− ηI
lje

2iδI
lj

∣∣∣2 ,
σI

lj,inel = π
q2

(
j + 1

2

) [
1−

(
ηI

lj

)2]
.

(123)

From (94) we know that only three amplitudes need be considered, e.g. the amplitudes
corresponding to the processes π+p → π+p, π−p → π−p and π−p → π0n. They are given
by

fπ+p
lj = f

3/2
lj ,

fπ−p
lj = 1

3

(
f

3/2
lj + 2f

1/2
lj

)
,

f ce
lj =

√
2

3

(
f

3/2
lj − f

1/2
lj

)
.

(124)

u-channel crossing. - The interchange i ↔ j is equivalent to s ↔ u, i.e. the
scattering amplitude is left invariant under the combined operation. This implies by
(99) that

M (±) (s, t, u) = ±M (±) (u, t, s) , (125)

implying

M (s)π−p (u, t, s) = M (s)π+p (s, t, u) , M (u)π−p (u, t, s) = M (u)π+p (s, t, u) , (126)

M (u)π−p (s, t, u) = M (s)π+p (s, t, u) , M (s)π−p (s, t, u) = M (u)π+p (s, t, u) , (127)

and symmetry between the s- and u-isospin channels.

M (u)3/2 (u, t, s) = M (s)3/2 (s, t, u) , M (u)1/2 (u, t, s) = M (s)1/2 (s, t, u) . (128)

If we demand the form (107) to be valid also for the u-channel process, with P = p3, P
′ =

−p2 instead of P = p2, P
′ = −p3 (see fig. 13 below), we have

A(s) (s, t, u) = A(u) (u, t, s) , B(s) (s, t, u) = −B(u) (u, t, s) (129)

and

A(s)π+p (s, t, u) = A(u)π−p (u, t, s) , A(s)π−p (s, t, u) = A(u)π+p (u, t, s) ,

B(s)π+p (s, t, u) = −B(u)π−p (u, t, s) , B(s)π−p (s, t, u) = −B(u)π+p (u, t, s) ,

(130)

implying

(s)± (s, t, u) = ±A(u)± (u, t, s) , B(s)± (s, t, u) = ∓B(u)± (u, t, s) . (131)
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Because of our choice of symmetry between the s- and u-channels (128), the definition
of angular momentum and helicity is the same in the two channels, whence

M
(s)
++ (s, t, u) = M

(u)
++ (s, t, u) , M

(s)
−+ (s, t, u) = M

(u)
−+ (s, t, u) . (132)

and (110) and (116) are still valid. In sections 1.3 and 1.6 we saw that unitarity demands
physical right-hand cuts in the complex planes of the respective channels. Now the
physical u-channel amplitude M (u)(s, t, u) is defined by the equivalent of (26). For a fixed
value of t, u = u′ + iε with u′ real and on the physical u-channel cut u > (mN + mπ)2,
corresponds to s = s′ − iε with s′ real and on the s-channel cut corresponding to the
physical u-channel cut (fig. 12). This cut is given by u > (mN + mπ)2 ⇔ s < (mN −
mπ)2 − t. When t > −2mNmπ the cut does not overlap with the s-channel physical cut
s > (mN +mπ)2, and one can find an analytic continuation in s between the physical u-
and s-channel regions as shown in fig. 12. When t < −2mNmπ the two cuts overlap and
an analytic continuation is not possible.37

s

(mN-mπ)2-t

(mN+mπ)2

Figure 12: Continuation from physical s-channel to physical u-channel region is possible
only when the s-channel and u-channel cuts do not overlap.

t-channel crossing. - The t-channel process is qualitatively different from the u-
channel process, and a definition of angular momentum and helicity must be chosen.
Instead of demanding the form of (107) to be valid in the new CMS, we transform the
functions from the s-channel CMS to the t-channel CMS, with P = p2, P

′ = p3, and
find26 instead of (107) in the non-relativistic limit

M (t)NN→ππ ≡M
(t)
fi = 2mN

ζ†f

(
A p

mN
σ·p

p
+B P

2

[
p

p0−mN
σ·pp σ·P

P
σ·pp−

p
p0+mN

σ·P
P

])
ζ

i
,

(133)

p = |p|, P = |P |, ζf and ζ
i
are two-component t-channel CMS particle and anti-particle

spinors respectively, i, f are + or −,

ζ− =

 1

0

 , ζ+ =

 0

1

 , ζ− = −

 1

0

 , ζ+ = −

 0

1

 , (134)
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the sign refers to the helicity in the t-channel of the particle and the particle correspond-
ing to the anti-particle respectively. We see that

M
(t)
++ = 2Ap− 2BmNP cos θ(t),

M
(t)
+− = 2Bp0Pe

iϕ sin θ(t).

(135)

Instead of (114) we find

M
(t)
++ =

∑
j (2j + 1)Pj

(
z(t)

)
M

(t)
j++

M
(t)
+− =

∑
j

(2j+1)√
j(j+1)

P ′
j

(
z(t)

)
sin θeiϕM

(t)
j+−.

(136)

For the helicity non-flip and flip amplitudes we get26 instead of (132)

M
(s)
++ (s, t, u) =

2mNt1/2 cos
θ(s)
2

M
(t)
++(s,t,u)

[t−(mπ+mN)2]
1/2

[t−(mπ−mN)2]
1/2

+i
(s+m2

N−m2
π)uM

(t)
+−(s,t,u)

[s−(mπ+mN)2]
1/2

[s−(mπ−mN)2]
1/2

[u−(mπ+mN)2]
1/2

[u−(mπ−mN)2]
1/2 ,

(137)

M
(s)
+− (s, t, u) =

2mNt1/2 cos
θ(s)
2

M
(t)
+−(s,t,u)

[t−(mπ+mN)2]
1/2

[t−(mπ−mN)2]
1/2

−i (s+m2
N−m2

π)uM
(t)
++(s,t,u)

[s−(mπ+mN)2]
1/2

[s−(mπ−mN)2]
1/2

[u−(mπ+mN)2]
1/2

[u−(mπ−mN)2]
1/2

.

By a partial wave analysis, it can further be shown41,42 that in the t-channel physical
region

A (s, t, u) = −8π
p2

∑∞
j=0

(
j + 1

2

)
(pP )j

[
Pj

(
z(t)

)
f

(t)
j++ (t)− mNz(t)Pj′(z(t))

[j(j+1)]1/2 f
(t)
j+− (t)

]
,

B (s, t, u) = 8π
∑∞

j=1

(
j + 1

2

)
(pP )j−1 Pj′(z(t))

[j(j+1)]1/2f
(t)
j+− (t) ,

(138)

where, because of Bose statistics, the sums run over even (odd) values of j for A(+) and
B(+) (A(−) and B(−)). The t-channel process ππ → NN has a cut at t > 4m2

π. The part
t ∈ [4m2

π, 4m
2
N] of this cut is unphysical, i.e. does not correspond to a physical process

in the t-channel. For a fixed value of u, the t-channel cut gives rise to an unphysical cut
at 2m2

π −m2
N) − u < s < 2m2

N −m2
π) − u and a physical cut at s < 2(m2

π −m2
N) − u.

Again, analytic continuation is possible when the relevant cuts do not overlap.
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Symmetries of helicity amplitudes. - From the above definitions and choice of
signs of z follow26

M
(s)
++ = M

(s)
−−, M

(s)
+− = −M (s)

−+,

M
(u)
++ = M

(u)
−−, M

(u)
+− = −M (u)

−+,

M
(t)
++ = −M (t)

−−, M
(t)
+− = M

(t)
−+.

(139)

Removal of kinematic singularities. - Because of the unequal mass and spin
complications, some singularities of the scattering amplitudes arise, we call these kine-
matic singularities. The amplitudes free of kinematic singularities i.e. containing only
singularities of dynamical origin (corresponding to exchange of particles), are26

M
(s)
++/ cos θ

2
= 2mNA+ (s−m2

N −m2
π)B,

M
(s)
+−
√
s/ sin θ

2
= (s+m2

N −m2
π)A+mN (s−m2

N +m2
π)B,

M
(t)
++ = (t− 4m2

N)
1/2
A−mN (t− 4m2

π)
1/2
z(t)B,

M
(t)
+−/

(√
t sin θ

2

)
= 1

2
(t− 4m2

π)
1/2
B.

(140)

QFT calculation of a lowest order (nucleon pole term) scattering ampli-
tude. - To illustrate the theory developed so far, we shall now calculate a sample
scattering amplitude. Using the tentative Hamiltonian density (75) and standard QFT
LSZ formalism,1,25 the scattering amplitude can be calculated straightforwardly. Re-
stricting to non-forward scattering of second order in the strong coupling constant g,
we can substitute the renormalized (physical) masses mπ,mN for mπ0,mN0, ignoring the
mass counter-terms,1 since they contribute to non of the Feynman graphs of such pro-
cesses. The contributing Feynman graphs to second order in g are shown in fig. 13. The

N N

π π
P

p

P'

p'

N N

π πP

p

P'

p'

(a)

(b)

Figure 13: Feynman diagrams for πN scattering with pion exchange.
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scattering amplitude to second order in g is given by1,34

M
(2)
fi = 4 (−ig)2 χ′†u′ (p′)[

τ ·ϕ̂′∗iγ5
1

γµpµ+γµPµ−mN
iγ5τ ·ϕ̂+τ ·ϕ̂iγ5

1
γµpµ−γµP ′µ−mN

iγ5τ ·ϕ̂′
∗

]
u (p)χ,

(141)

p, P, p′, P ′ are the initial and final nucleon and pion four-momenta (fig. 13), χ, χ′ are
the two-dimensional iso-spinors of the nucleon, ϕ̂, ϕ̂′ are the three-dimensional unit iso-
vectors of the pion and u, u′ are the initial and final four-dimensional Dirac spinors
of the nucleon. The amplitude (141) is at most a rough approximation: Firstly, the
Hamiltonian density operator (75) is a guess. Secondly, experimentally43 g ∼ 13.4 and
thus we should not expect an expansion in g to be reliable. At low energies (large
distances) however, the contributions of higher order in g are small,34 and (141) does
display some qualitative features which are in agreement with low energy experiments.
Retaining only s- and p-wave scattering terms to order 1/mN and 1/m2

N respectively, in
the CMS (141) reduces to

M
(2)
fi = − 4g2

mN
u′†uχ′†χϕ̂′

∗
ϕ̂

− 4g2

4m2
NP0

u†χ′ (τ ·ϕ̂′∗τ ·ϕ̂σ·P ′σ·P−τ ·ϕ̂τ ·ϕ̂′
∗

σ·PσP ′)uχ,

(142)

σ = (σ1, σ2, σ3) are the two-dimensional Pauli spin matrices.34

Correspondence with QM for nucleon pole term partial wave amplitudes. -
The s-wave amplitude corresponds in the non-relativistic limit to what would be obtained
in non-relativistic QM potential scattering from a very steep repulsive potential of range
a−1/mN. Applying the Born approximation gives a large amplitude ∼ 1/mπ. However,
the application of the Born approximation to a short range steep potential is unjust, and
a careful analysis34 gives a small scattering length of the same order and a small phase-
shift δ ∼ Pa. This is also found experimentally.43 For p-wave scattering non-relativistic
QM potential scattering theory suggests stronger energy dependence than for s-waves,
giving the possibility of a resonance if the potential is attractive. Introducing total
angular momentum and isospin projection operators in (141) shows, that the scattering
amplitude is positive and thus the potential attractive in the I = j = 3/2 channel only.
Experimentally the ∆-resonance is observed in this channel and small phase-shifts are
observed in the others as expected.

Non-unitarity of nucleon pole term. - It should be noted that (141) is a second
order amplitude corresponding to exchange of a single nucleon, and by itself is real and
does not satisfy unitarity.
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s-, t-, u-dependence of nucleon pole term. - For ”on-mass-shell” nucleons, by
use of the Dirac equation, (141) reduces to

M
(2)
fi = 4g2χ′†u′ (p′)[

τ ·ϕ̂′∗ −γµPµ+mN
s−m2

N

τ ·ϕ̂+ϕ·ϕ̂
γµPµ+mN

u−m2
N

τ ·ϕ̂′
∗

]
u (p)χ,

(143)

which has poles at s, u = m2
N. For this amplitude u-channel crossing is seen explicitly

to be valid. If we demand the form (107), we find that

A = 4g2χ′†
[

τ ·ϕ̂′∗ (mN+mN)/2−mN′
m2

N
−s

τ ·ϕ̂+τ ·ϕ̂
(mN+mN)/2−mN′

m2
N
−u

τ ·ϕ̂′
∗

]
χ = 0,

B = 4g2χ′†
[

τ ·ϕ̂′∗ 1

m2
N
−s

τ ·ϕ̂−τ ·ϕ̂ 1
m2

N
−u

τ ·ϕ̂′
∗

]
χ,

(144)

in agreement with (129). m′
N is the mass of the intermediate particle,37 which in this

case is the nucleon and m′
N = mN. Inserting the relevant isospin vectors gives

Bπ+p = B3/2 = −2g2 1
m2

N−u
,

Bπ−p = 1
3

(
B3/2 + 2B1/2

)
= 2g2 1

m2
N−s

,

Bch.ex. =
√

2
3

(
B3/2 −B1/2

)
= −2g2

√
2

(
1

m2
N−u

+ 1
m2

N−s

)
.

(145)

t-channel pole terms. - The amplitude (141) corresponding to the lagrangian
(78) gives no t-channel pole terms. However, we may assume a more general unknown
lagrangian, with more possible vertices and couplings between more particles. Thus we
may assume t-channel pole terms corresponding to (145), but for other intermediate
particles than the nucleon, and with unknown masses and coupling strengths which
must be determined phenomenologically. If a form were assumed for the t-channel pole
contribution to the two helicity amplitudes in the t-channel CMS, we could use (137)
to find the contribution to the s-channel amplitude. If a form is assumed for some
partial wave the t-channel pole amplitude, to find the corresponding contribution to a
given s-channel partial wave, we must assume convergence of the t-channel partial wave
expansion (see section 3.3) and first multiply with the coefficient in the t-channel partial
wave expansion, then multiply by the relevant isospin crossing matrices, and finally
project out in partial waves in the s-channel. Thus the problem is to find which partial
waves have poles and determine their masses and coupling strengths.
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Nucleon pole term helicity amplitudes. - These can be found from (145) and
(116). E.g.

M
(s)π+p
++ = −2g2 1

m2
N−u

2 (P 2 + P0p0) cos θ
2
,

M
(s)π−p
++ = 2g2 1

m2
N−s

2 (P 2 + P0p0) cos θ
2
,

(146)

M
(s)π+p
+− = −2g2 1

m2
N−u

2mNP0 sin θ
2
e−iϕ,

M
(s)π−p
+− = 2g2 1

m2
N−s

2mNP0 sin θ
2
e−iϕ.

(147)

Nucleon pole term partial wave amplitudes. - We now use (109), (119), (124)
and (145) to project the amplitude (141) out in partial wave amplitudes. The result is37

f I
l± =

1
16π

√
s

∫ 1

−1
dz [Pl (z) (W +mN) (

√
s−mN) + Pl±1 (z) (W −mN) (

√
s+mN)]BI .

(148)

In the CMS W = s1/2. Consider the s-channel pole contribution of (145) to (148).
Since it is independent of z, the only non-vanishing integrals are those containing P0(z);
furthermore the I = 3/2 contribution is 0. We find

f 3/2 (s− pole) = 0,

f
1/2
0+ (s− pole) = −3g2

8π
1
s

[
(
√
s+mN)

2 −m2
π

]
(
√
s−mN) ,

f
1/2
1− (s− pole) = −3g2

8π
1
s

[
(
√
s−mN)

2 −m2
π

]
(
√
s+mN) .

(149)

To lowest order in m2
π/m

2
N, we find moreover

f
1/2
1− (s− pole) /q2 ≈ − g

2

4π

3

s−m2
N

. (150)

Next consider the u-channel pole contribution of (145) to (148). It can be shown37 that
the s-waves are dominant. The contribution depends on z (through (21)), and therefore
the integral in (148) is more complicated. We can write

1

m2
N − u

=
2s

(1 + z) [s+ (z)− s− (z)]

(
1

s− s+ (z)
− 1

s− s− (z)

)
, (151)

where

s± (z) =
1

1 + z

[
m2

Nz +m2
π (1 + z)±

√
[m2

Nz +m2
π (1 + z)]

2
+ (m2

N −m2
π)

2
(1 + z)2

]
,

(152)

41



and s+ attains values on a short cut between s+(1) = m2
N + 2m2

π and s+(1) = (m2
N −

m2
π/m

2
N)2, and s− attains values on a distant cut between s−(1) = 0 and s−(−1) = −∞.

If we restrict to the short cut contribution in (151), i.e. neglect the last term in the
last bracket (c.f. the near singularity approximation of section 3.1), and terms to higher
order than 0 in m2

π/m
2
N are neglected,

f
3/2
0+ (u− pole) = 0,

f
3/2
1+ (u− pole) /q2 = g2

4π
1/3

mN(s−m2
N)
,

f
3/2
1− (u− pole) /q2 = − g2

4π
1/6

mN(s−m2
N)
.

(153)

From (145) it follows that

f
1/2
0+ (s− pole) /q2 = −1

2
f

3/2
0+ (u− pole) /q2 = 0,

f
1/2
1+ (s− pole) /q2 = −1

2
f

3/2
1+ (u− pole) /q2 = − g2

4π
1/6

mN(s−m2
N)
,

f
1/2
1− (s− pole) /q2 = −1

2
f

3/2
1− (u− pole) /q2 = g2

4π
1/12

mN(s−m2
N)
.

(154)

We notice that the short cut gives no s-wave amplitude and that the only candidate for a
p-wave resonance is the amplitude f

3/2
1+ = f

3/2
1+ (s-pole)+f

3/2
1+ (u-pole), in agreement with

the discussion following (142).
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2.2 Pion-pion scattering

Experimental facts. - Direct experiments are not easy to perform, because pi-
ons are short lived and difficult to produce. Therefore information have been ob-
tained by indirect methods (see e.g. ref. 3) and compared to πN scattering data
are more scarce and generally have larger uncertainties. Below the KK threshold at38

√
s = 2mK± = 987.354±0.026 MeV, inelasticity is very small, and only s-,p-,d-wave am-

plitudes are appreciable.3 Therefore in the low energy region (below the KK threshold)
we need consider only elastic scattering, and can describe the process by five partial wave
quantities, e.g. δ0

0, δ
2
0, δ

1
1, δ

0
2, δ

2
2, with the notation δI

j . As the parameters are hard to ob-
tain experimentally their values are somewhat uncertain, particularly the value of δ0

0 has
been much disputed. At the KK threshold, inelasticity effects start to become important,
the predominant effects being the very strong opening of the ππ → KK channel and a
possible I = 0, j = 0 resonance strongly coupled to the KK system, denoted S∗(1000).3

The main feature of low energy data is the resonance peak in the I = 1, j = 1 channel
at38 769.9 ± 0.8 MeV with width Γ = 151.21.25 MeV, which is denoted ρ(770). There
are many other resonances,38 the properties of which are reviewed in e.g. ref. 3. Besides
ρ(770), the two most important are f0(1300) (formerly denoted ε(1200)) at 1000-1500
MeV with I = 0, j = 0 and width 150-400 MeV, ρ3(1690) (formerly denoted g(1690)) at
1691±5 MeV with I = 1, j = 3 and with 215±20 MeV, and f4(2050) (formerly denoted
h(2030)) at 2044± 11 MeV with I = 0, j = 4 and width 208±13 MeV. In the threshold
region from

√
s = 2mπ± = 279.13564± 0.00074 MeV to about 500 MeV, the scattering

can conveniently be characterized by the scattering lengths aI
l and slope parameters bIl

defined by the threshold expansion3 (91)

ReM
(s)I
l

(
q2
(s)

)
/32π = q2l

(s)

(
aI

l + bIl q
2
(s) + ...

)
. (155)

Because of relations between the parameters (appendix B), all low energy partial waves
are determined by a single parameter, taken to be a0

0. The primary experimental in-
formation on scattering lengths comes from Kl4 decays. From 500 MeV up to about 2
GeV, partial wave amplitudes and phase-shifts are well established. Information comes
primarily from πN → ππN scattering. For up to date data one should consult ref. 38 or
40. For a review of data analysis methods, see ref. 3.

Isospin and Bose statistics. - Initial and final states are linear combinations of
products of two triplet Iπ = 1 states denoted |π+π+〉 , |π+π0〉, etc. These product states
form a basis for the 9-dimensional direct product32 representation of SU(2), which is
reducible31 to a 5-dimensional I = 2 plus a 3-dimensional I = 1 plus a 1-dimensional
I = 0 representation. Thus by isospin symmetry all 81 possible scattering amplitudes
are expressible in terms of the three amplitudes A2, A1, A0. Since we are now dealing
with two identical bosons of spin zero the total state of the system must be symmetric
under the interchange of the two pions. The possible isospins are I = 0, 1, 2. Even
isospin states are symmetric under exchange, implying symmetric spatial states and
even angular momentum, while odd isospin states are antisymmetric, implying anti-
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symmetric spatial spatial states and odd angular momentum. Thus for each value of the
angular momentum there are even fewer amplitudes to consider. Clearly |2, 2〉 = |π+π+〉
and |2, I3〉 can be found by using raising and lowering operators† or looking up Clebsch-
Gordan coefficients. |1, I3〉 and |0, I3〉 can be found be similar arguments. For example
Ĵ± |0, 0〉 = 0 implies

|0, 0〉 =
1√
3

(
|π+π−〉 − |π0π0〉+ |π−π+〉

)
. (156)

Relations between the scattering amplitudes can also be obtained as in πN scattering,
but in this case they cannot readily be verified by experiment because of the volatility
of the pions.

Isospin amplitudes and crossing. - Scattering amplitudes for physical states are
related to the three s-channel isospin amplitudes M (s)0,M (s)1 and M (s)2by

M (s)++ = M (s)2,

M (s)+− = 1
3
M (s)0 + 1

2
M (s)1 + 1

6
M (s)2,

M (s)+0 = 1
2
M (s)1 + 1

2
M (s)2,

M (s)00 = 1
3
M (s)0 + 2

3
M (s)2,

M (s)00,+− = −1
3
M (s)0 + 1

3
M (s)2,

(157)

M (s)0 = 3M (s)00 − 2M (s)++, M (s)1 = 2M (s)+0 −M (s)++. (158)

In the other channels similar relations can be found by crossing. E.g. M (t)+− = M (s)++.

Invariant isospin decomposition of the amplitude. - Since the invariant am-
plitude M is an iso-scalar which depends on the unit isospin three-dimensional vectors
specifying the initial and final pions respectively, and the only invariant fourth rank
tensors in three dimensions are products of two unit tensors, we may write M in terms
of three invariant amplitudes A,B,C,

M(s, t, u)/32π =
∑

a,b,c,d ϕ̂
aΦ̂bϕ̂′

c
Φ̂′d

(A (s, t, u) δabδcd +B (s, t, u) δacδbd + C (s, t, u) δadδbc)

≡
∑

a,b,c,d ϕ̂
aΦ̂bϕ̂′

c
Φ̂′dMabcd (s, t, u) /32π,

(159)

where ϕ̂, Φ̂, ϕ̂′, Φ̂′ are unit isospin vectors, and A(s, t, u) = B(t, s, u) = C(u, t, s). In
general A,B,C depend also on the squared masses of the pions. Mabcd can be expressed

†for a product state |πi〉 |πj〉, where i, j = −1, 0,+1, the raising/lowering operator is Ĵ± ≡ (Ĵ±)1 ⊗
I2 + I1 ⊗ (Ĵ±)2.
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in terms of the s-channel isospin amplitudes by

Mabcd =
2∑

I=0

M (s)IP (s)I abcd, (160)

M (s)I =
∑

a,b,c,d

M (s)I abcdP (s)I abcd, (161)

It can be shown straightforwardly26 that the isospin projection operators are given by

P (s)0 abcd = 1
3
δabδcd , P (s)1 abcd = 1

2
[δadδbc − δacδbd] ,

P (s)2 abcd = 1
2
[δadδbc − δacδbd]− 1

3
δabδcd,

(162)

where, since P (s)0 abcd + P (s)1 abcd + P (s)2 abcd = δadδbc, we have chosen (1,4) and (2,3) as
corresponding particles, in agreement with the discussion in section 1.2. The isospin
decomposition is related to the A,B,C amplitudes by

M (s)0 = 3A+B + C,

M (s)1 = B − C,

M (s)2 = B + C.

(163)

By permuting b, c, d and s, t, u cyclically, or simply looking up 9 j-coefficients, the pro-
jection operators of the other channels can be found26 and expressed in terms of P (s)I

by ∑
I(s)
P (s)I(s)β

(st)
I(s)I(t)

= P (t)I(t) ,
∑

I(s)
P (s)I(s)β

(su)
I(s)I(u)

= P (u)I(u) , (164)

implying ∑
I(t)
M (t)I(t)β

(st)
I(s)I(t)

= M (s)I(s) ,
∑

I(u)

M (u)I(u)β
(su)
I(s)I(u)

= M (s)I(s) , (165)

the isospin crossing matrices being

β(su) = β(ut) = β(ts) =


1
3

1 5
3

−1
3
−1

2
5
6

1
3
−1

2
1
6

 , β(st)2 = β(su)2 =


1
3
−1 5

3

1
3
−1

2
5
−6

1
3

1
2

1
6

 ,

β(su)3 = β(st)3 =


1

1

1

 .

(166)
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Interchanging s and t corresponds to interchanging particles 2 and 4, interchanging s and
u corresponds to interchanging particles 2 and 3, and interchanging t and u corresponds
to interchanging particles 3 and 4. From Bose statistics follows therefore that

M (s)I(s) (s, t, u) = (−1)I(s) M (s)I(s) (s, u, t) ,

M (t)I(t) (s, t, u) = (−1)I(t) M (t)I(t) (u, t, s) ,

M (u)I(u) (s, t, u) = (−1)I(u) M (u)I(u) (t, s, u) ,

(167)

implying

A (s, t, u) = A (s, u, t) , B (s, t, u) = B (s, u, t) ,

A (s, t, u) = C (u, t, s) , B (s, t, u) = B (u, t, s) ,

A (s, t, u) = B (t, s, u) , C (s, t, u) = C (t, s, u) .

(168)

Thus at the symmetry point s = t = u = 4/3,

M (s)1 = 0, 2M (s)0 = 5M (s)2. (169)

Kinematics. - Boundaries of the physical regions and scattering variables were
discussed in section 1.2.

Feynman diagrams. - The hamiltonian density (75) could in principle also be
used for calculating ππ scattering. However, the diagrams contributing to ππ scattering
of lowest order in g are the fourth order diagrams displayed in fig. 14. Contrary to

N

π

π

π

π
N

NN
N

π

π

π

π
N

NN

Figure 14: Pion-pion scattering with an unphysical lagrangian.

QED photon-photon scattering there is no gauge invariance to assure finiteness of the
loop integrals over the internal momentum; they diverge logarithmically and ad hoc
counter-terms must be introduced.1 Furthermore, because of the non-convergence of
the expansion in g, we cannot expect fourth order contributions to have any physical
meaning.
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2.3 Pion-kaon scattering

Experimental facts. - The experimental data are even more scarce than for ππ
scattering. The threshold is at38

√
s = mK± + mπ± = 633.247 ± 0.016 MeV. The main

characteristics of the phase-shifts are established from about 800 MeV to about 1400
MeV. Since the restriction from g-parity is different than in ππ scattering, the Kππ
state can couple to all except s-wave Kπ states, and inelastic channels play a larger
role than in ππ scattering. The Kππ threshold is at38 mK± + 2mπ± = 772.817 ± 0.017
MeV. The other inelastic channels which could couple to the s-wave state appear not to
be prominent below 1.4 GeV, and again we shall consider only elastic scattering. The
prominent resonances are K∗(892) at 891.59±0.24 Mev with I = 1/2, j = 1 and width
49.8±0.8 MeV, and K∗

2(1430) (formerly K∗(1421)) at 1425.4±1.3 MeV with I = 1/2 and
j = 2 and width 98.4±2.3 MeV. For a review of experimental methods see ref. 5.

Isospin amplitudes and crossing. - In the s-channel there are no limitations from
Bose statistics on the I, l states. The isospin formulas not involving spin or t-channel
crossing of section 2 can be taken over, with p↔ K+ and n↔ K−. We find e.g.

M (K±π± → K±π±) = M3/2,

M (K±π∓ → K±π∓) = 1
3
M3/2 + 2

3
M1/2,

M (K+π− → K0π0) = M (K−π+ → K0π0) =
√

2
3

(
M3/2 −M1/2

)
.

(170)

In the t-channel, ππ → KK, Bose statistics limits the allowed I, l states for both the
initial state and the final state. We have

M (+) = 1√
6
M (t)0,

M (−) = 1
2
M (t)1.

(171)

The isospin crossing matrices are

β(st) =

 1
2
√

3
1

1
2
√

6
−1

2

 , β(su) =

−1
3

4
3

2
3

1
3

 . (172)

Bose statistics gives
M± (s, t, u) = ±M± (u, t, s) . (173)

In fig. 2.3 are shown graphically the the boundaries of the physical regions of πK
scattering and crossed processes (the image is generated with the Mathematica notebook
”MandelstamPlots.nb” of appendix D), using units of m2

π.
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Figure 15: Boundaries of physical regions for πK scattering.
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Part II

Dispersion relations

In the dispersion relation approach one studies scattering amplitudes directly, without assuming
any particular field theoretical model, using analyticity, unitarity, crossing and some more
explicit assumptions. Two advantages of not dealing with field theory and lagrangians are that
problems with the convergence of the expansion in the coupling constant and with unitarity are
avoided, as there is no perturbative expansion and unitarity is typically explicitly accounted
for. In the present part the dispersion relations formalism is introduced with some detail,
followed by some simple explicit calculations.
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3 Theory

With emphasis on the N/D method of solution, in the first section, the basic theory of single
channel dispersion relations for partial wave scattering amplitudes is summarized, the be-
haviour of solutions is discussed in the next section. The following section is concerned with
multi-particle exchanges. The last section is concerned with rigorous results concerning rigor-
ous bounds on scattering amplitudes, regions of convergence of partial wave expansions and
dispersion integrals, and with the importance of the necessary assumptions.

3.1 Singularities and dispersion integrals

Poles and partial waves. - Consider the scattering process of fig. 16. We have seen in
section 1 that unitarity and analyticity demands a physical right-hand cut in the complex
s-plane from the smallest physical value sR/(m1+m2)

2 to∞. To illustrate how s-channel
left-hand cuts arise from t- and u -channel poles, that is from one-particle intermediate
states in the crossed channels, we assume equal masses m = 1 and a contribution to M
from the t-channel given by the form

Mt−pole (s, t) =
λ

µ2 − t+ iε
, (174)

where the limit ε → 0 is to be taken after integrating. (174) is usually referred to as
a Born or one-particle exchange term and corresponds to the amplitude found in the
QFT LSZ formalism by assuming a Lagrange operator field density with a coupling of
the two external particle to an third (internal) particle, and considering a time-ordered
lowest order Feynman diagram†. λ is called the strength of the pole. We now assume
s − t crossing, so that (174) is valid for t-channel pole contribution to the s-channel
amplitude, and find, using (58), (25) and (19), the imaginary part of the partial wave
s-channel amplitude

τ
(s)
l (s) ≡ ImM

(s)
l (s) = 1

2

∫ 1

−1
dz(s)ImMt−pole

(
s, z(s)

)
Pl

(
z(s)

)
=
∫ 0

−s+4
dt

s−4
[−πλδ (t− µ2)]Pl

(
1 + 2t

s−4

)
= πλ

s−4
Pl

(
1 + 2µ2

s−4

)
ϑ(s),

(175)

ϑ(s) =

 1, µ2 ∈ [0, 4− s] ,

0, otherwise.

†The amplitude (143) corresponds to summing the contributions from the two time-ordered lowest
order Feynman diagrams.
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the interval is assumed to have the correct ordering. Notice that for partial wave am-
plitudes the dependence on one of the variables is integrated out in the partial wave
projection. The partial wave projection is strictly valid only on the s-channel physical
cut. We shall never-the-less use it on the left-hand cut (s < 0), and defer discussion of

this point to section 3.3. ε in (174) must be positive because we want ImM
(s)
l (s) to be

the limiting value as ε→ 0, of the right-hand side of (174) with s replaced by s+ iε and
t = 4 − s(1 − z)/2 (see (19)) for real z, |z| < 1. We choose the physical sheet as the

sheet on which (174) is valid. M
(s)
l (s) has a non-zero imaginary part for s < −µ2 + 4,

wherefore by real analyticity (48) there is a left-hand cut from −µ2 + 4 to −∞. Letting
µ0 be the mass of the lightest mass exchanged, there is a cut from sL ≡ −µ2

0 + 4 to −∞
Derivation of s-channel dispersion relation. - Analyticity allows the use of

Cauchy’s formula to express the amplitude by an integral around some contour C. For
simplicity we restrict to equal masses. C is shown in fig. 16.

M(s) =
1

2πi

∫
C

M (s′) ds′

s′ − s
, (176)

where it is assumed that M depends only on s (t or u is held constant or a particular
partial wave is considered) and has no poles. If we further assume

|M(s)| < O (s0) , |s| → ∞,

< O
(
(s− sL)−1) , s→ sL,

< O
(
(s− sR)−1) , s→ sR,

(177)

the contributions from the small semi-circles c1 and c2 and the large semi-circles C0 can
be neglected, and using (49) we can write an unsubtracted dispersion relation,

M (s)(s) =
1

π

∫ sL

−∞

ImM (s) (s′)

s′ − s
ds′ +

1

π

∫ ∞

sR

ImM (s) (s′)

s′ − s
ds′. (178)

Notice that from maximal analyticity and crossing, ImM (s)(s) has no poles above sR or
below sL. Therefore M (s)(s) is real between sL and sR, implying real analyticity of the

partial wave amplitude M
(s)
l (s) (see section 1.4). In the case of elastic scattering with

arbitrary masses m1 = m4,m2 = m3 of the initial particles and t held constant, so that
sL = −t + (m1 −m2)

2 (see fig. 1.6), we can use (178) and crossing, (29) and (105), to
derive a fixed-t dispersion relation for the s-channel amplitude, strictly valid (see section
3.3) for all complex s and a t-region, which in the case of m1 = m2 (ππ scattering) is
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−28m1 < t ≤ 0,

M (s)I(s) (s, t, u) = 1
π

∫ sL

−∞
ImM

(s)I(s) (s′,t,u′)
s′−s

ds′ + 1
π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= 1
π

∫ sL

−∞
ImM

(s)I(s) (u′,t,s′)
u′−s

du′ + 1
π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= 1
π

∫ −∞
sL

ImM
(s)I(s) (u′,t,s′)

s−u′
du′ + 1

π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= − 1
π

∫∞
sR

ImM
(s)I(s) (u′,t,s′)

s+s′+t−2(m2
1+m2

2)
ds′ + 1

π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= − 1
π

∫∞
sR

ImM
(s)I(s) (u′,t,s′)

s′−u
ds′ + 1

π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= 1
π

∫∞
sR

ImM
(u)I(s) (s′,t,u′)

s′−u
ds′ + 1

π

∫∞
sR

ImM
(s)I(s) (s′,t,u′)

s′−s
ds′

= 1
π

∑
I

∫∞
sR

ImM (s)I (s′, t, u′)

(
β

(su)
II(s)

s′−u
+

δII(s)

s′−s

)
ds′.

(179)

The interchange of integration limits (line 2 → 3), the change of integration variable
(line 3 → 4) and the change of physical sheet (line 5 → 6) each give a change of sign. If
M (s)(s) has a pole at sL < spole < sR, with residue λpole, we must add to the right-hand
side of (178) the contribution from the integral around c3

1

2πi

∫
c3

M (s) (s′)

s′ − s
ds′ = − λpole

spole − s
. (180)

The real part of the sum of (178) and (180) is, by (179),

ReM (s)(s) = − λpole

spole − s
+

1

π
P

∫ sL

−∞

ImM (s) (s′)

s′ − s
ds′ +

1

π
P

∫ ∞

sR

ImM (s) (s′)

s′ − s
ds′. (181)

Subtractions - Consider a dispersion relation

M(s) =
1

2πi

∫
C

M (s′)

s′ − s
ds′, (182)

where C is some contour in the complex plane on and inside which M is analytic. Even
if the integral does not converge, the difference

M(s)−M(s0) = 1
2πi

∫
C

(
M(s′)
s′−s

− M(s′)
s′−s0

)
ds′

= s′−s0

2πi

∫
C

M(s′)
(s′−s)(s′−s0)

ds′

(183)

may converge. We call the arbitrary complex scalar s0 the subtraction point. If the
right-hand side converges, we have a dispersion relation with one subtraction

M(s) = M (s0) +
s′ − s0

2πi

∫
C

M (s′)

(s′ − s) (s′ − s0)
ds′, (184)
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Figure 16: Integration contour in the complex plane for equal masses.

where M(s0) is a parameter which can be determined by requiring agreement with exper-
iment, or by other bounds. If the right-hand side does not converge, further subtractions
are needed. E.g. for two subtractions

M(s) = s−s2

s1−s2
M (s1)− s−s1

s1−s2
M (s2)

+ (s−s1)(s−s2)
2πi

∫
C

M(s′)
(s′−s1)(s′−s2)(s′−s)

ds′,

(185)

where there are now two parametersM(s1) andM(s2) to be determined. For an arbitrary
number n of subtractions, there is a general formula26 , which follows if a series of
derivatives of M at s0 are given,

M(s) =
∑n−1

i=0 ai (s− s0)
i + (s−s0)n

2πi

∫
C

M(s′)
(s′−s0)n(s′−s)

ds′,

ai = 1
i!

d(i)M(s)
dsi

∣∣∣
s=s0

.

(186)

It would seem that M(s) ∝ sn−1 for s → ∞. However, if unnecessary subtractions
are made, terms combine to produce the correct asymptotic behaviour. E.g. if the
right-hand side of (182) converges, we can substitute (182) in (186), and find

ai =
1

2πi

∫
C

M (s′)

(s′ − s0)
i+1ds

′, i = 0, .., n− 1, (187)

whence M(s) ∝ s−1 for s→∞. The following identity is useful for reducing subtracted
dispersion relations

1

a′ − a
− 1

−a′ − a
=

2a′

a′2 − a2
. (188)
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Generalization to elastic scattering of two different masses. - The single
particle exchange form (175) can be generalized to include one-particle exchanges in the
t- and u-channel of particles of squared mass ti and uj, in channels of specific isospin
Ii and Ij and angular momentum li and lj respectively. Generalizing also to elastic
scattering with arbitrary masses m1 = m4,m2 = m3,m1 > m2 of the initial particles,
using the relevant isospin crossing matrices (section 2), we write the contribution of the
first order (one-particle) poles to the s-channel isospin I partial wave amplitude as

M
(s)I
poles (s, t, u) =

∑
i

λ(t)i

ti−t+iε
(2li + 1) β

(st)
IIi
Pli

(
z(t)

)
+
∑

j

λ(u)j

uj−u+iε
(2lj + 1) β

(su)
IIj

Plj

(
z(u)

)
+
∑

k

λ(s)k

sk−s+iε
(2lk + 1)Plk

(
z(s)

)
,

(189)

There is no obvious way to continue the t- and u-channel partial waves to the unphysical
z(t)- and z(u)-values corresponding to s > 0, ti < 0 and uj < 0. The t-channel expansion
expansion is of course valid in the physical t-channel region, where |z(t)| < 1, but will
break down at some point, where |z(t)| gets large enough. From (20) we know e.g. that
z(t)(t) has singularities at 4m2 in the equal mass case and at 4m2

2 and 4m2
1 in the different

mass case. The same is true for the u-channel expansion, where there are singularities
at sL and sR. In the following we will continue (189) using s-channel partial wave
projection, dispersion relations and elastic unitarity, thereby needing to use (189) only
for s-values on the left-hand cuts and t-, u-values of the partial wave integration regions
demanded by these s-values. This raises the question also of the validity of the s-channel
partial wave projection on the left-hand cuts, i.e. the convergence of the s-channel partial
wave expansion for s-values on the left-hand cuts and t-, u-values of the partial wave
integration regions demanded by these s-values. The convergence in this (s, t, u)-region
is discussed in section 3.3.

Partial wave projection. - We use (25) to project the imaginary part of (189) out
in s-channel partial waves

κ
(s)I
l (s) ≡ ImM

(s)I
poles,l(s) =∑

i
π
2
λ(t)iζ(s)

(
2l(t)i + 1

)
β

(st)
IIi
Pl(t)i

[
z(t) (s, ti)

]
Pl

[
z(s) (s, ti)

]
ϑ(t) (ti, s) ,

+
∑

j
π
2
λ(u)jζ(s)

(
2l(u)j + 1

)
β

(su)
IIj

Pl(u)j

[
z(u) (s, uj)

]
Pl

[
z(s) (s, uj)

]
ϑ(u) (uj, s)

−
∑

kπδ (s− sk)λ(s)k

(
2l(s)k + 1

) ∫ 1

−1
Pl(s)k

(
z(s)

)
dz(s)

(190)

z(s), z(t), z(u) are given by (20), and the functions ζ, ϑ(t), ϑ(u) are defined by

ζ(s) ≡
∂z(s)

∂t
=

1

2q2
(s)

=
2s

(sR − s) (sL − s)
, (191)
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ϑ(t) (ti, s) =

 1, ti ∈ [−2/ζ(s), 0] ,

0, otherwise,

(192)

ϑ(u) (uj, s) =


1, uj ∈

[
−2
ζ(s)

+ s, s
]

=
[
− (m2

1 −m2
2)

2
/s+ 2 (m2

1 +m2
2) , s

]
,

0, otherwise,

(193)

for s on the first sheet, and

ϑ(u) (uj, s) =


1, uj ∈

[
2 (m2

1 +m2
2)− s, (m2

1 −m2
2)

2
/s
]
,

0, otherwise,

(194)

for s on the second sheet. sL/(m1 − m2)
2 and the correct ordering in the intervals

is assumed. The squares in (20) give rise to the double-valuedness of ϑ(u) but cancel
out in ϑ(t). The derivation (appendix D) of the above equations is straightforward and
analogous to (175), but using (20) instead of (19). We call the amplitude M (s) the
s-channel amplitude, referring to the CMS, though we shall use it for s < 0. The
partial wave projection of (190) is valid only for spin-less particles. For πN scattering
we have to use the partial wave projections of section 2.1. For ππ scattering, QFT,
the full crossing of the system and the Froissart-Gribov representation (see section A)
can be used3 to establish (190) (or rather a general version of (190) without any pole
assumptions) rigorously in the region −28 < s < 4.

Crossed channel cuts. - We can find the cuts of M
(s)I
l demanded by the physical

cuts and singularities in the crossed channels rather simply37 : As mentioned in section
2.1, in the other channels we have cuts at u > (m1 + m2)

2 and t > 4m2
2 (assuming

m1 > m2). From (20) with m2 = m3 we find that t = −2q2(1− z), so by varying z and
using (17) we find that the u-channel cut gives a cut in the s-channel at s < (m1−m2)

2.
In the case of πN scattering, in the u-channel, we have an unphysical pole at u1 = m2

N

below threshold. With s on the real axis of the first (physical) sheet, this gives the extra
”short” cut at s ∈ [(m2

1−m2
2)

2/u1, 2m
2
1 + 2m2

2− u1] = [(mN−m2
π/mN)2,m2

N + 2m2
π] and

a cut at s < 0 (shown in fig. 17). Assuming that the pole at u1 = m2
N is the only pole

corresponds to assuming a lagrangian like (78), but (78) is wrong, and we do not know
the correct lagrangian. However, uj > m2

N gives a left-hand cut starting at increasingly
larger negative s-values, and a short right-hand cut closer and closer to 0 (this is shown
in the notebook ”sChanneluIntegration” of appendix D). Whence, since the known
allowed intermediate states are heavier than mN, by the near singularity approximation
described below, the pole at u1 = m2

N should dominate. As a second approximation,
we may include the strong, I = 3/2, j = 3/2,∆-resonance at39 1233±2 MeV. Likewise
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u = ((q2 +m2
2)

1/2− (q2 +m2
1)

1/2)2− 2q2(1+ z) and the t-channel cut gives a cut at s < 0
plus a circular cut at |s| = m2

1 −m2
2. The cuts are shown in fig. 17.

u-channel pole contributions on the short and left-hand cuts. - To find
ϑ(u) in (190) we made a partial wave projection, where an integral over u is performed,
starting at u(s, z = 1), stopping at u(s, z = −1) or vice versa and in fact real in between
(see the notebook ”s-Channel-u-Integration.nb” - see appendix D), so that (25) can be

used to find κ
(s)I
l . We get a contribution to κ

(s)I
l if the integration interval contains a

pole. This interval has a rather complicated dependence on s: For s > 0, the interval is
on the positive u-axis and bounded, but extends to ∞ as s→ 0+. For s < 0, the interval
is also bounded, but extends to −∞ as s→ 0− and extends to ∞ as s→ −∞. (Details
are given in the notebook ”s-Channel-u-Integration.nb” - see appendix D.) Thus heavy
mass u-channel poles are included for small positive and large negative s-values, and
according to the near singularity approximation (below) their contributions should be
small compared to the contributions from the front part of the circle and the ”short” cut
of πN scattering.

t-channel contributions on the circular and left-hand cuts. - From ϑ(t) we

also get some further contributions to κ
(s)I
l on the already established left-hand and

circular cuts. For πN scattering, the t-channel contributions to κ
(s)I
l come from poles

in the t-channel ππ → NN: To find ϑ(t) in (190) we made a partial wave projection,
where an integral over t is performed, starting at tmin(s)/t(s, z = 1) = 0, stopping at
tmax(s)/t(s, z = −1) and real in between (see appendix D), so that again (25) can be used

to find κ
(s)I
l . On the circle tmax satisfies 4m2

2 < tmax(s) < 4m2
1, with tmax(α = 0) = 4m2

2

and tmax(α = π) = 4m2
1. We get a contribution to κ

(s)I
l if the integration region contains

a pole. Therefore, since there are no poles below 4m2
2, the only contributing t-channel

poles on the circle are those in the region 4m2
2 < t < 4m2

1. For the front part of the
circle only the low mass states contribute. For πN scattering , to the right of α = 1.02,
which corresponds to tmax(α = 1.02) = (mπ + mω)2 ≈ 920 MeV, only the ππ state
contributes. Details are given in sChanneltIntegration in appendix D. On the real axis
in the complex s-plane, tmax(s) attains values in the region [4m2

1,∞] for s < 0 and in
the region [−∞, 4m2

2] for s > 0. Therefore, since there are no poles below 4m2
2, on the

real axis, only for s < 0 do we get a possible contribution to κ
(s)I
l . Actually, for poles

below 4m2
1, we get a cut at s < 0, while for poles above 4m2

1, we get for increasing ti,
a left-hand cut contribution starting at increasingly larger negative s-values and a short
left-hand cut contribution closer and closer to 0. As in the u-channel case, we neglect the
latter contributions with reference to the near singularity approximation below. (Again,
details are given in appendix D.) There may of course be other t-channel contributions

to κ
(s)I
l than one-particle pole contributions. For πN scattering what is needed is thus

the s-channel amplitudes in the unphysical region |s| = m2
N − m2

π, 4m
2
π ≤ t ≤ 4m2

N.
In fact, if one assumes unitarity also below the threshold (extended37 or generalized3

unitarity), it can be shown37 that the ππ → NN amplitudes have the same phases
as the corresponding ππ → ππ amplitudes in the elastic region 4m2

π ≤ t < 16m2
π.

Usually this region is assumed to extend to 4m2
π ≤ t . 50m2

π ≈ (950MeV)2 because
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the 2π → 4π coupling appears to be weak for t1/2 below about 900 MeV. If then the
t-channel ππ → NN helicity flip and non-flip amplitudes or the partial wave amplitudes
are known from experiments (or a calculation using some model), (137) or (138) can be
used to find the s-channel amplitudes. The s-channel partial wave projections must now
be performed (t-integration with fixed s on the circle). It is, however, necessary first to
extrapolate by analytic continuation (after subtracting off calculable singularities) the
s-channel amplitudes, from the t-channel (ππ → NN scattering) physical region s ≤ 0 to
the unphysical region |s| = m2

N −m2
π. Thus it is possible to use ππ → ππ elastic phase-

shifts to find the t-channel contributions on the front part of the circular cut, which
should be the dominant t-channel contributions (c.f. the discussion of the peripheral
method below). Another possibility is to continue experimental data from the s- or
u-channel physical regions (see section B).

Crossed cuts

Physical cut

Short cut,
(mN-mπ2/mN)2<s<mN

2+2mπ2

|s|=mN
2-mπ2

0 (mN-mπ)2 (mN+mπ)2

s

Figure 17: Singularities in the complex plane for the elastic scattering of two different
masses.

The integration contour - must be chosen so as to encircle an area without any
cuts or singularities. In our choice C of fig. 18, the contribution from c3 is zero, but we
include it because we can then use real analyticity (49) in the t-channel, and substitute

the integral along the two circular contours by the integral of κ
(s)I
l along the circle.

We now write the generalized form of (178), with sL/(m1 − m2)
2 and assuming that

ImA
(s)I
l on the crossed cuts is given by the partial wave projection of crossed channel

pole contributions (190) and on the right-hand physical cut by elastic unitarity (65)
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(using (20) for q)

M
(s)I
l (s) = 1

π

∫ sL

−∞
κ
(s)I
l (s′)

s′−s
ds′

+ ε
16π2

∫∞
sR
R

(s)I
l (s′)

√
(s′−sR)(s′−sL)

s′

∣∣∣M(s)I
l (s′)

∣∣∣2
s−s′

ds′

+ 1
π

∫
short cut

κ
(s)I
l (s′)

s′−s
ds′ + 1

π

∫
circular cut

κ
(s)I
l (s′)

s′−s
ds′

−
∑
k

sk not on cuts

λ(s)k

sk−s

(
2l(s)k + 1

) ∫ 1

−1
Plk

(
z(s)

)
dz(s).

(195)

The ε and the inelasticity factor R
(s)I
l are given by (53) and (69) respectively. With no

s-channel poles (as in π+π+ or π+p scattering), or only s- and u-channel poles both at
m2

1 (as in π0p or π0n scattering), the last sum gives no contribution. In the following

C2

C3

C

C1

Figure 18: Integration contour in the complex plane for different masses.

description of the N/D method, we neglect the circular and short cuts. To include the
circular and short integrals in the following equations we must replace the integrals from
-∞ to sL by integrals over all other cuts than the right-hand cut as in (195). For equal
masses there are no short cut and circular cut contributions, thus the correct integration
contour corresponds to (195) with sL = 4 − µ2 and the short and circular cut integrals
omitted.

N/D method of solving partial wave dispersion relations. - To be able to
solve the non-linear integral equation (195), as a first approximation we neglect the
crossed and circular cut integrals and make the ansatz

M
(s)I
l (s) =

N
(s)I
l (s)

D
(s)I
l (s)

[(s− sR) (s− sL) /s]l , (196)

with N
(s)I
l analytic except for a left-hand cut and D

(s)I
l analytic except for a right-

hand cut and both real on the part of the real axis where they have no cut. The last
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factor ensures the right threshold behaviour ∼ q2l (see sections 3.2, 3.3 and 4.1). From

the definition of κ
(s)I
l as the imaginary part of M

(s)I
l and elastic unitarity (84) on the

right-hand cut now follows that

ImN
(s)I
l (s) = D

(s)I
l (s)

κ
(s)I
l (s)

[(s−sR)(s−sL)/s]l
, s < sL,

ImD
(s)I
l (s) = −2εR

(s)I
l (s)N

(s)I
l (s) [(s−sR)(s−sL)/s]l+1/2

16π
√

s
, s > sR,

(197)

the functions being real for other real values of s. So, assuming N
(s)I
l satisfies constraints

analogous to (177), we can write an unsubtracted dispersion relation

N
(s)I
l (s) =

1

π

∫ sL

−∞

κ
(s)I
l (s′)

[(s′ − sR) (s′ − sL) /s′]l
D

(s)I
l (s′)

s′ − s
ds′. (198)

For D
(s)I
l , assuming D

(s)I
l (s) → constant 6= 0 for s→∞, we assume that one subtraction

is needed, so that we may write

D
(s)I
l (s) =

1− 2ε s−s0

π

∫∞
sR
R

(s)I
l (s′) [(s′−sR)(s′−sL/s′)]l+1/2

16π
√

s′
N

(s)I
l (s′)

(s′−s)(s′−s0)
ds′,

(199)

where we have chosen D
(s)I
l (s0) = 1. The above two coupled integral equations can by

substitution be turned into

D
(s)I
l (s) = 1 +

∫ sL

−∞
K (s, s′′)

κ
(s)I
l (s′)

[(s′ − sR) (s′ − sL/s′)]
l
D

(s)I
l (s′′) ds′′, (200)

where

K (s, s′′) = 2ε
s− s0

π2

∫ ∞

sR

[(s′ − sR) (s′ − sL) /s′]l+1/2

16π
√
s′

R
(s)I
l (s′)

(s′ − s) (s′ − s0) (s′ − s′′)
ds′, (201)

or alternatively

N
(s)I
l (s) =

B(s) + 2ε
π2

∫∞
sR
R

(s)I
l (s′) [(s′−sR)(s′−sL/s′)]l+1/2

16π
√

s′
(s′−s0)B(s′)−(s−s0)B(s′)

(s′−s)(s′−s0)
N

(s)I
l (s′) ds′,

(202)

where

B(s) =
1

π

∫ sL

−∞

κ
(s)I
l (s′)

[(s′ − sR) (s′ − sL) /s′]l (s′ − s)
ds′. (203)

Solving either (200) or (202), substitution in one of (198) or (199) gives the solution to
the other.
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Near singularity approximation. - One possible way to try to solve (200) is to
assume that contributions to the dispersion integral far away from the physical region
can be neglected. It seems reasonable that we can neglect contributions from values of
s far away from the physical region, since their contribution to the dispersion integral
will change relatively slowly as one goes from one value of s to another. Therefore, rapid
variations in κ

(s)I
l , such as resonances, should be due to the nearby singularities, and

the slowly varying (background) contribution to the amplitude should be approximately
parameterized by a few far away left-hand s-channel poles (see section4.1). As we have
already noticed, assuming the near singularity approximation, the inclusion of only the
low mass poles in the crossed channels should provide a good description of the ampli-
tude, or at least of its resonant features. Thus we would expect to find poles inserted
in the t- and u-channels reflected in some way in the s-channel. Also, when we have
crossing symmetry, we would expect to find second sheet t- or u-channel resonance poles
reproduced in the s-channel (see section 3.3). The poles that follow from the N/D cal-
culations we call dynamical poles. The Mathematica notebook ”ND.nb” (see appendix
D) solves (200). Calculations with this program are discussed in chapter 4.2. Notice
that the last factor in (196) suppresses the high energy (short range force) contributions
in (198), but enhances them in (199).

Peripheral method. - To suppress the distant contributions to κ
(s)I
l , one may

start out with a dispersion relation for M
(s)I
l /q2l instead of (195). This introduces a new

singularity at sL, which never-the-less gives no appreciable contribution to the dispersion
relation for l ≤ 3.44 To examine the suppression, consider the function 1/q2 (l = 1). At
the short cut, s′ ≈ m2

1, 1/q
′2 is of the order −1/m2

2. At the distant cut, s′ < 0, 1/|q′2|
is largest at m2

2 −m2
1, where 1/q′2 = 1/m2

1. Therefore the contributions of the distant
cut are suppressed relative to the contributions of the short cut by a factor m2

2/m
2
1. In

the low energy region s ≈ sR, the factor 1/(s′ − s) in (195) gives a further suppression
by a factor of the order m2/m1. In the case of πN scattering m2

2/m
2
1 ≈ 1/45. Thus for

l > 0, in the peripheral method, we can safely neglect the far away contributions to the
dispersion integrals.

CDD poles and inelastic channels. - Even though the procedure described above
yields a unique solution to (200) once the poles in (190) have been chosen, the solution is

not unique, in the sense that if one adds an arbitrary pole to D
(s)I
l ,M

(s)I
l is still a solution

to (195). Such a pole gives a zero of M
(s)I
l at the pole, and if the residue is small enough,

it will at some point, close to and on one or the other side of the pole of D
(s)I
l , cancel

the other terms in D
(s)I
l and give a pole of M

(s)I
l . Poles of M

(s)I
l of this type are called

CDD poles45 . Their behaviour is different from that of dynamical resonance poles, as
illustrated by the example in fig. 19 , where we show the behaviour of the phase-shift
for a weak CDD pole at sCDD (solid line), and for a dynamical resonance at sdynamical

(dashed line). In fact in the case of elastic unitarity and non-relativistic QM, one can
prove Levinson’s theorem, which states that δ(∞)− δ(threshold) = (nCDD−ndynamical)π,
where nCDD is the number of CDD poles and ndynamical is the number of dynamical poles.
Leaving the elastic unitarity approximation and considering the situation where the final
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sdynamical sCDD

δ(s)

π

π/2

s

Figure 19: Phase-shift when a dynamical or a CDD pole is present.

state need not necessarily consist of the two initial particles, and the process is a multi-
channel process, there is no clear distinguishing between CDD and dynamical poles, as
is illustrated by the following example. For the two-channel process π0N, γN scattering
we assume that there is a dynamical pole in the π0N elastic channel, so that

M−1 ≈ K−1 =

 sdyn−s

λ
a
e

a
e

b
e2

 , (204)

where the first row corresponds to processes π0N→ π0N and γN→ π0N respectively,
and the second row corresponds to the processes π0N→ γN and γN→ γN respectively.
Inverting the matrix gives

M =


λ

(sdyn−s)−λa2/b

−eaλ/b

(sdyn−s)−λa2/b

−eaλ/b

(sdyn−s)−λa2/b

e2(sdyn−s)/b

(sdyn−s)−λa2/b

 , (205)

there is a dynamical pole in the π0N elastic channel, and a CDD-like pole in the elastic
γN channel which is dynamical of origin. In practise one can only show that a resonance
is dynamical of origin but never prove that it is not.

Crossing - involves the full amplitude and not readily implementable in partial wave
dispersion calculations. It should be noted however, that relations like (29) and (125),
upon partial wave projection relate the different partial wave amplitudes. In particular,
if an N/D calculation with CDD poles is performed for each partial wave, the CDD poles
introduced in each partial wave are tied together.

Simple bounds. - From the amplitude (189)37 or some more general assumptions,

by partial wave decomposition can be deduced the threshold behaviour M
(s)I
l (s) ∝ q2l

for s → sR. We shall return to this in the following sections. Unitarity (63) requires
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that M
(s)I
l (s) is bounded by a constant, and experiments indicate30 that inelasticity is

important at high energies, implying a non-zero imaginary part. Therefore we expect
the high energy behaviour M

(s)I
l (s), ImM

(s)I
l (s) → constant 6= 0 for s→∞.

Extra subtractions. - We make the assumption that D
(s)I
l (s) ∼ constant 6= 0 for

s→∞, implying that
N

(s)I
l (s) ∝ s−l, s→∞, (206)

which also ensures the convergence of (199). This gives a problem, because from (198)

we expect that N
(s)I
l (s) ∝ s−1 for s → ∞, which is true only for l = 1. For l = 0 the

problem is overcome by making a subtraction in (198), giving

N
(s)I
0 (s) =

8π

ε
(m1 +m2) a

(s)I
0 +

s− s0

π

∫ sL

−∞

D
(s)I
0 (s′)κ

(s)I
0 (s′)

(s′ − s) (s′ − s0)
ds′, (207)

a
(s)I
0 is an extra undetermined parameter, which for s0 = sR is the s-wave scatter-

ing length‡. For l > 1, (198) gives the asymptotic behaviour (206) only if the super-
convergence relations§,∫ sL

−∞
ImN

(s)I
l (s′) (s′ − s0)

i
ds′ = 0, i = 0, 2, ..., l − 2, (208)

are fulfilled. It follows that (208) amounts to regarding (198) as a subtracted dispersion
relation with unnecessary subtractions. In the calculations of section 4 we use the left-
hand cut contribution (190) and the near singularity approximation, which is too rough
an approximation to achieve fulfillment of the super-convergence relations. Therefore
the high energy behaviour is wrong for other than s- and p-waves. Because of the factor
[(s− sR)2(s− sL)2/s]l in (196), we do however get the threshold behaviour right.

Inelasticity. - One feature of the high energy behaviour,3,26,30,37 the non-zero ab-
sorption, has been roughly modelled by the introduction in the N/D equations of the

inelasticity parameter R
(s)I
l (s). R

(s)I
l (s) is not always directly obtainable from experi-

ments (not for pp and pK scattering - for pN scattering), but choosing specific functions
allows one to investigate the effects of inelasticity (see section 4). To treat inelasticity
in an exact manner, one would have to include all inelastic channels. However, such
multi-channel calculations are exceedingly complex.

‡Since we have chosen D
(s)I
0 (s0) = 1, N

(s)I
0 (s0) = M

(s)I
0 (s0). But according to (20) s0 = sR implies

q = 0, so using (83) and (88), we find that εM
(s)I
0 (s0)/16π = a(m1 + m2)/2, and a

(s)I
0 = a.

§Ref. 26 has a different equation, which seems to be a misprint.

62



3.2 The Mandelstam representation

When writing the partial wave dispersion relation (195) we assumed that the crossed

channels single particle exchange pole contributions (190) give ImM
(s)I(s)
l on the left-

hand cut s-values. The Legendre polynomials (giving the s-dependence) in (190), came
from projecting out in partial waves as in (175). To solve (195) we then assumed elastic

unitarity (60) of the partial wave amplitude M
(s)I
l (s) on the right-hand cut and fur-

thermore made the N/D assumptions. As we have seen, the advantage of studying
partial wave amplitudes as compared to the full amplitude, is that unitarity is easy to
incorporate, while the back-draw is that the expressions for crossing take complicated
forms.

The Mandelstam representation. - We shall consider a method for calcu-
lating contributions to the full amplitude M(s, t, u), demanded by elastic unitarity
(57) in the physical regions. The expression (57) for elastic unitarity is more com-
plicated than (60) for partial waves, but for the full amplitude, we shall see that
crossing is incorporated in a simple way. Because of its non-linear form, unitar-
ity gives a method of calculating the contributions from exchange of several par-
ticles. If the amplitudes M , on the right-hand side of (57), have a one-particle
exchange form, we get a contribution to ImM corresponding to the exchange of
two particles. Let M (2)(s)(s, t, u),M (2)(t)(s, t, u),M (2)(u)(s, t, u) be the extra contribu-
tions to ImM(s, t, u), demanded by assuming some one-particle exchange contribution
M (1)(s, t, u) and then imposing elastic unitarity in the respective channels for the full
amplitude. The s−, t−, u− dependence of M (2)(s)(s, t, u),M (2)(t)(s, t, u),M (2)(u)(s, t, u)
depends on the CMS (section 1.2). The total contribution from elastic unitarity,
M (2)(s, t, u) = M (2)(s)(s, t, u)+M (2)(u)(s, t, u) (for πN and πK scattering), M (2)(s, t, u) =
M (2)(s)(s, t, u) + M (2)(u)(s, t, u) + M (2)(t)(s, t, u) (for ππ scattering), might also depend
on the CMS, but we assume the crossing symmetry (section 1.3) M (2)(u)I(s, t, u) =
M (2)(s)I(u, t, s). For fixed s, t or u, we now assume analyticity and real analyticity in
the complex s-,t- or u-planes apart from singularities, cuts, boundedness (177), crossing
(29) for M (2), and that possible poles between the cuts are solely due to the one-particle
exchange contributions. This allows us to write

M (2)(s)I(s)(s, t, u) = 1
π

∞∫
(m1+m2)2

ImM
(2)(s)I(s) (s′,t,u′)

s−s′
ds′ + 1

π

(m1−m2)2−t∫
−∞

ImM
(2)(s)I(s) (s′,t,u′)

s−s′
ds′

= 1
π

∞∫
(m1+m2)2

ImM
(2)(s)I(s) (s′,t,u′)

s−s′
ds′ + 1

π

∞∫
(m1+m2)2

ImM
(2)(u)I(s) (u′,t,s′)

u−u′
du′,

M (2)(s)I(s)(s, t, u) = 1
π

∞∫
4m2

2

ImM
(2)(s)I(s) (s′,t′,u)

t−t′
dt′ + 1

π

(m1−m2)2−u∫
−∞

ImM
(2)(s)I(s) (s′,t′,u)

t−t′
dt′

= 1
π

∞∫
4m2

2

ImM
(2)(s)I(s) (s′,t′,u)

t−t′
dt′ + 1

π

∞∫
(m1+m2)2

ImM
(2)(s)I(s) (s′,t′,u)

s−s′
ds′,

(209)
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M (2)(s)I(s)(s, t, u) = 1
π

∞∫
4m2

2

ImM
(2)(u)I(s) (u′,t′,s)

t−t′
dt′ + 1

π

(m1−m2)2−u∫
−∞

ImM
(2)(u)I(s) (u′,t′,s)

t−t′
dt′

= 1
π

∞∫
4m2

2

ImM
(2)(u)I(s) (u′,t′,s)

t−t′
dt′ + 1

π

∞∫
(m1+m2)2

ImM
(2)(u)I(s) (s,t′,u′)

u−u′
du′.

The change of integration variable, the change of variable in the denominator, the in-
terchange of integration limits and the change of sheet each gives a change of sign.
For the case of πN scattering, the last two of these dispersion relations which are re-
lated by crossing, are problematic because they involve the unphysical region between
t = 4m2

2 and t = 4m2
1. The first also involves an unphysical region, except for for-

ward scattering (t=0), but has been proven from rigorous QFT. The regions of rigorous
validity of the above representation will be discussed in section 3.3. If we assume25

that the one-particle pole contributions (189) are the dominant contributions to the M ,
and that ImM (2s), ImM (2t), ImM (2u) are small, and therefore can be approximated by
using only one-particle pole contributions (189) on the right-hand side of the elastic uni-
tarity equation (57). This allows the calculation of ImM (2s), ImM (2t), imM (2u), and it
turns out that each of these has an analytic structure admitting them to be written as
a further dispersion relation. Thence25 it is possible to express the total contribution
M (2) = M (2)(s) + M (2)(t) + M (2)(u) demanded by elastic unitarity by the Mandelstam
representation:

M (2)(s)I(s)(s, t, u) = 1
π

∫∞
sR

∫∞
tR

M
(2)(s)I(s)
(st)

(s′,t′,u)

(s−s′)(t−t′)
dt′ds′

+ 1
π

∫∞
tR

∫∞
uR

M
(2)(s)I(s)
(tu)

(s,t′,u′)

(t−t′)(u−u′)
du′dt′ + 1

π

∫∞
uR

∫∞
sR

M
(2)(s)I(s)
(su)

(s′,t,u′)

(u−u′)(s−s′)
ds′du′,

(210)

where uR = sR = (m1 + m2)
2 and tR = 4m2

2 (for elastic scattering in the s-channel),

and with explicit expressions for the double spectral functions M
(2)(s)I
(st) ,M

(2)(s)I
(tu) ,M

(2)(s)I
(su)

which are analytic and non-zero only within certain spectral regions. Even disregarding
that we are assuming elastic unitarity, (210) with these double spectral functions is only
an approximation, and furthermore relies on the assumption of dominance of the one-
particle pole contributions. Now, without this assumption, (210) may still be a valid way
to represent the sum of contributions to M demanded by elastic unitarity, of ”higher
order” than the one-particle exchange contribution, but with some other double spectral
functions. Actually, assuming analyticity of some function M ′(s, t, u) in the entire space
of two complex variables except for the hyper-planes corresponding to the real physical
cuts, and boundedness (177) ofM ′(s, t, u) in all three variables, Mandelstam found46 by a
double applications of Cauchy’s theorem, that for πN scattering, a scattering amplitude
M (2) with analyticity properties corresponding to (209) can be represented by the form
of (210). In general, the exact double spectral functions are unknown, but are zero
outside the triangular regions {s > sR, t > tR}, {t > tR, u > uR} and {u > uR, s > sR}
respectively (see fig. 21). This is also the case for M (2), the contribution to M demanded
by elastic unitarity, which we assume to be bounded (177) and have the physical cuts, but

64



not poles. If boundedness (177), or its analogues in the other variables is not satisfied, but
we do have polynomial boundedness of some higher order, we have to make subtractions
in (209) and therefore also in (210) (see below).

The strip approximation. - First we assume that M = M (1) + M (2), with some
one-particle exchange contribution M (1), and M (2) given by (210). Secondly, we assume
validity in the respective physical regions of two (elastic scattering) or three (elastic
scattering of identical particles) of the following elastic unitarity equations

ImM (s)I(s)(s, t, u) = ε
16π

q(s)

ω(s)

∫
M (s)I(s) (s, tfj, ufj)M

(s)I(s) (s, tji, uji)
dΩj

4π
,

ImM (t)I(t)(s, t, u) = ε
16π

q(t)

ω(t)

∫
M (t)I(t)

†
(sfj, t, ufj)M

(t)I(t) (sji, t, uji)
dΩj

4π
,

ImM (u)I(u)(s, t, u) = ε
16π

q(u)

ω(u)

∫
M (u)I(u)

†
(sfj, tfj, u)M

(u)I(u) (sji, tji, u)
dΩj

4π
.

(211)

Manipulation of the equations. - The strip approximation equations we will try
to solve, using as ansatz the following generalized form of one-particle exchange poles.

M (1)(s)I(s)(s, t, u) = 1
π

∫∞
s0

ρ
(s)I(s)
1 (s′)

s′−s
ds′ + 1

π

∫∞
t0

ρ
(s)I(s)
2 (t′)

t′−t
dt′ + 1

π

∫∞
u0

ρ
(s)I(s)
3 (u′)

u′−u
du′. (212)

s0, t0, u0 are the minimum exchanged masses in the respective channels. The single

spectral functions ρ
(s)I(s)
1 , ρ

(s)I(s)
2 , ρ

(s)I(s)
3 are the input of the equations, but must satisfy

some theoretical bounds, e.g. in ππ scattering because of G-parity conservation1 , odd-
pion vertices are forbidden and there is no pole due to single pion exchange. We define

℘
(s)I(s)
1 (s, t, u) = ρ

(s)I(s)
1 (s) +

∫∞
t0

M
(2)(s)I(s)
(st)

(s,t′′,u′′)

(t−t′′)
dt′′ +

∫∞
u0

M
(2)(s)I(s)
(su)

(s,t′′,u′′)

(u−u′′)
du′′,

℘
(s)I(s)
2 (s, t, u) = ρ

(s)I(s)
2 (t) +

∫∞
u0

M
(2)(s)I(s)
(tu)

(s′′,t,u′′)

(u−u′′)
du′′ +

∫∞
s0

M
(2)(s)I(s)
(st)

(s′′,t,u′′)

(s−s′′)
ds′′,

℘
(s)I(s)
3 (s, t, u) = ρ

(s)I(s)
3 (u) +

∫∞
s0

M
(2)(s)I(s)
(su)

(s′′,t′′,u)

(s−s′′)
ds′′ +

∫∞
t0

M
(2)(s)I(s)
(tu)

(s′′,t′′,u)

(t−t′′)
dt′′,

(213)

so that M = M (1) +M (2) is given by26

M (s)I(s)(s, t, u) = 1
π

∫∞
s0

ρ
(s)I(s)
1 (s′)ds′

s′−s
+ 1

π

∫∞
t0

℘
(s)I(s)
2 (s,t′,u′)dt′

t′−t
+ 1

π

∫∞
u0

℘
(s)I(s)
3 (s,t′,u′)du′

u′−u
,

= 1
π

∫∞
s0

ρ
(s)I(s)
2 (t′)dt′

t′−t
+ 1

π

∫∞
u0

℘
(s)I(s)
3 (s′,t,u′)du′

u′−u
+ 1

π

∫∞
s0

℘
(s)I(s)
1 (s′,t,u′)ds′

s′−s
,

= 1
π

∫∞
s0

ρ
(s)I(s)
3 (u′)du′

u′−u
+ 1

π

∫∞
s0

℘
(s)I(s)
1 (s′,t′,u)ds′

s′−s
+ 1

π

∫∞
t0

℘
(s)I(s)
2 (s′,t′,u)dt′

t′−t
.

(214)
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In the s−, t−, u− channel physical regions, we make the identifications

ImM (2)(s)I(s)(s, t, u) =
∫∞

t0

M
(2)(s)I(s)
(st)

(s,t′′,u′′)

(t−t′′)
dt′′ +

∫∞
u0

M
(2)(s)I(s)
(su)

(s,t′′,u′′)

(u−u′′)
du′′,

ImM (2)(s)I(s)(s, t, u) =
∫∞

u0

M
(2)(s)I(s)
(tu)

(s′′,t,u′′)

(u−u′′)
du′′ +

∫∞
s0

M
(2)(s)I(s)
(st)

(s′′,t,u′′)

(s−s′′)
ds′′,

ImM (2)(s)I(s)(s, t, u) =
∫∞

s0

M
(2)(s)I(s)
(su)

(s′′,t′′,u)

(s−s′′)
ds′′ +

∫∞
t0

M
(2)(s)I(s)
(tu)

(s′′,t′′,u)

(t−t′′)
dt′′,

(215)

and see from (210) that the ordinary dispersion relations (209) are reproduced, and thus
are a consequence of the Mandelstam representation (210). The extension of the inte-
gration regions for the double spectral functions from sR to s0, etc. makes no difference
since the double spectral functions are zero outside the triangular regions defined above.
Now we restrict to including s-channel elastic unitarity only, that is we assume that
M (2) = M (2)(s). Then, replacing the superscript (2) by (2)(s) and using the first of
(213), the first of (214) and the first of (211), we find46

M
(2s)(s)I(s)
(st) (s, t, u) = ε

16π
1

πq(s)

√
s∫ ∫

K>0

[
℘

(s)I(s)
2

∗
(s,t1,u1)℘

(s)I(s)
2 (s,t2,u2)dt1dt2

K
(
q2
(s)

,t,t1,t2
) +

℘
(s)I(s)
3

∗
(s,t1,u1)℘

(s)I(s)
3 (s,t2,u2)du1du2

K
(
q2
(s)

,t,σ−s−u1,σ−s−u2

)
]

M
(2s)(s)I(s)
(su) (s, t, u) = ε

16π
1

πq(s)

√
s∫ ∫

K>0

[
℘

(s)I(s)
3

∗
(s,t2,u2)℘

(s)I(s)
3 (s,t1,u1)+℘

(s)I(s)
2

∗
(s,t1,u1)℘

(s)I(s)
2 (s,t2,u2)

]
dt1du2

K
(
q2
(s)

,σ−s−u,t1,σ−s−u2

) .

(216)

where σ = 2m2
1 + 2m2

2. For πN scattering the corresponding equations are sligthly more
complicated due to spin complications. They can be found in ref. 46. K is the positive
root of

K2(a, b, c, d) = b2 + c2 + d2 − 2(cd+ bd+ bc)− bcd/a. (217)

Spectral boundaries. - For given values of s, t, u, to have M
(2s)(s)I(s)
(st) (s, t, u) 6=

0, a region of t1, t2 > t0 or u1, u2 > u0, with ℘2(s, t1, u1), ℘2(s, t2, u2) 6= 0 and
K(q2

(s), t, t1, t2) > 0 or ℘3(s, t1, u1), ℘3(s, t2, u2) 6= 0 and K(q2
(s), t, σ−s−u1, σ−s−u2) > 0

has to exist. Likewise, to have M
(2s)(s)I(s)
(su) (s, t, u) 6= 0, a region of t1 > t0, u2 > u0, with

K(q2
(s), t, t1, σ − s − u2) > 0 and ℘3(s, t2, u2), ℘2(s, t1, u1) 6= 0 has to exist. Mandelstam

found46 that

K
(
q2
(s), t, t1, t2

)
> 0 only for

t1/2 > t1/2
(
1 + t2/4q

2
(s)

)1/2

+ t1/2
(
1 + t1/4q

2
(s)

)1/2

,
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K
(
q2
(s), t, σ − s− u1, σ − s− u2

)
> 0 only for

t1/2 >
(
u1 − (m2

1 −m2
2)

2
/s
)1/2 (

1 +
(
u1 − (m2

1 −m2
2)

2
/s
)
/4q2

(s)

)1/2

+
(
u2 − (m2

1 −m2
2)

2
/s
)1/2 (

1 +
(
u2 − (m2

1 −m2
2)

2
/s
)
/4q2

(s)

)1/2

,

(218)

K
(
q2
(s), σ − s− u, t1, σ − s− u2

)
> 0 only for

t1/2 > t
1/2
1

(
1 +

(
u1 − (m2

1 −m2
2)

2
/s
)
/4q2

(s)

)1/2

+
(
u2 − (m2

1 −m2
2)

2
/s
)1/2 (

1 + t1/4q
2
(s)

)1/2

.

Since the rigth-hand sides (corresponding to the positive root of K2) of these inequal-
ities increase with {t1, t2}, {u1, u2} and {t1, u2}, we can, to a first approximation, find

the boundaries of the spectral regions outside which M
(2s)
(st) (s, t, u) = 0, M

(2s)
(su)(s, t, u) = 0,

if we use the following tentative assumptions (see section 2): The functions ℘1, ℘2, ℘3

represent the imaginary (absorptive) part of the scattering amplitude in the respective
physical regions. This is non-zero only at energies corresponding to singularities. There-
fore the smallest exchanged masses in the t- or u-channel are the smallest values of
{t1, t2}, {u1, u2} or {t1, u2}, which contribute to the integrands in (216), and they are
u1, u2 = m2

N, t1, t2 = 4m2
π in the case of πN scattering, t1, t2, u1, u2 = 4m2

π in the case of
ππ scattering and u1, u2 = (mπ +mK)2, t1, t2 = 4m2

π in the case of πK scattering. In the

case of ππ scattering e.g., the support of M
(2)
(st)(s, t) is thus contained within the spectral

regions with boundary given by

t =
16s

s− 4
, (219)

and the support of M
(2)
(su)(s, t) is contained within the boundary given by

u =
16s

s− 4
. (220)

More details and more processes are given in the Mathematica notebook ”SpectralRe-
gions.nb” - see appendix D.

Crossing. - It should be noted that the unrealistic assumption has been made, that
the contribution demanded by s-channel elastic unitarity M (2s) constitutes the whole
contribution demanded by elastic unitarity M (2), i.e. M (2)=M (2s), and that M (2) consti-
tutes all of the ”higher order” contributions to M . Assuming symmetry between the s-
and u-channels, M (2u)(s)I(s)(u, t, s) = M (2s)(s)I(s)(s, t, u), the other double spectral func-

tions, M
(2u)(s)I(s)
(su) ,M

(2u)(s)I(s)
(tu) , corresponding to the assumption M (2) = M (2u) and that

M (2) constitutes all of the ”higher order” contributions to M , are given by permutation
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of the indices. For more symmetries (ππ scattering), more double spectral functions
can be found by permutation. Now these are all manifestly non-crossing symmetric as-
sumptions, giving non-crossing symmetric contributions to the amplitude. For elastic
scattering, we should have symmetry between the s- and the u-channel,

M
(2)(s)I(s)
(st) (s, t, u) = M

(2)(s)I(s)
(ut) (u, t, s), M

(2)(s)I(s)
(su) (s, t, u) = M

(2)(s)I(s)
(su) (u, t, s). (221)

but as we can see from (220), not even the threshold boundaries of M
(2s)(s)I(s)
(su) are sym-

metric. We notice here that for the case of πN scattering, the complications added by
spin are quite trivial. The crossing relations (221) should simply be replaced by46

A
(±)(2)(s)I(s)
(st) (s, t, u) = ±A(±)(2)(s)I(s)

(ut) (u, t, s),

A
(±)(2)(s)I(s)
(su) (s, t, u) = ±A(±)(2)(s)I(s)

(su) (u, t, s),

B
(±)(2)(s)I(s)
(st) (s, t, u) = ∓A(±)(2)(s)I(s)

(ut) (u, t, s),

B
(±)(2)(s)I(s)
(su) (s, t, u) = ∓B(±)(2)(s)I(s)

(su) (u, t, s),

(222)

where A(±) and B(±) are defined by (100) and (107). One way to achieve a cross-

ing symmetric amplitude is to derive M
(2s)(s)I(s)
(su) ,M

(2u)(s)I(s)
(su) as described above, and let

M
(2)(s)I(s)
(su) = M

(2s)(s)I(s)
(su) + M

(2u)(s)I(s)
(su) . This double spectral function however, is derived

using two different sets of elastic unitarity assumptions separately, and does not sat-
isfy one of them. The second term however, contributes only for s > 9m2

1 (from (218)
and crossing - see appendix D), where the elastic unitarity approximation cannot be
considered valid anyway. For ππ scattering, we have full crossing symmetry, and more
contributions can be derived in this way. The procedure described adds spectral regions
to the ones given by (219), (220). These are bounded by

t =
4s

s− 16
, u =

4s

s− 16
(223)

for M
(2)
(st)(s, t) and M

(2)
(su)(s, t) respectively. Again, for details and the other processes, see

apendix C.

Mandelstam iteration. - (213), (216) form a set of equations, which can in principle
be solved using an iterative procedure due to Mandelstam,47,73,74 once we are given the
single spectral functions. The basis of this procedure is the fact, that from (218) we can

derive the following bounds: We get contributions to M
(2s)
(st) (s, t, u) and M

(2s)
(su)(s, t, u) in

(216) only for
√
t >

√
t1 +

√
t2,
√
u1 +

√
u2 and

√
u >

√
t1 +

√
u2 (224)

respectively, and similarly for the other double spectral functions. Thus we need to know
℘2(s, t1, u1), ℘2(s, t2, u2), and ℘3(s, t1, u1), ℘3(s, t2, u2) only in the regions

√
t1,
√
t2 < n

√
t0 −

√
t0 and

√
u1,
√
u2 < n

√
u0 −

√
u0

(225)
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respectively to be able to calculate M
(2s)
(st) (s′, t′, u′) and M

(2s)
(su)(s, t

′, u′) from (216) in the
regions √

t′ ≤ n
√
t0 and

√
u′ ≤ n

√
u0 (226)

respectively. Then we can use the first of (214), neglecting the tu-terms, to calculate
℘2(s, t1, u1), ℘2(s, t2, u2), and ℘3(s, t1, u1), ℘3(s, t2, u2) in the regions

√
t1,
√
t2 < n

√
t0 and

√
u1,
√
u2 < n

√
u0

(227)

respectively. This procedure can be repeated, giving the double spectral functions for
successively larger values of s and t. The starting conditions are

M
(2s)
(st) (s, t′, u′) = 0, ImM (2t) (s, t′, u′) = 0,

√
t′ < 2

√
t0,

M
(2s)
(us) (s, t′, u′) = 0, ImM (2u) (s, t′, u′) = 0,

√
u′ < 2

√
u0,

(228)

since the total exchanged mass must be at least twice the minimum exchanged mass.
Thus, in order to solve our equations we must assume a non-zero minimum exchanged
mass.

Crossing and iteration. - For the term M
(2)(s)I(s)
(tu) , we have so far used crossing in

a rather inconsistent way to describe the derivation of equations analogous to (216) and
spectral regions. A more consistent way of including at least the first of the crossing
relations (221), is to use the iterative procedure described above without neglecting

the term M
(2)(s)I(s)
(tu) in (215). That is, make the first iteration as described, neglecting

M
(2)(s)I(s)
(tu) in (215), and then use the crossing relations(221) to find M

(2)(s)I(s)
(tu) , which

is then used in the calculation of ℘2(s, t2, u2), ℘2(s, t1, u1) and ℘3(s, t1, u1), ℘3(s, t2, u2),
using (215), etc. The second of the crossing relations (221) is still not satisfied. It turns46

out that it is satisfied if, after each iteration, we add to M
(2)(s)I(s)
(su) the value found in the

previous iteration. Then again however, elastic unitarity is violated for s > 9m2
1.

QFT and strips. - Agreement with a lagrangian perturbation expansion can
be argued for46 as follows: The perturbative amplitude satisfies the fixed-t disper-
sion relation of (214) in a certain region (see section 3.3). This demand together
with the demand of analyticity throughout the physical region determines M uniquely.
In our approach, the successive contributions to M can be found by determining

℘
(s)I(s)
2 , ℘

(s)I(s)
3 ,M

(2)(s)I(s)
(st) , M

(2)(s)I(s)
(su) by the iteration procedure, ℘

(s)I(s)
1 by the first of

(213) and M by the fixed-t dispersion relation of (214). By demanding analyticity of M ,

a further contribution to ℘
(s)I(s)
3 and by crossing a further contribution to ℘

(s)I(s)
1 can be

determined uniquely. These contributions contribute only for u, s > 9m2
1 respectively,

and therefore the low energy elastic unitarity assumption is still satisfied. Since then
the two above mentioned demands are satisfied by a well determined expansion, this
expansion must be the perturbation expansion. Because the approximation elastic uni-
tarity is made, it may be argued26 that M (2s),M (2t),M (2u) are the contributions from
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exchange of two (elastic) intermediate particles in the respective channel (see fig. 20).
In fig. 20 is shown the strip approximation Feynman diagrams corresponding to the
respective double spectral functions. In the strip regions 4s0 < s < 9s0 etc., the dou-
ble spectral functions are given exactly by the strip approximation. For ππ scattering
(fig. 21), where G-parity conservation forbids odd-pion vertices75 , the region extends
to 16t0, t0 = m2

π, and there is no one-pion exchange pole. When crossing and analyticity
are used to generate further contributions to M , elastic unitarity is violated. It may be
argued46,47 that this corresponds to the inclusion of more complicated diagrams than
those of fig. 20.

1

2 3

4

M(st)
(2s)

M(tu)
(2u)M(tu)

(2t)

M(su)
(2u)

M(st)
(2t)

M(su)
(2s)

Figure 20: Many-particle exchange.

Subtractions. - In practise, subtractions may be necessary in (210), and the re-
maining equations may need modifications. It turns out46 that 216) can be used as it
stands even after subtractions are introduced in (210), (213) and (214). We shall need
at most one subtraction per variable, and start by generalizing (210) and (212) to

M (2)(s)I(s)(s, t, u) =

(ssub−s)(tsub−t)
π2

∫∞
sR

∫∞
tR

M
(2)(s)I(s)
(st)

(s′,t′,u)

(ssub−s′)(tsub−t′)(s−s′)(t−t′)
dt′ds′

+ (tsub−t)(usub−u)
π2

1
π

∫∞
tR

∫∞
uR

M
(2)(s)I(s)
(tu)

(s,t′,u′)

(tsub−t′)(usub−u′)(t−t′)(u−u′)
du′dt′

+ (usub−u)(ssub−s)
π2

1
π

∫∞
uR

∫∞
sR

M
(2)(s)I(s)
(su)

(s′,t,u′)

(usub−u′)(ssub−s′)(u−u′)(s−s′)
ds′du′

+ ssub−s
π

∫∞
s0

ρ
(s)I(s)
1 (s′)

(ssub−s)(s′−s)
ds′ + tsub−t

π

∫∞
t0

ρ
(s)I(s)
2 (t′)

(tsub−t)(t′−t)
dt′

+usub−u
π

∫∞
u0

ρ
(s)I(s)
3 (u′)

(usub−u)(u′−u)
du′ + λ.

(229)
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u=0

u=16
u=4

t=
0

t=
16

t=
4

s=0

s=16
s=4

s

tu

Figure 21: The strip approximation.

We have assumed that only one overall and constant subtraction term is needed. This
actually follows from assuming that individual partial wave amplitudes are bounded at
infinity, and the kinematical factors relating partial wave amplitudes to the full amplitude
(see section 1). From this also follows that l is zero except for scattering of scalar particles
(ππ scattering). The generalization of (213) reads

℘
(s)I(s)
1 (s, t, u) =

ρ
(s)I(s)
1 (s) + t−tsub

π

∫∞
t0

M
(2)(s)I(s)
(st)

(s,t′′,u′′)

(t−tsub)(t−t′′)
dt′′ + u−usub

π

∫∞
u0

M
(2)(s)I(s)
(su)

(s,t′′,u′′)

(u−usub)(u−u′′)
du′′,

℘
(s)I(s)
2 (s, t, u) =

ρ
(s)I(s)
2 (t) + u−usub

π

∫∞
u0

M
(2)(s)I(s)
(tu)

(s′′,t,u′′)

(u−usub)(u−u′′)
du′′ + s−ssub

π

∫∞
s0

M
(2)(s)I(s)
(st)

(s′′,t,u′′)

(s−ssub)(s−s′′)
ds′′.

(230)

℘
(s)I(s)
3 (s, t, u) =

ρ
(s)I(s)
3 (u) + s−ssub

π

∫∞
s0

M
(2)(s)I(s)
(su)

(s′′,t′′,u)

(s−ssub)(s−s′′)
ds′′ + t−tsub

π

∫∞
t0

M
(2)(s)I(s)
(tu)

(s′′,t′′,u)

(t−tsub)(t−t′′)
dt′′.

In the s-channel physical region, the fourth term of (229) needs not be real, but is
independent of t and therefore affects only the s-wave, whereas the fifth and sixth terms
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are real (t, u <0). Therefore the single dispersion integrals affect the imaginary part
of only the s-wave. Actually, by projecting out the first of (230), one finds47 that the
imaginary part of the s-wave amplitude depends only on the single dispersion integrals
and those for the higher partial waves only on the double dispersion integrals. In the
case of πN scattering, the observed asymptotic behaviour47 ,

t → constant, s→∞ ⇒ A→ constant, B → constant/s,

s → constant, toru→∞ ⇒ ReA, ReB → constant,

ImA, ImB → constant/torconstant/u,

s , tandu→∞ ⇒ A and B → constant/s,

implies an equation for A and B with fewer subtractions than (229). It can be found in
ref. 47.

Breakdown because of high energy inelasticity. - The procedure described
above gives a consistent way of approximating the scattering amplitude, when no more
than one subtraction per variable is required. However, if the integrals needed more sub-
tractions, one would need more and more subtractions as the calculations progressed.46

In such a situation, the integrals are probably non-convergent because of contributions
from inelastic intermediate states at s > 9m2

1. In the spirit of the near singularity ap-
proximation of section 3.1, it then seems justifiable to neglect these contributions by
introducing a cutoff in the integrals.

Inclusion of further couplings, modification of the spectral boundaries by
inelasticity. - To actually perform a calculation, one must assume some single spectral
s-channel functions p1, p2, p3, which correspond to the contributions from single particle
exchange and subtractions in the respective channels. In the case of πN scattering the s-
and u-channels have a well-known pole at s, u = m2

N, corresponding to a delta function
contribution top1 and p3 which may be inserted in the first and third of (230) as a first
approximation, thus implicitly assuming a πN coupling. When performing a calculation,
using (216), the right-hand side of the first of (230) will be well determined, and the
right-hand side of the third of (230) can be obtained by crossing. The second of (230)
is more problematic, since it corresponds to the ππ → NN cross-section, about which
we know little. The imposition of t-channel unitarity would conceivably be a way to
derive information. To derive the spectral boundaries above, we made some assumptions
concerning the smallest exchanged masses in the respective channels, and also assumed
a pole at s, u = m2

N, while we assumed no poles below t = 4m2
π. With a 4π coupling,if

inelastic diagrams are considered too, these can be shown46 to lead to enlarged spectral
regions, the explicit form of which are given in ref. 46.

Threshold behaviour of partial wave amplitudes. - From (209), (210), (216),
(58) and (20) it can be shown,26 using the analyticity and integration properties of
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Legendre polynomials, that in the limit q2 → 0

M
(2s)(s)I(s)
l (s) ∼

(
q2

t0

)l

, M
(2s)(s)I(s)
l (s) ∼ q4l+1. (231)

Whence the threshold behaviour stated in section 3.1, can be proved in the case of elastic
unitary Mandelstam analyticity.

Problems. - Validity of the double dispersion relations which constitute the Man-
delstam representation has not been proven from rigorous QFT. It rests on the existence
of the fixed-variable dispersion relations (209), which has as necessary conditions ana-
lyticity and polynomial boundedess (177) of M (and its equivalents for t and u) of M .
For weaker polynomial boundedness than (177), subtractions must be made as described
above, whereas if more than two subtractions per variable are needed, or we do not
have polynomial boundedness, the theory breaks down. Analyticity and boundedness
are discussed in section 3.3. From the Mandelstam representation can be deduced some
analytic properties of M , the discussion of which we also postpone to section 3.3. Besides
this, we have seen that elastic unitarity, analyticity and crossing cannot be exactly sat-
isfied simultaneously, but that it is nevertheless possible to have analyticity and crossing
satisfied exactly and elastic unitarity satisfied approximately. This should be acceptable
since elastic unitarity is a low energy approximation. A more correct way would be to
impose full unitarity simultaneously in all three channels.
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3.3 Discussion

In the discussion of the dispersion relation approach in preceding sections, a number of
loose ends have been left concerning analyticity properties of the scattering amplitude.
To make up for that, the present section is a short review of what is known about the
consequences of rigorous QFT and unitarity. Two consequences for the three scattering
processes considered are analyticity in some (s, t) domain and su-crossing (full crossing
for ππ scattering). The implications of these is discussed. Also discussed are some
analytic properties that follow from assuming the Mandelstam representation (section
3.2).

Sources of error in the near singularity approach. - Here we list what seem to
be the most probable sources of error and uncertainty in the near singularity approach
used in the previous two sections:

i Many particle exchange.

ii Multi-channel effects and Inelasticity.

iii CDD poles (section 3.1).

iv The possible need of subtractions or non-validity of dispersion relations.

v The possible need to include higher partial waves or non-validity of partial wave
expansions.

(i)-(iii) have been dealt with as indicated, and here we shall concentrate on (iv) and (v).

Fixed-t dispersion relations - The existence of fixed-t dispersion relations with
some maximum number of subtractions depends on analyticity in the s-variable, poly-
nomial boundedness of the scattering amplitude, and equality of the imaginary part and
the discontinuity across the physical cut of the scattering amplitude. In 1957, assuming
only known properties of the spectrum of intermediate states for the system in question,
general principles of QFT, and polynomial boundedness† of the scattering amplitude
M(s, t = const), for ππ and πN scattering Bremmermann et al. proved the validity of
fixed-t dispersion relations with a finite number of subtractions Nsub, for all real s and49

−32
3

2mN+mπ

2mN−mπ
m2

π < t ≤ 0 for πN scattering,

−28m2
π < t ≤ 0 for ππ scattering.

(232)

For πK scattering a similar result should should be valid, but for NN scattering, the
arguments of Bremmerman et al. would be valid only if mπ/mN < 21/2 − 1, which is

† Actually, in the LSZ formalism, polynomial boundedness is true.48 But the LSZ formalism presup-
poses a lagrangian with interacting interpolating fields in a one-one correspondence with the asymptotic
fields, and we do not have a such lagrangian. The lagrangian we believe in, the QCD lagrangian, has
quarks and gluons as interacting fields and degrees of freedom, and hadrons as asymptotic fields.
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not the case. Still, their argumentation does not exclude the possible validity of fixed-
t dispersion relations for NN scattering. It should be noted that from the viewpoint
of rigorous QFT, the question of polynomial boundedness in s the fixed-t scattering
amplitude M(s, t = const) is open. Nevertheless, for the processes under consideration,
it is vindicated by experiment.

Analyticity for fixed s, the Lehman ellipse. - The existence of fixed-t disper-
sion relations like (179) seems problematic, because e.g. for ππ scattering, we see from
(19) that as s → 4, |z| → ∞, and it is not immediately clear if M(s, z) for z outside
the physical range [−1, 1] can be obtained from the physical amplitude by analytic con-
tinuation. Actually this is the case as we shall now see. Consider a scattering process
α + β → α + β. In 1958 Lehman showed,50 using only rigourous QFT, that the scat-
tering amplitude M(s, z) is analytic inside an ellipse in z-plane with foci z = ±1 and
semi-major axis

zmajor axis =

[
1 +

(m2
α′ −m2

α)
(
m′2

β′ −m2
β

)
q2
(
s−

(
m2

α′ −m2
β′

)) ]1/2

, (233)

α′ is the state of lowest mass such that 〈α′| Jα(0) |0〉 6= 0, where Jα is the current
operator of the α field. Now without a lagrangian, we do not know α′ or Jα, but e.g.
for ππ scattering, it is reasonable to assume that α′ and β′ are the 3π state,48 in which
case we get

zmajor axis =

[
1 +

64

q2s

]1/2

=

[
1 +

64

(s/4− 1) s

]1/2

, (234)

which reduces to the physical region −1 < z < 1 or −s < t < 0 as s → ∞. For
finite s, the range is larger, and always encompasses −28 ≥ t ≥ 0.3 For s → 4 (i.e.
q2 → 0), we still have problems, because in this limit, from (19), zmajor axis ∝ q and
shrinks to zero. Fortunately, Lehman also showed that the imaginary part ImM(s, z)
of the scattering amplitude is analytic in a larger confocal ellipse with semi-major axis
(2z2

major axis − 1) ∝ 1/q2, so that the integrals of dispersion relations like (179) are well-
defined.

Crossing. - Three consequences of the Mandelstam representation are su, st and tu
crossing. From the viewpoint of general QFT, these properties are not guaranteed. We
saw in section 2.1 that for fixed t or u, su or st crossing, that is analytic continuation
from the s-channel to the u- or t-channel, is only possible for certain values of t or u.
Now, if we do not restrict to holding one of the variables fixed, but view the scattering
amplitude as a complex function of two complex variables, analytic continuation between
the channels might be possible in general. Actually , the first person who showed that
the scattering amplitude is analytic in both s and t simultaneously was Mandelstam51 in
1960. He studied the case where one has fixed variable dispersion relations in all three
channels, like e.g. ππ scattering, where fixed-s and fixed-u dispersion relations follow
from fixed-t dispersion relations by crossing symmetry, and found for ππ scattering that
the scattering amplitude is analytic except for the physical cuts, for |st| < 256. For the
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more general case of having only fixed-t dispersion relations, like πN scattering, similar
results hold48 . In 1964 Bros, Epstein and Glaser showed52 from general QFT, without
assuming dispersion relations, for a general scattering proces α + β → γ + δ, that any
point (s, z) in the physical region is surrounded by an analyticity neighbourhood, the only
singularity being on the physical cut. Unfortunately this neighbourhood may go to zero
for s→∞. In 1965 Bros, Epstein and Glaser showed furthermore53 , again from general
QFT, that it is always possible to analytically continue the ”on-shell” particle-particle
amplitude to the ”on-shell” particle-anti-particle amplitude. That is, they showed su-
crossing. This result then, is valid for all the processes we are considering, and also for
processes like NN scattering, where fixed-t dispersion may not be valid (see above).

Extension of the Lehman ellipse and of the domain of validity of fixed-
t dispersion relations. - In 1966 A. Martin showed54 that by use of the positivity
requirement of the unitarity equation (64), the Lehman ellipse can be extended. In
particular he found for ππ scattering, that the range of analyticity of M(s, t) for all real
s encompasses −28 < t < 43 . This allowed him also to extend the domain of validity of
fixed-t dispersion relations to include this interval. If Mandelstam analyticity is assumed,
the interval can be extended3 to −32 < t < 4.

st and tu crossing - assures the existence of fixed-s and fixed-u dispersion relations
respectively, which is needed to prove the Froissart-Gribov representation (appendix A).
Both follow from the Mandelstam representation, but have not been proved from general
QFT.

The Froissart Bound and number of subtractions. - We now assume that a
fixed-t dispersion relation for M (s) converges with Nsub subtractions, i.e. that M (s) is
polynomially bounded by sNsub ,for 0 < t < tmax, i.e. 1 < z(s)(s, t) < z(s)(s, tmax). Since

ImN
(s)I
l (s) > 0 (from (64)), each term in the partial wave expansion must be positive

and bounded on average by sNsub for large s

(2l + 1) ImM
(s)I
l (s)Pl

(
z(s) (s, t)

)
< sN . (235)

Now, for large l and z > 1,

Pl (z) > c

[
1 + (2z − 2)1/2

]l
(2l + 1)1/2

, (236)

where c is a constant, so for large s

(2l + 1) ImM
(s)I
l (s) < sN

c(2l+1)1/2

[
1 +

(
2z(s) (s, t)− 2

)1/2
]−l

< c′ exp
[
−c′′ l√

s
+ c′′′ ln

(
s
s0

)]
,

(237)

where c′, c′′, c′′′, s0 are all constants. Hence, for large s, all terms in the partial wave
expansion may be neglected for

l > L = C
√
s ln (s/s0) , (238)

76



where C is a constant. From the optical theorem (56) and general unitarity (64), we find

σI
tot(s) ≤

8π

q2
(s)

∑L

l=0
(2l + 1) =

8π

q2
(s)

(L+ 1)2 = 8πC ln2 (s/s0) , (239)

which is the Froissart bound. The Froissart bound actually implies that Nsub = 2, which
allows the constant C to be determined55 by use of (235) and the assumption of non-zero
masses. For ππ scattering it is 1/(8m2

π).

The Pomeranchuk theorem - follows48 from su-crossing and analyticity in the cut
s-plane for t ≤ 0. It reads: Let α and β designate two particles. If

lim
s→∞

[
σαβ

total(s)− σαβ
total(s)

]
(240)

exists, the limit being finite or infinite, and if the forward amplitude is such that

lims→0M (s, t = 0)

s logs
→ 0, (241)

then
lim
s→∞

[
σαβ

total(s)− σαβ
total(s)

]
= 0. (242)

In an older formulation the Pomeranchuk theorem reads: If the total cross-section for
any particle on a given target and the total cross-section for the anti-particle on a the
same target approach constants at high energy, then these constants are identical, as are
the forward elastic differential cross-sections. The original proof (see e.g. ref. 37) was
based on dispersion relations, and thus included some spurious assumptions.

Partial wave expansions. - For all z0 so thatM(s, z) is analytic in a neighbourhood
of z0,M(s, z) is expandable in a complete set of functions like powers of (z−z0) or Legen-
dre polynomials in (z− z0). Since the extended Lehman ellipse includes z = 0, the usual
partial wave series for M(s, z) converges in this domain. In the physical region at least,
it seems very plausible from the physical interpretation of partial waves, that low partial
waves dominate at low energies (corresponding to small s-values). This is also vindicated
by phenomenological analysis (see appendix B). At higher energies, increasingly higher
partial waves must be included. As we saw in in section 3.1, partial wave amplitudes
have analytical properties different from the full amplitude. In particular they have also
a hand cuts due to poles in the crossed channels. Actually, as discussed below (189) the
continuation of partial wave pole contributions from the physical region of one channel
to another, is problematic. A low partial wave amplitude in one of the crossed channels
might give appreciable contributions to higher partial waves in the s-channel, and vice
versa. The latter would invalidate our approach in section 3.1. Still, the near singularity
approach seems reasonable, and it is an experimental fact that low energy resonances
have low angular momentum (in the case of a stable particle, the angular momentum
corresponds to the spin of the particle). Thus, we get the low energy behaviour right in
the near singularity approximation, by including only low partial waves. Nevertheless,
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for the full amplitude to satisfy crossing, higher partial waves are needed3 . In section
3.1 we imposed unitarity separately in each partial wave, so this property is guaranteed.

Partial wave dispersion relations. - To establish partial wave dispersion relations
we need to go beyond rigorous QFT and make some assumptions about the analytic
properties of the scattering amplitude (the location of singularities and the behaviour
at infinity). The assumptions of Mandelstam analyticity and polynomial boundedness
suffice. The Mandelstam representation implies reality of M(s, t, u) for s, t and u all
below the physical thresholds of the respective channels, which implies3 real analyticity
of Ml (see sections 3.1 and 1.4). Although the Mandelstam representation has not
been proven from rigorous QFT, the analyticity properties necessary for partial wave
dispersion relations have been proven over a restricted of the complex plane56 . Therefore
it should be rigorously acceptable to represent the scattering amplitude at low energies
by its nearest singularities plus a slowly varying background (see section 4). In contrast,
from the viewpoint of rigorous QFT, the question of polynomial boundedness in s of
the partial wave amplitudes Ml(s), which follows from the simultaneous polynomial
boundedness in s and t of M(s, t), is a completely open one3 . Again, polynomial
boundedness seems vindicated by experiment (appendix B).

Threshold behaviour of partial wave amplitudes. - There is a general be-
lief28,37,26,3 in the threshold behaviour Ml(q, q

′) ∝ (qq′)l for q orq′ → 0, which reduces
to Ml(s) ∝ q for q → 0 in the case of elastic scattering. This belief is substantiated
by experimental evidence as well as theoretic arguments. The threshold behaviour can
be proved either in QM potential scattering37 , or using anlyticity properties of the
scattering amplitude (S-matrix theory) including the Froissart-Gribov representation,
but in both cases only under certain smoothness conditions including the assumption
of no poles or singularities at or near threshold28,37,57 . In S-matrix theory this corre-
sponds to assuming that there are no stable particles of spin l which communicate with
the s-channel system. In fact, no general general derivation has to my knowledge been
given.

π0π0 s-wave scattering amplitude for 0 ≤ s ≤ 4, Martin inequalities. - We
have discussed bounds on the physical scattering amplitude slightly above threshold and
at infinity. It is also possible to derive some bounds on partial wave scattering amplitudes
like M I

l (s), for s in the region between 0 and threshold. As we have seen in section 3,
through dispersion relations, the behaviour of the amplitude in this region is strongly
related to the behaviour of the amplitude just above threshold. In the particular case of
π0π0 scattering, A. Martin and subsequent authors (see e.g. ref. 58 for a review) derived
some fairly stringent bounds on the l = 0 partial wave scattering amplitude. For the
derivation of these bounds one needs to assume

i Validity of twice subtracted fixed-t dispersion relations for |t| < 4,−t < s < 4.

ii Positivity of ImM (s)π0π0
(s, t) for 0 ≤ t ≤ 4,−t < s < 4. This would be included in

the assumption of unitarity (64) and convergence of the partial wave sum of (58)
in the region.
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iii Full crossing.

These assumptions have the following consequences, which are used in proving the
bounds:59,3

i Concavity of M (s)π0π0
(s, t), for fixed t and 0 ≤ t ≤ 4,−t < s < 4, and symmetry

around the point s = u. Thus e.g. the forward scattering M (s)π0π0
(s, t = 0) has a

minimum at s = 2.

ii Validity of the Froissart-Gribov representation (appendix A) for l ≥ 2.

The simplest of the bounds read57,60,61,62,63 (in units of m2
π)∣∣∣M (s)π0π0

0 (s)
∣∣∣ < ∣∣∣M (s)π0π0

0 (4)
∣∣∣ , 0 ≤ s < 4,∣∣∣M (s)π0π0

0 (3.19)
∣∣∣ ≤ ∣∣∣M (s)π0π0

0 (0)
∣∣∣ ,∣∣∣M (s)π0π0

0 (2.9863)
∣∣∣ ≤ ∣∣∣M (s)π0π0

0 (0.2134)
∣∣∣ ≤ ∣∣∣M (s)π0π0

0 (3.205)
∣∣∣ ,

(243)

d

∣∣∣∣M(s)π0π0

0 (s)

∣∣∣∣
ds

> 0, 1.7 < s < 4,

d

∣∣∣∣M(s)π0π0

0 (s)

∣∣∣∣
ds

< 0, 0 < s < 1.22,

d2

∣∣∣∣M(s)π0π0

0 (s)

∣∣∣∣
ds2 > 0, 0 < s < 1.7,

(244)

and imply a shape of the amplitude M
(s)π0π0

0 (s) as in fig. 22 (in units of m2
π) with a

unique minimum in the range 1.219 ≤ s ≤ 1.697. That this minimum is to the left
of the minimum of the full forward scattering amplitude is evidence for the fact that
higher partial waves are needed to fulfill crossing. Bounds involving higher partial waves
have also been derived57,60,61 , which for example indicate that the higher waves are
essentially controlled by the d- and lower waves, and severely restrict the possible form
of the d-wave.

Second sheet poles for π0π0 or I = 0 scattering with l ≥ 2. - We now make the
assumption (i), restrict (ii) to elastic unitarity, and assume the threshold usual behaviour
of partial wave amplitudes ∼ q2l discussed above. From this follows the existence of an
essential singularity (a singularity which is not removable i.e. not a pole) of M

(s)I=0
l≥0 (s, t)

at s = 0 on the second sheet as we shall now see. First we note that from positivity
of ImM (s)π0π0

(s, t) and ImM (s)I=0(s, t) and the Froissart-Gribov representation, follows

that M
(s)π0π0

l≥2 (s = 0) ,M
(s)I=0
l≥2 (s = 0) 6= 0 on the first sheet. Secondly, using elastic

unitarity ((83) with Rl = 1), we can write

M I=0
second sheet,l(s) = 32π

√
s

Kl(s)
√

s−i
√

s−4
,

M I=0
first sheet,l(s) = 32π

√
s

Kl(s)
√

s+i
√

s−4
,

(245)
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Figure 22: Low energy minimum of amplitude of neutral pion pion scattering.

so that Kl(s)
√
s → −2 for s → 0. On the other hand, the threshold behaviour of the

first sheet amplitude implies that Kl(s)
√
s → ∞ for s → 4, so that the denominator of

M
(s)I=0
second sheet,l(s) vanishes at least once between s = 0 and s =4. So each partial wave

amplitude has at least one pole located between s = 0 and s = 4. Furthermore it can be
shown57 that these poles do not coincide and cannot cancel each other, and accumulate
at s = 0 which is then an essential singularity of M

(s)I=0
second sheet(s). In fact the poles can be

regarded as lying on Regge trajectories (appendix A). Notice that finding second sheet
poles (section 4.1) for l = 0, 1 indicates the existence of second sheet poles also for l ≥ 2.

Bounds on low energy parameters for ππ scattering. - Using rigorous QFT,
analyticity, unitarity and crossing, some bounds can be derived. E.g.55 for the amplitudes
A(s, t, u) = B(t, s, u) = C(u, t, s) of (159),

−17 ≤ A

(
4

3
,
4

3
,
4

3

)
≤ 2.6, (246)

and for the π0π0 s-wave scattering length a00
0

64 ,

a00
0 ≥ −1.75. (247)

These bounds can be strengthened if one assumes that d-waves are negligible below some
CMS energy Ws, in which case it has been shown65 that

A

(
4

3
,
4

3
,
4

3

)
< 0.25, a00

0 ≥ −0.55. (248)

In general, more stringent bounds can be obtained from assuming specific phase-shifts
at energies appreciably above threshold3 .

80



The N/D method and the ρ bootstrap. - The N/D method requires as input
the left-hand cut discontinuity and the inelasticity parameter. It can be shown66 that,
for a large class of inputs, the N/D equations are of the Fredholm type, and has a unique
solution. In our treatment of the N/D method, we restricted to a one particle pole form
of the left-hand cut discontinuity. In the case of ππ scattering, the dominance of the
p-wave ρ resonance and full crossing symmetry of the system, may give some hope of
being able to generate the resonance on the right-hand cut by inserting it into the left-
hand cut contributions and solving the N/D equations. Such an approach is called the
bootstrap method28 . One approximate procedure is to include only s- and p-waves and
impose full crossing symmetry. Unfortunately this turned out to give N/D equations of
specific non-Fredholm type, with no consistent solution, necessitating a cut-off for the
integrals, the approximate validity of which is very dubious. Furthermore the procedure
uses a truncated partial wave series outside its range of convergence, and so has no formal
validity. Practical calculations also turned out to be rather disappointing. For a some
simple calculations I refer to section 4, while for a general review, I again refer to ref. 3.

Discussion. - If we assume the near singularity approximation, polynomial bound-
esness, crossing, Mandelstam analyticity and real analyticity of the scattering amplitude,
the inclusion of the possibly important effects listed at the beginning of this section
should be approximated by the incorporation of an inelasticity parameter, the restriction
to low energy scattering (relying on the near singularity approximation) and making the
few (two at most) subtractions demanded by the Mandelstam representation. However,
the approximations may or may not be good, and it is highly uncertain which sources
of error are important in specific processes. We shall not pursue this further, simply
remark that considering all these uncertainties, the relative success of phenomenological
dispersive analysis (see appendix B) does argue strongly in favour of the validity of Man-
delstam analyticity and crossing. One of the striking results of the attempts made in
the late sixties to find scattering amplitudes satisfying analyticity, unitarity and crossing
(using experimental input like the parameters of the ρ-resonance), is the high degree of
freedom for choosing the form of the scattering amplitudes left even after the imposi-
tion of Mandelstam analyticity, elastic unitarity and crossing. Actually it is possible to
explicitly construct ππ scattering amplitudes that automatically satisfy these require-
ments67,68,69,116,70,71 . When doing so it turns out that very large classes of functions
are allowed and that uniqueness is not obtained. This may or may not be due to the
fact that the full content of coupled-channel unitarity has not been used. One fact that
seems to indicate that the mathematical forms for the scattering amplitudes constructed
are not correct is that it has not proved possible3 (at least not before 1976 where ref. 3
was published) to construct amplitudes leading to a constant total cross-section at high
energies. This may indicate that the requirements are too weak, since they allow wrong
solutions. On the other hand it may also be that the requirements are too strong, and
rule out solutions that are approximately right. Anyway, many attempts were made, by
straightforward parameterization and imposition of various rigorous bounds, to deter-
mine the low energy ππ scattering amplitude. In brief, the ππ scattering lenghts seem
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to be fairly well determined, typical values being72

a0
0 = 0.22± 0.04, a2

0 = −0.10± 0.02, a1
1 = 0.052± 0.012, (249)

whereas by the ρ region there is no significant restriction on the scattering amplitude.
For a review, see ref. 3. Again, if Mandelstam analyticity, unitarity and crossing were
to be used to uniquely determine the scattering amplitude, one would probably have
somehow to impose full multi-channel unitarity in all channels simultaneously. Then
one may hope that some bootstrap calculation would yield unique results. Otherwise
masses and couplings of all relevant particles would have to be supplied, and then one
may as well use a phenomenological lagrangian approach (see section 5). As regards the
Mandelstam representation, I stress the importance of the seemingly necessary property
of the strong interaction between hadrons mentioned in section 3.2, that intermediary
bosons in a lagrangian model have non-zero mass. This assumption corresponds to the
assumption of short range forces in QM or the existence of non-interacting in and out
states in QFT. This last assumption is necessary for the usual LSZ way of calculating
scattering amplitudes. Also note that the proof of the Froissart bound uses analyticity
of M

(s)I
l for z(s) > 1, which is true only for non-zero masses. Thus, e.g. for the processes

under consideration here, the non-vanishing of the pion mass is crucial for the dispersion
relation approach. In this connection I mention that in section 5, we shall se that the
smallness of the pion mass is crucial for the current algebra and the effective lagrangian
approaches.
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4 Applications

In the first section a simple model for the left-hand cut is used to solve the N/D equations. The
next section contains descriptions of N/D calculations of ππ scattering using the ρ resonance
as input.

4.1 The effective range model

In this section we discuss some simple bounds on the threshold and asymptotic behaviour
of the scattering amplitude, and their implementation in N/D calculations using the
effective range model. This simple model has limited calculational use but provides some
physical insight. In section SingularitiesDispersionIntegrals we have seen how knowledge
of residue and position of partial wave poles in the crossed channels allows us to compute
the partial wave discontinuity on the left-hand s-channel cuts This in principle allows us
to compute the amplitude on the physical cut using dispersion relations and unitarity, in
practise using the N/D equations. To illustrate this last point, instead of (190) we now
use a rather simple and seemingly unrealistic form for the left-hand cut discontinuity.
Again, because of the too simple left-hand cut discontinuity, we can only expect to be
able to model the behaviour of the scattering amplitude over a limited range. Since we
use the N/D form (196), imposing the correct threshold behaviour, we expect our model
to be able to reproduce the effective range expansion (88), valid in the threshold region.
Furthermore in this primitive model, the super-convergence relations (208), take the
simple form of a summation. Imposing them, results in amplitudes with the correct high
energy behaviour, but still the model is too simple to fit scattering data over more than
a limited energy range. We assume that the left-hand cut is distant from the physical
region and replace M

(s)I
l by a sum of simple poles, and therefore, by (25), κ

(s)I
l by a sum

of delta functions

κ
(s)I
l (s) = −

∑
iπλiδ (s+ si) , N

(s)I
l (s) =

∑
i

−λi D
(s)I
l (−si)

[−(si+sR)(si+sL)/si]
l(s+si)

, l > 0,

N
(s)I
0 (s) =

8π(m1+m2)a
(s)I
0

ε
+ s−s0

π

∑
i

λiD
(s)I
0 (−si)

(s+si)(si+s0)
.

(250)

The Mathematica notebook ”EffectiveRangeFits.nb”, (see appendix D) uses general
masses of the two initial particles and an arbitrary number of poles. Here, for simplicity
we restrict to equal masses m and to one pole at −sER < 4m2,

κ
(s)I
l (s) = −πλERδ (s+ sER) . (251)

Using (198), we see that a zero will arise in the right-hand side of (199) for some s0 <

s ≤ sR and λER sufficiently large. This pole of M
(s)I
l may represent a bound state.

Effective Range s-wave amplitudes. - Using (251), making the non-relativistic
approximation q′2 � m2 in the D0 integrand, using the unsubtracted form for N0 (thus
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ignoring (207) and (250) and getting the high energy behaviour wrong) and letting

R
(s)I
l (s) = 1, the N/D equations can be solved26

16π/ (εM0) = qER(1−α)
2mα

+ (1+α)
2mαqER

q2 − iq
m
,

D0 (−sER) = 1− αD0 (−sER) ,

α ≡ ελ
qER8m

, qER ≡
√
|q2

ER|,

−4q2
ER = −sER − 4m2,

(252)

in agreement with (83) and the effective range expansion (88), if the proper identifications
of parameters are made, since in the non-relativistic limit ω ≈ m. λ > 0 gives a positive
phase-shift corresponding to an attractive potential in non-relativistic QM potential
scattering and λ < 0 gives a negative phase-shift. (252) gives two poles (fig.23) at

q = iqER, q = −iqER

(
1− α

1 + α

)
, (253)

with residues −iα and iα respectively. The ”moving” pole can be at all imaginary values
of q, corresponding to all negative values of q2 = s−4m2 on two sheets. Consider now the
q2-plane. The physical sheet is chosen as the one on which

√
−q2 = −iq for q2 < 0. For

1 < α <∞, the ”moving” pole is on the physical sheet at 4m2 > s > 4m2 − 4|qER|2 and
may correspond to a resonance or a bound state (attractive potential). For −1 < α < 1,
the ”moving” pole is on the unphysical sheet at s < 4m2 and may correspond to a
”virtual” bound state. For α < −1 the ”moving” pole is on the physical sheet at
s < 4m2 − 4|qER|2. At α = ±∞ the ”moving” pole coincides with the ”fixed” pole but
with residue of opposite sign. This balancing of the two poles for strong forces (large
λ) is a consequence of the elastic unitarity on the physical (right-hand) cut imposed
in the N/D equations. Fig. 23 can be reproduced with the Mathematica notebook
”EffectiveRangeFits.nb” (see appendix D).

Effective range p-wave amplitudes. - Making the non-relativistic approximation
in the D1 integral and assuming R

(s)I
l (s) = 1, the p-wave solution reduces to†

16π/ (εM1) = q3
ER

(−α+ 2)

2mαq2
+ qER

(−3α+ 2)

2mα
− i

q

m
, (254)

α ≡ − ελ

4mqER

, (255)

which agrees with the effective range expansion (89). Now λ < 0 gives a positive phase-
shift corresponding to an attractive potential in non-relativistic QM potential scattering.

†Ref. 26 has a different equation, which seems to be a misprint.
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Figure 23: ”Moving” s-wave pole in the effective range model.

(254) gives three poles: Again there is a ”fixed” pole at q = iqER, but now there are two
”moving” poles describing a more complicated trajectory as α is varied. The trajectory
is sketched in fig. 24, which is reproduced in the Mathematica notebook ”EffectiveRang-
eFits.nb” (see appendix D). For some negative values of λ, one of the ”moving” poles is
on the physical sheet at s > 4m2 and corresponds to a positive energy resonance. This is
a phenomenon well-known from non-relativistic QM potential scattering for l > 0, where
it arises because of the angular momentum ”barrier” potential.

α=1

q q2

α=-∞
α=+∞

α=+∞
α=-∞

α=0

α=0

α=1/9

α=0
α=1/9 α=0

α=-∞ α=+∞

α=1

α=-∞ α=+∞

physical sheet

second pole (-)
unphysical sheet

Figure 24: ”Moving” p-wave pole in the effective range model.

Effective range model with several delta functions. - For p-waves we should
expect that a pole with λ < 0 is needed in order to have the right-hand side of (195)
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vanish at threshold (c.f. the discussion of threshold behaviour of partial waves above).
Whence to model an attractive potential we should expect to need two terms in (250).
This also seems plausible from fig. 25. However, as mentioned above, the factor [(s −
sR)2(s − sL)2/s]l in (196) assures the right threshold behaviour, which in this case is
manifested by the repulsive ”moving” second sheet poles76 .

-m2/4

-m2/4

q2

q2

f0(q2)

f1(q2)

Figure 25: Singularities modelling left-hand cuts.

Ghost poles. - In both the s-and p-wave case the ”moving” pole is on the physical
sheet for a set of α-values corresponding to repulsion. These poles are called ghost poles
and do not correspond to bound states because their residues have the wrong sign26 .

Effective range expansion fit to ππ scattering data. - Fitting (89) with the
I = 1, l = 1 data from ref. 39 one obtains

Effective range model fit to ππ scattering data. - The notebook ”EffectiveRang-
eFits.nb” of appendix D can be used to fit data with amplitudes constructed using
the N/D equations and (250), with λiD

(s)I
l (−si) as fitting parameters. The super-

convergence relations are explicitly taken care of (for s- and p-wave ππ data this is
irrelevant) and it is possible to set the positions of the poles, try analytic integration,
vary the fit method and use a non-relativistic approximation . Below are displayed re-
sults of fits to I = 1, l = 1 ππ ”data” (which are results of Roy fits to some very scarce
data) from ref. 39. Notice that the high energy behaviour is qualitatively correct. This
is due to the N/D equations for l = 1, whereas for l = 0, it is assured by a subtraction
and for l > 1, it is assured by the super-convergence relations. As one can see, it is
possible to get a rough agreement with low energy data from pole parameterizations of
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the left-hand cut. Also, it is seen that it is possible to produce, at least some trace of a
resonance at mρ. But overall, this model is clearly too crude to be of any real use.
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Figure 26: Real part of the effective range model M1
1 (s)/(16π) together with data from

ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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Figure 27: Imaginary part of the effective range model M1
1 (s)/(16π) together with data

from ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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Figure 28: Real part of the effective range model M1
1 (s)/(16π) together with data from

ref. 39. x-axis units are m2
π. The fit is with two poles at s=-50, -200.
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Figure 29: Imaginary part of the effective range model M1
1 (s)/(16π) together with data

from ref. 39. x-axis units are m2
π. The fit is with two poles at s=-50, -200.
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Figure 30: Real part of the effective range model M1
1 (s)/(16π) together with data from

ref. 39. x-axis units are m2
π. The fit is with three poles at s=-10, -50, -200.
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Figure 31: Imaginary part of the effective range model M1
1 (s)/(16π) together with data

from ref. 39. x-axis units are m2
π. The fit is with three poles at s=-10, -50, -200.

10 20 30 40 50
-0.2

0.2

0.4

0.6

0.8

1

1.2

Figure 32: Real part of the effective range model M0
0 (s)/(16π) together with data from

ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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Figure 33: Imaginary part of the effective range model M0
0 (s)/(16π) together with data

from ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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Figure 34: Real part of the effective range model M2
0 (s)/(16π) together with data from

ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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Figure 35: Imaginary part of the effective range model M2
0 (s)/(16π) together with data

from ref. 39. x-axis units are m2
π. The fit is with one pole at s=-70.
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4.2 The rho bootstrap

Numerical solution of the N/D equations with crossed channel resonances for
ππ scattering. - In the notebook ”ND.nb” in appendix D is calculated the s-channel
elastic scattering amplitude and phase-shift on the physical cut from poles on the real
axis of the crossed channels. The equations used are (198), (199), (200) and (201).
The procedure is to do the (201) integral explicitly either analytically or numerically.
Discretize (200), that is, write it as

D(si) = 1 +
∑

j

K(si, sj)f(sj)D(sj)∆w(sj), (256)

or
(I− A)

−→
D =

−→
1 , Aij = K(si, sj)f(sj)D(sj)∆w(sj), (257)

where ∆ is the spacing between the sj’s and w(sj) is a Simpson’s rule factor. This
equation is solved by inverting (I− A),

−→
D = (I− A)−1−→1 . (258)

Notice that so long as s0 < sR, the integrand of the K in (200) has no poles on the
right-hand cut and thus D is real on the right-hand cut. Moreover, the integrand of
the K in (200) for s on the left-hand cut is real, meaning that the imaginary part of D
on the right-hand cut comes from the residues of this integrand at s and s0. Thus, to
get the real part of D on the right-hand cut, we substitute the integral in (201) with a
principal value integral. Once we have D on the left-hand cut, we use (200) to get ReD
on the right-hand cut. The next step is then to use a discretized version of (198) to get
N on the right-hand cut and ReN on the left-hand cut via a principal value integral.
This principal value integral is done by moving s slightly off the real axis. Finally, (197)
is used to get the imaginary parts of N and D. The isospin and kinematical relations are
set up so as to allow different masses of the two particles, but the dispersion integration
is performed only over the real left-hand cut. One can try altering the positions of
the poles, their residues (strengths) and/or the number of sample points used for the
approximation of the integrals. It is also possible to use a step function inelasticity
function R or use the Breit-Wigner form (85) (multiplied with a strength) instead of
poles on the real axis. With Breit-Wigner poles another parameter, the width Γ, can
be adjusted and it is moreover possible to use an empirical inelasticity function. Notice
that only strengths and inelasticity functions 1 will give elastic unitary crossed channel
amplitudes.

Plots and discussion - As a first try, the ρ-resonance in the crossed channels can be
inserted. The width of the ρ-resonance is γ ∼ 150 MeV ∼ mπ. This corresponds, for low
energy ππ scattering, roughly to a strength λ = Γ = 4γ ∼ 5m2

π for a conventional Breit-
Wigner shape (notice that we do not use a full Breit-Wigner shape, but a simple pole
on the real axis). Contrary to naive expectations, the resulting I = 1, l = 1 s-channel
amplitude does not reproduce the resonance. Below are given plots of the I = 1, l = 1
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s-channel amplitude M1
1 with this configuration and neglecting inelasticity. Not a hint

of the ρ-resonance is seen in the s-channel, and thus the bootstrap hypothesis is not
verified.
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Figure 36: Real part ofN/D model amplitudeM1
1 (s)/(16π) with left-hand cut poles from

crossed channels as input. Positions and residues of t- and u-channel poles: {t = 30m2
π},

{λ = 5}, {u = 30m2
π}, {λ = 5}. Inelasticity function: R(s) = 1. Number of sample

points: n = 11. Cutoff: scutoff = 300m2
π.
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Figure 37: Imaginary part of N/D model amplitude as above.
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Figure 38: Phase-shift of N/D model amplitude as above.

Notice the following:

i Because of the need to do numerical integration and invert an n × n matrix, the
number of sample points is limited, the detailed shape of the amplitude is not
obtained, and one can not trust that the solution of the integral equations is exact.

ii Inelasticity may be important. In particular, the KK channel opens just above the
ρ-resonance.

iii The modelling of the crossed channels amplitudes is very rough, resulting in a left-
hand cut which is obviously wrong. It is perhaps too naive to expect something
reasonable from using a single pole on the real axis to model the whole left-hand
cut. Also, the contributions from other crossed I, l channels than I = 1, l = 1 are
neglected.

iv Although the integrals should in principle converge, there might be an unwanted
dependence on the integration cutoff scutoff .

These points will be addressed in the following. First, lets try increasing the number
of sampling points to 51. This has no qualitative effect, but scales down the amplitude
slightly. Therefore no plots are reproduces here. Next, lets try modelling inelasticity by
choosing some point sinel from which where R = 2 (pure absorbtion).

93



50 100 150 200 250 300

0.1

0.2

0.3

0.4

0.5

Figure 39: Real part ofN/D model amplitudeM1
1 (s)/(16π) with left-hand cut poles from

crossed channels as input. Positions and residues of t- and u-channel poles: {t = 30m2
π},

{λ = 5}, {u = 30m2
π}, {λ = 5}. Subtraction point: s0 = −400m2

π. Inelasticity function:
R(s) = 1 for s < 100m2

π, R(s) = 2 for s > 100m2
π. Number of sample points: n = 11.

Cutoff: scutoff = 300m2
π.
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Figure 40: Imaginary part of N/D model amplitude as above.
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Figure 41: Phase-shift of N/D model amplitude as above.
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The very rough modelling of inelasticity causes a rather violent behaviour around sinel

and there is still no ρ-resonance. Next, lets try increasing the strength λ.
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Figure 42: Real part ofN/D model amplitudeM1
1 (s)/(16π) with left-hand cut poles from

crossed channels as input. Positions and residues of t- and u-channel poles: {t = 30m2
π},

{λ = 10}, {u = 30m2
π}, {λ = 10}. Subtraction point: s0 = −400m2

π. Inelasticity
function: R(s) = 1 for s < 100m2

π, R(s) = 2 for s > 100m2
π. Number of sample points:

n = 11. Cutoff: scutoff = 300m2
π.
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Figure 43: Imaginary part of N/D model amplitude as above.
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Figure 44: Phase-shift of N/D model amplitude as above.

Still rather unsmooth behaviour and still no ρ. To address the second point again, lets
try increasing the number of sampling points.
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Figure 45: Real part ofN/D model amplitudeM1
1 (s)/(16π) with left-hand cut poles from

crossed channels as input. Positions and residues of t- and u-channel poles: {t = 30m2
π},

{λ = 10}, {u = 30m2
π}, {λ = 10}. Subtraction point: s0 = −400m2

π. Inelasticity
function: R(s) = 1 for s < 100m2

π, R(s) = 2 for s > 100m2
π. Number of sample points:

n = 51. Cutoff: scutoff = 300m2
π.
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Figure 46: Imaginary part of N/D model amplitude as above.
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Figure 47: Phase-shift of N/D model amplitude as above.

There now seems to be something reminiscent of a resonance structure, though displaced
as relative to the ρ, and there is still not surprisingly some unsmoothness around sinel.
Next, to address the last point above, we will model the crossed channels by a full
Breit-Wigner partial wave like (85) instead of a pole on the real axis.
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Figure 48: Real part of the Breit-Wigner amplitude M1
1 (s)/(16π) used as input in the

t- and u-channel compared with data from ref. 39 . Positions, strengths and widths of
t- and u-channel resonances: {t = 30m2

π}, {λ = 2}, {Γ = 1m2
π}, {u = 30m2

π}, {λ = 2},
{Γ = 1m2

π}. Subtraction point: s0 = −400m2
π. Inelasticity function: R(s) = 1. Number

of sample points: n = 11. Cutoff: scutoff = 300m2
π.
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Figure 49: Imaginary part of the Breit-Wigner amplitude M1
1 (s)/(16π) used as input in

the t- and u-channel compared with data from ref. 39 . Positions, strengths and widths
of t- and u-channel resonances: {t = 30m2

π}, {λ = 2}, {Γ = 1m2
π}, {u = 30m2

π}, {λ = 2},
{Γ = 1m2

π}. Subtraction point: s0 = −400m2
π. Inelasticity function: R(s) = 1. Number

of sample points: n = 11. Cutoff: scutoff = 300m2
π.
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Figure 50: Real part of N/D model M1
1 (s)/(16π) amplitude with left-hand cut Breit-

Wigner partial waves from crossed channels as input. Positions, strengths and widths of
t- and u-channel resonances: {t = 30m2

π}, {λ = 2}, {Γ = 1m2
π}, {u = 30m2

π}, {λ = 2},
{Γ = 1m2

π}. Subtraction point: s0 = −400m2
π. Inelasticity function: R(s) = 1. Number

of sample points: n = 11. Cutoff: scutoff = 300m2
π.
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Figure 51: Imaginary part of N/D model amplitude as above.
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Figure 52: Phase-shift of N/D model amplitude as above.
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It is seen that this does in fact not change much. The shape is still roughly the same, but
the whole amplitude is scaled down a bit. We will now again include simple inelasticity
and increase the resolution.
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Figure 53: Real part of N/D model M1
1 (s)/(16π) amplitude with left-hand cut Breit-

Wigner partial waves from crossed channels as input. Positions, strengths and widths
of t- and u-channel resonances: {t = 30m2

π}, {λ = 2}, {Γ = 1m2
π}, {u = 30m2

π},
{λ = 2}, {Γ = 1m2

π}. Subtraction point: s0 = 4m2
π. Inelasticity function: R(s) = 1

for s < 100m2
π, R(s) = 2 for s > 100m2

π. Number of sample points: n = 71. Cutoff:
scutoff = 300.01m2

π.
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Figure 54: Imaginary part of N/D model amplitude as above.
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Figure 55: Phase-shift of N/D model amplitude as above.

Again, some sort of a resonance is produced. In the plots are also given the data which
the input in the t- and u-channels closely match. Finally, lets address the fourth point.
As can be seen in the notebook, the convergence is not too good with only one subtraction
in the D integral, so we’ll do an extra subtraction. The problem with this is that it is not
clear what to choose for the subtraction constant, i.e. the slope of D at the subtraction
point s0. After some experimenting, it is seen that the whole curve is greatly dependent
on the value chosen. Here follows an example.
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Figure 56: Real part of N/D model M1
1 (s)/(16π) amplitude with left-hand cut Breit-

Wigner partial waves from crossed channels as input. Positions, strengths and widths
of t- and u-channel resonances: {t = 30m2

π}, {λ = 2}, {Γ = 1m2
π}, {u = 30m2

π},
{λ = 2}, {Γ = 1m2

π}. Subtraction point: s0 = 4m2
π. Inelasticity function: R(s) = 1

for s < 100m2
π, R(s) = 2 for s > 100m2

π. Number of sample points: n = 71. Cutoff:
scutoff = 300.01m2

π.
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Figure 57: Imaginary part of N/D model amplitude as above.
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Figure 58: Phase-shift of N/D model amplitude as above.

In my opinion the crucial point above is the third, namely that the contributions from
other crossed I, l channels than I = 1, l = 1 are neglected. Although these should
in principle be smaller than the contribution from the ρ, one can see for one self that
varying the form of the left-hand cut slightly, can have dramatic influence on the right-
hand amplitude. In other words: The near singularity approximation is not a good
one.
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Part III

Chiral currents

There are historically two different approaches to field theoretic hadron phenomenology: One
approach (the effective lagrangian approach) is to assume that the asymptotic fields (the free
particles) of the system under consideration are well-defined, and construct effective interaction
Lagrangian with the asymptotic fields (e.g. nucleon and meson fields) as degrees of freedom.
Another approach (current algebra) is to renounce knowledge of the lagrangian, use some
assumptions about the Noether currents of the (unknown) lagrangian to calculate observables
like scattering amplitudes to lowest order. Historically, the second approach preceded the first
one. In this part we review the current algebra formalism and give a short introduction to
effective lagrangians. After that, some simple calculations are carried out.
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5 Theory

The present section contains a review of the basic theory of current algebra, an introduction
to chiral symmetry, a discussion of PCAC and soft pions and finally some considerations of
implementations in field theoretic calculations of rigorous constraints from analyticity and
unitarity.

5.1 SU(3) Currents

Current algebra was developed in the early sixties, before the standard model. QED was
well established, but a theory for the weak interactions was lacking. The current algebra
hypothesis was motivated by the discovery of approximate iso-spin hadronic flavor-SU(3)
invariance of the strong interactions (the organization of hadrons into SU(3) multiplets)
and the approximately conserved octet of currents to which this should give rise. It
was an attempt to describe the weak and the electromagnetic interactions in a unified
way, by identifying the electromagnetic and weak currents with components of an SU(3)
octet of currents. The introduction of an algebra which the hadronic currents satisfy
exactly, provided a well-defined meaning to multiplets of hadronic currents, even though
hadronic particles are only approximately organized in mass degenerate multiplets, due
to the non-exact flavor SU(3) (and SU(2)) iso-spin symmetry. In this and the next
sections will be given a short presentation of the basic theory and results.

Since originally the algebra was abstracted from lagrangian field theory, we start
here. Let Θ(x) = (Θ1(x),Θ2(x),Θ3(x)) be three particle operator fields and let L(x) =
L(Θ(x), ∂µΘ(x)) be a Lagrange density operator. We assume that L is a sum of a
non-interacting part giving a hamiltonian with the (free) in- and out-states as eigen-
states, and an interacting part which is responsible for scattering and decay processes.
The usual assumption is that hadrons of spin 0 and 1/2 have Klein-Gordon and Dirac
lagrangians respectively, as free (asymptotic) lagrangians.

If L is invariant under a global hadronic flavor-iso-spin SU(3) transformation (in
terms of quarks and the standard model this corresponds to ignoring the electro-weak
interactions and letting the three lightest u-, d-, s-quarks have the same mass), then
by Noether’s theorem8,9, 25 we have eight conserved SU(3) vector current operators. We
assume the existence of eight currents J ′ = (J1′, .., J8′), and eight iso-spin axial-vector
currents J ′

5 = (J1
5
′
, .., J8

5
′
), which if conserved would correspond to invariance of L under

separate SU(3) transformations of the vector and axial-vector components of Φ.

In the following, products of field operators in the Lagrange density or the corre-
sponding Hamilton density operator are understood to be symmetrized with respect to
identical boson fields, and anti-symmetrized with respect to identical fermion fields.

Weak muon β decay first-order amplitudes computed from an interaction Hamilton
density operator proportional to a symmetrized product of two current operators (contact
interaction) agree well with experiment. This approach is extended by introducing a
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current-current effective interaction Lagrange density operator

Leff =
G√
2

[
J lh†

µ J lhµ
]
S
≡ G

2
√

2

(
J lh†

µ J lhµ + J lhµJ lh†
µ

)
, (259)

where G is a coupling constant and the weak current operator (without the weak charge
factor, which is supposed to be contained in G) J lh = J l + Jh is assumed to be the sum
of a leptonic and a hadronic part, implying

Leff = Lleptonic
eff + Lmixed

eff + Lhadronic
eff , (260)

Lleptonic
eff = G√

2

[
J l†

µ J
lµ
]
S
,

Lmixed
eff = G√

2

[
J l†

µ J
hµ + Jh†

µ J
lµ
]
S
,

Lhadronic
eff = G√

2

[
J†µhJ

hµ
]

S
.

(261)

The weak contribution to the leptonic current operator is the difference (left-handed
neutrino) of a vector and an axial-vector current operator

J l
µ (x) = e− (x) γµ (1− γ5) νe (x) + ... ,

J l†
µ (x) = νe (x) γµ (1− γ5) e

− (x) + ... ,

(262)

e−(x) and νe(x) are the operator fields of the electron e− and the electron neutrino
νe and the dots indicate the equivalent terms corresponding to the other leptons (the
tauon was not known in 1968). From (3.2), (3.3) and standard LSZ formalism1 , we
can calculate e.g. the first order (in the interaction) amplitude Mfi for muon β decay
µ−(P, S) → e−(p′, s′) + νe(−p,−s) + νµ(P ′, S ′)

Mfi = − G√
2

[u (p′) γµ (1− γ5) v (p)] [u (P ′) γµ (1− γ5)u (P )] . (263)

Since we do not know the total interaction Hamilton density operator, the hadronic
current operator is unknown in terms of field operators, but is specified in terms of the
hadronic SU(3) iso-spin current operators; the charge raising operator is given by

JH
µ =

(
J ′

1
µ + iJ ′

2
µ − J ′

1
5µ − iJ ′

2
5µ

) cos θC√
2

+
(
J ′

4
µ + iJ ′

5
µ − J ′

4
5µ − iJ ′

5
5µ

) sin θC√
2
, (264)

which gives agreement with Gell-Mann’s version of universality of electromagnetic and
weak forces14 , and yields predictions in agreement with a large number of low energy
experiments. The Cabibbo angle θC was found experimentally to be about 0.26. The
1-,2- and 3-components of J ′ are identified with the conserved SU(2) hadronic iso-spin
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currents J = (J1, J2, J3), and the 8-component to the hypercharge1 . Therefore they
are assumed to be conserved

J ′
j
µ = J j

µ, j = 1, 2, 3,
2√
3
J ′

8
µ = Yµ, ∂µJ ′

j
µ = 0, j = 1, 2, 3, 8. (265)

The Nishijima-Gell-Mann relation8 gives, for the electromagnetic current operator JEM,

JEMµ = J ′
3
µ +

1√
3
J ′

8
µ. (266)

In order to use the postulated currents for calculations, we shall find that it is necessary
to know the commutators of the current operators - the current algebra. If the lagrangian
in terms of the fields is assumed to be known (chaters 3.1.3-3.1.5), the algebra can simply
be deduced, if not, the algebra must be postulated.
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5.2 Current algebra models and postulates

The quark model. - Let the three components of Ψ be three spin one half four-
component operator fields. The Lagrange density operator of the model leads to a
non-renormalizable theory, and is given by77

L = −Ψ
(
−iγµ∂µ +m+ δmλ8

)
Ψ− c

(
ΨΨ
)2
, (267)

λ8 is the eighth of eight generators λ1, .., λ8 of the three-dimensional matrix representa-
tion of SU(3), c is a constant, the term containing the quark mass m is not invariant
under global axial-vector SU(3) transformations, i.e. breaks chiral SU(3) symmetry, and
the term containing δm breaks both chiral and vectorial SU(3) symmetry, but although
this symmetry breaking implies non-conservation of the vector and axial-vector currents,
they have no effect on the the current algebra, i.e. the equal time commutation relations,
of the time components of the vector and axial-vector current operators ”generated” by
the non-symmetric SU(3) linear gauge transformations14 of Ψ. The algebra reads

[
J ′i0 (x) , J ′j0 (y)

]
x0=y0

= iδ (x− y) fijkJ
′k
0 (x) ,[

J ′i0 (x) , J ′j5,0 (y)
]
x0=y0

= iδ (x− y) fijkJ
′k
5,0 (x) ,[

J ′i5,0 (x) , J ′j5,0 (y)
]
x0=y0

= iδ (x− y) fijkJ
′k
0 (x) ,

(268)

fijk are the antisymmetric structure constants of SU(3) (see e.g. ref. 9). This is the
algebra which in the current algebra formalism is elevated to a basic postulate. For the
left and right-handed chiral components

J ′
i
Lµ =

1

2

(
J ′

i
µ − J ′

i
5µ

)
, J ′

i
Rµ =

1

2

(
J ′

i
µ + J ′

i
5µ

)
, (269)

we get two separate SU(3) algebras, or an SU(3)L×SU(3)R algebra,

[
J ′iL0 (x) , J ′jL0 (y)

]
x0=y0

= iδ (x− y) fijkJ
′k
L0 (x) ,[

J ′iR0 (x) , J ′jR0 (y)
]
x0=y0

= iδ (x− y) fijkJ
′k
R0 (x) ,[

J ′iL0 (x) , J ′jR0 (y)
]
x0=y0

= 0.

(270)

The divergence of the vector current operator is

∂µJ ′
i
µ = fi8kΨδmλ

kΨ. (271)

The SU(3) linear sigma model. - This model involves a three-component spin one
half operator field Ψ (each component is a four-component spinor), an eight-component
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spin zero pseudoscalar meson operator field ϕ′, a pseudoscalar meson operator field ϕ′,
an eight-component spin zero scalar operator field σ′, and a one-component spin zero
scalar operator field σ′ with vacuum expectation value 〈σ′〉0 = A0. The Lagrange density
operator leads to a renormalizable theory, and is given by

L = −Ψ
[
−iγµ∂µ − g′0

(√
2
3
σ′ +

√
2
3
iϕ′γ5 + σ′ · λ + iϕ′ · λγ5

)]
Ψ

+1
2
[∂µσ

′∂µσ′ + ∂µϕ
′∂µϕ′ + ∂µσ

′ · ∂µσ′ + ∂µϕ
′ · ∂µϕ′] + µ′20A0σ

′

−1
2
µ′20
[
σ′2 + ϕ′2 + σ′ · σ′ + ϕ′ ·ϕ′]

−λ′
[
σ′2 + ϕ′2 + σ′ · σ′ + ϕ′ ·ϕ′ − A2

0

]2
.

(272)

g′0 and µ′0 are coupling and mass constants respectively, λ′ is also a constant. L is
invariant under a global vectorial SU(3) transformation of ϕ′ and linear transformations
of the other fields14 . We thus have vectorial SU(3) symmetry, but again there is axial
SU(3) symmetry breaking, still not influencing the algebra, which is as in the quark
model.

The sigma term. - In the sigma model the divergence of the axial vector current
operator is proportional to the meson octet

∂µJ ′
i
5µ = −

√
2

3
µ2

0A0ϕ
i, (273)

and the equal time commutator of the divergence of the axial current with the axial
current is[

∂µJ ′
i
5µ (x) , J ′

j
5µ (y)

]
x0=y0

= −iδ (x− y)

√
2

3
µ2

0A0

(√
2

3
σ′δij + dijkσ

′k

)
, (274)

dijk are the symmetric structure constants of SU(3). In the range i ≥ 1, j ≤ 3, the
right-hand side reduces to the so-called sigma term,

[
∂µJ

′i
5µ (x) , J ′j5µ (y)

]
x0=y0

= −iδ (x− y)
√

2
3
µ2

0A0δij

(√
2
3
σ′ +

√
1
3
σ′8
)

= µ2
0δijδ (x− y) Σ (y) ,

(275)

where δijΣ(y) is a Lorentz scalar, isoscalar (I ′ = 0) operator. More generally, by use of
the charge commutators (see below) and partial integration, it is easily shown3 that the
sigma term is symmetric in i and j, and thus a mixture of I ′ = 0 and I ′ = 2 components.

Schwinger terms. - To the eight isospin current vector operators J ′ correspond
eight scalar charge operators (integrating the time component over all three-dimensional
space) I ′, which are generators of SU(3) isospin rotations, that is they generate a repre-
sentation of SU(3), the members R of which, rotate the operator field Ψ, i.e. Ψ → RΨ.
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To the eight isospin current axial-vector operators J ′5 there similarly correspond eight
pseudoscalar charge operators I ′5 called the chiral charge or chirality operators. Another
basic postulate of the current algebra formalism is, that the commutators of the charge
operators with the components of the current operators are

[
I ′i (x0) , J

′j
µ (x)

]
= ifijkJ

′k
µ (x) ,

[
I ′i (x0) , J

′j
5µ (x)

]
= ifijkJ

′k
5µ (x) ,[

I ′i5 (x0) , J
′j
µ (x)

]
= ifijkJ

′k
5µ (x) ,

[
I ′i5 (x0) , J

′j
5µ (x)

]
= ifijkJ

′k
µ (x) .

(276)

For the left- and right-handed chiral components we get again an SU(3)L×SU(3)R algebra

[
I ′iL (x0) , J

′j
Lµ (x)

]
= ifijkJ

′k
Lµ (x) ,[

I ′iR (x0) , J
′j
Rµ (x)

]
= ifijkJ

′k
Rµ (x) ,[

I ′iL (x0) , J
′j
Rµ (x)

]
=
[
I ′iR (x0) , J

′j
Lµ (x)

]
= 0.

(277)

It can be shown14 that (276) imply, for the equal time commutation relations of the time
component with the spatial components of the current operators,[

J ′
i
0 (x) , J ′

j
a (y)

]
x0=y0

= iδ (x− y) fijkJ
′k
a (y) + i∇b

(
δ (x− y)Sij

ab (y)
)
. (278)

Terms containing Sij
ab are called Schwinger terms. Contrary to the quantities contained

in the previous commutation relations, Sij
ab are strongly model dependent and rather

problematic. Luckily they do not affect the applications we shall consider. However to
be consistent we should also add a Schwinger term to the right-hand side of (275).

Charge commutators. - The current operators J ′
µ and J ′

5µ are assumed to be
SU(3) isospin current operators, and therefore the charge operators I ′ and I ′5 must
be generators of SU(3) isospin rotations and satisfy equal time commutation relations
analogous to (71), and a mixed commutator relation, which follows trivially

[
I ′i (t) , I ′j (t)

]
= ifijkI

′
k (t) ,

[
I ′i5 (t) , I ′j5 (t)

]
= ifijkI

′k (t) ,[
I ′i (t) , I ′j5 (t)

]
= ifijkI

′k
5 (t) .

(279)

For the charge operators I ′L and I ′R once again we have an SU(3)L×SU(3)R algebra

[
I ′iL (t) , I ′jL (t)

]
= ifijkI

′k
L (t) ,

[
I ′iR (t) , I ′jR (t)

]
= ifijkI

′k
R (t) ,[

I ′iL (t) , I ′jR (t)
]

= 0.

(280)

As will be discussed in section 5.4, this algebra is not observed in the hadron spectrum.
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CVC. - If the SU(3) breaking term in the Lagrange density operator δmL8 has the
form as in (267), i.e. contains no derivatives of field operators and is the eighth member
of an octet, the divergence of the vector current operator is

∂µJ ′
i
µ (x) = δmfi8kLk. (281)

Thus the vector current operators J ′µ
i, i = 1, 2, 3, 8 are conserved (CVC), as we shall also

assume generally, while the divergences of the vector current operators J ′µ
i, i = 4, 5, 6, 7

are proportional to the SU(3) breaking parameter δm.

The light hadrons are approximately grouped in SU(3) multiplets, and therefore must
be assumed to be composed of product states of the three light quarks. However, quark
states are not observed, but seem to satisfy confinement, and the composition of the
observed hadron fields in terms of quark fields, is not known. Therefore, the above
models can not be correct since they do not lead to confinement, and even if the algebra
and divergence assumptions are correct, extra assumptions are needed in order to make
any computations (section 5.3).
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5.3 Soft pion theory

In this section we introduce the concepts of soft pions and PCAC and use them together
with current algebra to derive low energy ππ and πN scattering amplitudes.

Parameterization of hadronic currents. - Consider some nucleonic process
for which, with p and p′ the nucleon four-momenta, the lowest order amplitude is as-
sumed to depend linearly on the current matrix elements 〈n′, p′ out|JH

µ (0)|n, p in〉 and
〈n′, p′ out|JH

5µ(0)|n, p in〉, where JH and JH
5 are the vector and axial-vector components

of the appropriate hadronic isospin current operator of sections 5.1 and 5.2, linear in
both of the two (four-component) spinor fields ψ

p
and ψn, corresponding to the p and

the n respectively. By Lorentz invariance, the matrix elements can be parameterized
according to3

〈n′, p′ out
∣∣JH

µ (0)
∣∣ n, p in〉 = i

(
1

2p′0V ′
N2p0VN

)1/2

u′ (p′) [gV (q2) γµ + fV (q2)σµνq
ν ]u (p) ,

〈n′, p′ out
∣∣JH

5µ (0)
∣∣ n, p in〉 = i

(
1

2p′0VN′2p0VN

)1/2

u′ (p′) [gA (q2) γµγ5 − ifA (q2) qµγ5]u (p) ,

(282)

VN, VN′ are the normalization volumes of the nucleons, q ≡ p − p′, σµν is the usual1

Dirac tensor, u(p) and u(p′) are the four-component (one-isospin-component) spinors of
the n and the p respectively, and gV, fV, gA, fA are scalar form factors. Because of the
smallness of the n p mass difference q is very small and only gV ≡ gV(0) and gA ≡ gA(0)
are important†. With the identification JH

µ = J ′1µ+iJ ′2µ, ∂µJµ = 0 (CVC) can be shown78

to imply the fact, that gV needs no renormalization from the strong interactions, i.e.
gV ≡ gV(0) = 1 as in the purely leptonic muon β decay.

For the case of π-decay, again by Lorentz invariance, as explained in appendix C, the
relevant matrix element can be parameterized according to

〈0
∣∣JH

5µ (0)
∣∣ π, p in〉 = i

(
1

2p0VN

)1/2

fπp
µ, (283)

which, by translational invariance implies that

〈0
∣∣∂µJH

5µ (x)
∣∣ π, p in〉 =

(
1

2p0VN

)1/2

fπ. (284)

†Furthermore, in the limit q → 0 (282) reduces to 〈p′ out|JH
µ (0)|p in〉 = igVu′(0)γµu(0) and similarly

for the axial-vector current. gV and gA are thus proportionality factors, relating the weak currents to
the isospin currents. This proportionality, we know from gauge theory8 , implies, that gV and gA must
be identified with weak coupling constants or charges.
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Thus ∂µJH
5µ 6= 0, implying that gA does have renormalization effects. Indeed, experimen-

tally33 gA(0)/gV(0) = 1.23± 0.01. The relatively small difference to 1 suggests that the
divergence ∂µJH

5µ (x) might be small. The hypothesis that this divergence vanishes in the
limit of vanishing pion mass is known as partial conservation of axial current or PCAC.

Scattering amplitudes with soft pions. - Consider the processes A(Pi)+π
+(P ) →

B(Pf) and A(Pi) → B(Pf)+π−(P ′). We assume that the pions are soft, i.e. P, P ′ � mπ
‡, and that A and B are sets of hadrons of total four-momentum Pi and Pf respectively,
and both containing a nucleon denoted N and N ′ respectively, which we single out:
A(Pi) = α(Pi)+N(p), B(Pf) = β(Pf)+N ′(p′), Pi = pi + p and Pf = pf + p′. As discussed
in appendix C we can make the choice (431) fπm

2
πϕ

π−(x) = ∂µJH
5µ(x) = ∂µA−

µ (x) ≡
∂µ(J ′5µ

1(x) − iJ ′5µ
2(x))/21/2 for the pion field, so that, according to the LSZ formalism

(see (e.g. ref 1), the scattering amplitudes are given by

〈Pf out | PiP in〉 = i
∫
d4x e−iP ·x

√
2P0Vπ

(m2
π + 2)

〈
Pf out

∣∣∣ϕπ− (x)
∣∣∣Pi in

〉
= i

∫
d4x e−iP ·x

√
2P0Vπ

(m2
π+2)

fπm2
π

〈
Pf out

∣∣∂µA−
µ (x)

∣∣Pi in
〉

= − (2π)4 δ4 (q − P ) 1√
2P0Vπ

(m2
π−q2)

fπm2
π
qµ
〈
Pf out

∣∣A−
µ (0)

∣∣Pi in
〉

(285)

and

〈PfP
′ out | Pi in〉 = −i

∫
d4x eiP ′·x

√
2P ′

0Vπ
(m2

π + 2)
〈
Pf out

∣∣∣ϕπ− (x)
∣∣∣Pi in

〉
= −i

∫
d4x eiP ′·x

√
2P ′

0Vπ

(m2
π+2)

fπm2
π

〈
Pf out

∣∣∂µA−
µ (x)

∣∣Pi in
〉

= (2π)4 δ4 (q + P ′) 1√
2P ′

0Vπ

(m2
π−q2)

fπm2
π
qµ
〈
Pf out

∣∣A−
µ (0)

∣∣Pi in
〉

(286)

respectively, with q ≡ Pf − Pi.

Evaluation of the axial current matrix elements. - The above matrix elements
we wish to relate to the matrix elements for the processes without the pion. To this end
we have first to make some manipulations. First we observe that

∫
d3x

〈
Pf out

∣∣A−
outµ (t = ∞, x)− A−

inµ (t = −∞, x)
∣∣Pi in

〉
=∫

d3x
〈
Pf out

∣∣A−
µ (t = ∞, x)− A−

µ (t = −∞, x)
∣∣Pi in

〉
=∫∞

−∞dt
〈
Pf out

∣∣∣dA−
µ (t,x)

dt

∣∣∣Pi in
〉

=

i (2π)4 δ4 (q) q0
〈
Pf out

∣∣A−
µ (0)

∣∣Pi in
〉
.

(287)

‡The ”in” and ”out” pion operator fields do not represent physical pions, but satisfy ”off-mass-shell”
free field equations, with P 2, P ′2 ≈ 0 6= m2

π.
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We assume (PCAC) that the left-hand side is finite and non-vanishing, so that
〈Pf out|A−

µ (0)|Pi in〉 has a first order pole in q at q = 0. This is equivalent to as-
suming the possibility of a change of chiral charge by creation of a zero energy pion.
Now, preliminarily, we restrict to A=n and B=p. Applying translation to (282) we get〈

p′ out
∣∣A−

µ (x)
∣∣ p in

〉
=

eix·qi
(

1
2p′0VN′2p0VN

)1/2

u′ (p′) [gA (q2) γµγ5 − ifA (q2) qµγ5]u (p) .

(288)

Since we study processes involving the emission or absorption of soft pions, q ≈ 0, we
ignore the last term of the right-hand side of (288) (assuming no pole of fA - see (435)).
Furthermore the masses of the p and the n are assumed equal and therefore q0 = 0,
implying that there is no time dependence. Thus〈

p′ out
∣∣A−

µ (x)
∣∣ p in

〉
≈ ieix·q

(
1

2p′0VN′2p0VN

)1/2

gAu′ (p
′) γµγ5u (p)

= ieix·q
(

1
2p′0VN′2p0VN

)1/2

gAuN′ (p′) 2τ−γµγ5uN (p) ,

(289)

where uN and uN′ are two-isospin-component spinors of the initial nucleon (a neutron)
and the final nucleon (a proton) respectively and τ− = (τ 1 − iτ 2)/21/2 is the isospin
raising matrix of the nucleon corresponding to the occurrence of a π+ in the initial state
or a π− in the final state. (289) and the formulas in the rest of this section hold for
general isospin, that is, for a different choice of initial and final nucleons and pion we
can substitute the corresponding two isospin components spinors and isospin matrices.
We now return to the matrix element 〈Pf out|A−

outµ(x)|Pi in〉, of (287). Restricting to
processes without other particles in A and B than nucleons, we assume that A−

out is a
sum of terms bilinear14 in the two isospin components nucleon operator field Ψout with a
term for each final nucleon. Demanding that 〈Pf out|A−

outµ(x)|Pi out〉, agrees with (289)
in the limit t→∞, if we ignore α and β and let N=n and N’=p, we find

A−
outµ (x) = gAΨout (x) 2τ−γµγ5Ψout (x) . (290)

Inserting a complete set of ”on-mass-shell” ”intermediate” out states gives〈
Pf out

∣∣A−
outµ (x)

∣∣Pi in
〉

= gA

〈
Pf out

∣∣Ψout (x) 2τ−γµγ5Ψ (x)
∣∣Pi in

〉
=

gA

∑
permutations

∑
spin

ispspin

∑
k

〈
Pf out

∣∣Ψout (x) 2τ−γµγ5Ψout (x)
∣∣ pik out

〉
〈pik out|Pi in〉 .

(291)

”permutations” indicate ”singling out” the other nucleons in α and β if there are any.
There is again no time dependence. Therefore∫

d3x
〈
Pf out

∣∣A−
outµ (x)

∣∣Pi in
〉

= gA

∑
permutations

∑
spin

ispspin

∑
k

δ3 (p′ − k)

〈
Pf out

∣∣Ψout (0) 2τ−γµγ5Ψout (0)
∣∣ pik out

〉
〈pik out|Pi in〉 .

(292)
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Insertions. - According to (42) and (50) we can write

〈Pf p
′ out | p in〉 = δfi + i (2π)4 δ4 (q)Tfi

= i (2π)4 δ4 (q)
Mfi√

2p0VN2p′0VN′

≡ i (2π)4 δ4 (q)uN′ (p′)
Ωfi√

2p0VN2p′0VN′
uN (p) ,

(293)

〈p′ out | Pip in〉 ≡ i (2π)4 δ4 (q)uN′ (p′)
Ω′

fi√
2p0VN2p′0VN′ N

uN (p) (294)

where uN and uN′ now denote arbitrary nucleon states. Notice that the right-hand side
of (292) is reminiscent of a fermion propagator1,8 . In fact, to carry this analogy through,
at q = 0,−i/q0

∫
d3x 〈Pf out|A−

outµ(x)|Pi in〉 is equal to a sum of terms, each of which is
the right-hand side of (293) with one of the final nucleons of B ”singled out” and the
following insertion made

uN′ (p′) → gA (q2)uN′ (p′) 2τ−γµγ5

(
1

p′µγµ−qµγµ−mN

)
≈ gAuN′ (p′) 2τ−γµγ5

(
p′µγµ+mN

−2p′µqµ

)
.

(295)

A similar analysis to the above can be carried through for A−
in, giving a sum of terms,

each of which has one of the initial nucleons of A singled out, and

uN (p) → gA (q2)
(

1
pµγµ+qµγµ−mN

)
2τ−γµγ5uN (p)

≈ gA

(
pµγµ+mN

2pµγµqνγν

)
2τ−γµγ5uN (p) .

(296)

Since the applicability of these insertions to (292) is strictly valid only for q = 0, the
general soft pion applicability rests on PCAC and thus on the non-occurrence of singu-
larities in the threshold region other than the nucleon pole. The matrix elements (285)
and (286) correspond to altering the process by adding one soft pion to the final or the
initial state, that is inserting one vertex somewhere in a ”renormalized” diagram. But to
the accuracy implied by PCAC, we can restrict to the insertions (295) and (296), which
correspond to attaching a soft pion vertex to an external line (figs. 59d,e). In fact it can
be shown79 , that attaching a soft pion vertex to an internal line (fig. 59b) leads to con-
tributions to qµ 〈Pf out|A−

µ (0)|Pi in〉, of first order in q, which may be neglected, while
attaching a soft pion vertex to an external or internal line and letting the pion line termi-
nate (in some other process) (fig. 59c) leads to contributions to qµ 〈Pf out|A−

µ (0)|Pi in〉,
of second order in q, which may also be neglected. In the presence of a strong low energy
singularity this description breaks down.
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A B

(a) (b) (c)

(d) (e)

Figure 59: Insertions of soft photons.

Invoking PCAC. - Because of the delta function, (287), (293), (295) and (296)
express the agreement of (−q2 + m2

π)qµ 〈Pf out|A−
µ (0)|Pi in〉 with a certain function at

q = 0, while (285) and (286) express the agreement of (−q2 +m2
π)qµ 〈Pf out|A−

µ (0)|Pi in〉
with another function at q = P (q = −P ′) and are exact only for q2 = m2

π. We shall
however invoke PCAC, that is assume that we can to an accuracy of zeroth order in
q2 equal the two functions. Specifically we assume that δ4(q) in (293) is replaced by
δ4(q − P ′) when considering the process (285), and by δ4(q + P ) when considering the
process of (286). Dropping q2 terms in (285) and (286), and combining (285), (286),
(287) , (293), (295), (296), we find finally,

〈Pf out | Piq in〉 ≈ 1√
2q0Vπ

m2
π

fπ
qµ(

〈Pf out | Pi in〉µuN→ + 〈Pf out | Pi in〉µuN′→

)
,

〈Pf (−q) out | Pi in〉 ≈ 1√
−2q0Vπ

m2
π

fπ
qµ(

〈Pf out | Pi in〉µuN→ + 〈Pf out | Pi in〉µuN′→

)
.

(297)

The subscripts uN′ → and uN → denote a sum over permutations with insertions (295)
(fig. 59d) and (296) (fig. 59c) respectively.

Scattering amplitudes with two soft pions, PCAC and current algebra.
- For scattering applications of PCAC and soft pion theory, we need to generalize to
multiple soft pion emission and absorption. We shall see that this is where the actual
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current algebra comes into play. For two soft pions, the LSZ reduction formula1 implies

〈
B (Pf)π

l (P ′) out | A (Pi)
(
πk
)

in
〉

=

−
∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

(m2
π + 2x) (m2

π + 2x′)〈
Pf out

∣∣T (ϕk (x)ϕl (x′)
)∣∣Pi in

〉
= −

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

(m2
π − P 2)

(
m2

π − P ′2)
〈
Pf out

∣∣T (ϕk (x)ϕl (x′)
)∣∣Pi in

〉
= −

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

(m2
π−P 2)(m2

π−P ′2)
(fπm2

π)2〈
Pf out

∣∣T (∂µJk
5µ (x) ∂νJ l

5ν (x′)
)∣∣Pi in

〉
,

(298)

where the second equality follows from integration by parts, and is valid only for ”off-
mass-shell” pions. The definition of time-ordering

T (A (t)B (t′)) = θ (t− t′)A (t)B (t′) + θ (t′ − t)B (t′)A (t) ,

θ (t) =

{
1, t > 0,
0, t < 0,

(299)

with A and B arbitrary operators, implies that

∂µT (Aµ (x)Bν (x′)) = T (∂µAµ (x)Bν (x′)) + δ (x0) [A0 (x)B0 (x′)] . (300)

By applying this equation twice to (298), and dropping P 2 and P ’2 in (298), we can find
MπkA→πlB. Following Weinberg80 , we split into three terms,〈

B (Pf)π
l (P ′) out | A (Pi)

(
πk
)

in
〉

= 〈 〉(A) + 〈 〉(C) + 〈 〉(B) , (301)

which we shall state and discuss in turn:

〈 〉(A) =

PµP ′
ν

f2
π

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

(
e−iP ′·x′√
2P0′Vπ′

)∗ 〈
Pf out

∣∣T (Jk
5µ (x) J l

5ν (x′)
)∣∣Pi in

〉 (302)

In the limit P, P ′ → 0, we drop terms of higher order than PP ′ and retain only external
line insertions in the first term, which can be then found using (297), (285) and (286) if
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the vertex 〈Pf |Jk
5µ|Pi〉, is known.

〈 〉(C) =

1
−f2

π

1
2

44 e−iP ·x
√

2P0Vπ

e−iP ′·x′√
2P0′Vπ′

(x0′ − x0)
µ 〈Pf out

∣∣[Jk
50 (x) , J l

5µ (x′)
]∣∣Pi in

〉
− P ν

〈
Pf out

∣∣[J l
50 (x′) , Jk

5ν (x)
]∣∣Pi in

〉
) +O (PP ′)

= 1
f2

π

i
2

1√
2P0Vπ

1√
2P0′Vπ′

(P µ
∫
d4x

〈
Pf out

∣∣[I l
5 (x0) , J

k
5µ (x)

]∣∣Pi in
〉

− P ′ν 〈Pf out
∣∣∫ d4x′

[
Ik
5 (x′0) , J

l
5ν (x′)

]∣∣Pi in
〉
) +O (PP ′)

= − 1
f2

π

1√
2P0Vπ

1√
2P0′Vπ′

(P µ + P ′µ)
〈
Pf out

∣∣εklm
∫
d4xJm

µ (x)
∣∣Pi in

〉
+O (PP ′) ,

(303)

where the current algebra (276) has been used in the second equality, with the SU(3)
antisymmetric structure constants fklm, k, l,m = 1, .., 8 replaced by the SU(2) anti-
symmetric constants εklm, k, l,m = 1, 2, 3.

〈 〉(B) =

− 1
f2

π

1
2

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

δ (x0 − x0′)(〈
Pf out

∣∣∣[J0
5 (x) , ∂

∂xµ′
Jk

5µ (x′)
]∣∣∣Pi in

〉
−
〈
Pf out

∣∣∣[J0
5 (x′) , ∂

∂xµ
Jk

5ν (x)
]∣∣∣Pi in

〉)
= − 1

f2
π

1
2

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

δ (x0 − x′0)〈
Pf out

∣∣[Jk
50 (x) , ∂νJ l

5ν (x′)
]
+
[
J l

50 (x′) , ∂µJk
5µ (x)

]∣∣Pi in
〉

= 1
f2

π

∫
d4x

∫
d4x′ e−iP ·x

√
2P0Vπ

eiP ′·x′√
2P0′Vπ′

im2
πδklδ (x− x′) 〈Pf out |Σ (x)|Pi in〉

(304)

where the expression (275) for the SU(2) sigma term has been used. Because of the

factor m2
π, the term 〈〉(B) is a pion mass correction relative to the terms 〈〉(A) and 〈〉(C).

We have seen then, that the amplitude for the scattering of a soft pion on some tar-
get can be expressed in terms of the vertices 〈Pf out|Jk

µ |Pi in〉, 〈Pf out|Jk
5µ|Pi in〉, and

〈Pf out|Σ|Pi in〉.
Observations. - In contrast to soft photon emission,1,8, 25 because of the different

choice of boson field, we do not have an soft pion infrared divergence in e.g. πN scat-
tering. This indicates that there is also no infinite contribution from the second order
elastic correction, since in QED the infrared divergence due to the second order elastic
correction, according to the Bloch-Nordsieck theorem cancels the infrared divergence due
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to soft photon emission. In (289), (295), (296) and (297) we have dropped contributions
to
∫
d3x 〈Pf out|A−

µ (x)|Pi in〉 q0 of zeroth order and higher in q, i.e. contributions to
qµ 〈Pf out|A−

µ (0)|Pi in〉, of first order and higher in q2. In (302) a similar restriction was
made . This is permissible since PCAC restricts the accuracy of (297) to zeroth order
in q2. The restriction of the accuracy of qµ 〈Pf out|A−

µ (0)|Pi in〉, to zeroth order in q, is
responsible for the very simple form of (297). The two kind of insertions are represented
graphically in figs. 59d,e. The above restriction in accuracy implies the same restric-
tion in accuracy of the scattering amplitude when PCAC is used for the calculation of it.
Therefore, if the amplitude for a process in which n soft pions with momenta P1, .., Pn are
emitted/absorbed, is for kinematic reasons, of order P1..Pn, straightforward application
of PCAC and current algebra gives no information about it.
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5.4 Chiral symmetry breaking

Before discussing the effective lagrangian approach to calculating low energy hadron
scattering amplitudes, we need to introduce some further field concepts than the ones
already described.

The SU(2) sigma model. - We return to the case of a nucleon doublet Ψ and a
pion triplet ϕ, as in (75), and introduce a simplification9 of the sigma model lagrangian
(272), which has the ”smaller” symmetry group SU(2),

L = Ψi∂µγ
µΨ + 1

2
∂µϕ · ∂µϕ + 1

2
∂µσ∂

µσ

−g0Ψ (σ − 2iτ ·ϕγ5)Ψ + 1
2
µ2

0 (σ2 + ϕ2)− 1
4
λ (σ2 + ϕ2)

2
,

(305)

where σ is a scalar field. Ψ appears to be massless, and ϕ and σ appear both to have
mass µ2

0. This is not the case because the sigma model exhibits spontaneous symmetry
breaking, as discussed below. With a new matrix field defined by

Σ ≡ σ + 2iτ ·ϕ, (306)

so that

σ2 + ϕ2 =
1

2
Tr
(
Σ†Σ

)
, (307)

we find that the lagrangian can be written

L = ΨLi∂µγ
µΨL + ΨRi∂µγ

µΨR + 1
4
Tr
(
∂µΣ∂µΣ†)

+1
4
µ2

0Tr
(
Σ†Σ

)
− 1

16
λTr2

(
Σ†Σ

)
− g0

(
ΨLΣΨR + ΨRΣΨL

)
.

(308)

Global gauge symmetry. - The SU(2) sigma model shall now be used to illustrate
some symmetry concepts. In (305), the terms involving only σ and ϕ are invariant under
individual rotations of σ and ϕ. The full lagrangian has chiral, or SU(2)L×SU(2)R

symmetry, i.e. is invariant under separate left- and right-handed global SU(2) gauge
transformations8

ΨL → ULΨL, ΨR → URΨR,

Σ → ULΣU †
R,

(309)

UL and UR are arbitrary SU(2) matrices

UL,R = exp (−iαL,R · τ ) , (310)

identical matrices corresponds to having ”normal” vectorial SU(2) symmetry. The left-
and right-handed components of the spin 1/2 fields are given by

ΨL = 1
2
(1 + γ5) Ψ, ΨR = 1

2
(1− γ5) Ψ,

Ψ = ΨL + ΨR.

(311)
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The transformations of σ and ϕ are a bit more complicated9 ,

σ → 1
2
Tr
(
ULU

†
R

)
σ + iTr

(
ULτ

iU †
R

)
ϕi,

ϕj → Tr
(
τ jULU

†
R

)
σ + 2Tr

(
τ jULτ

iU †
R

)
ϕi.

(312)

The conserved Noether currents (section 1.5) are given by

Jk
Lµ = ΨLγµτ

kΨL − 1
4
iTr
(
τ k
[
Σ∂µΣ† − (∂µΣ) Σ†])

= ΨLγµτ
kΨL − 1

2

(
σ∂µϕ

k − ϕk∂µσ
)

+ 1
2
εklmϕL∂µϕ

m,

(313)

Jk
Rµ = ΨRγµτ

kΨR − 1
4
iTr
(
τ k
[(
∂µΣ†)Σ− Σ†∂µΣ

])
= ΨRγµτ

kΨR − 1
2

(
σ∂µϕ

k − ϕk∂µσ
)

+ 1
2
εklmϕL∂µϕ

m,

(314)

εklm are the structure constants31 of SU(2) ((x× y)k = εklmxlym).

Spontaneous symmetry breaking - is said to occur when a symmetry of a la-
grangian is not a symmetry of the ground state of the lagrangian. We shall use the
sigma model to illustrate this. The SU(2) sigma model lagrangian (308) has global
vectorial SU(2) symmetry. We find the potential energy operator

V = −1

2
µ2

0

(
σ2 + ϕ2

)
+

1

4
λ
(
σ2 + ϕ2

)2
. (315)

The vacuum state |0〉 is defined as the eigenstate |b〉 of H which minimizes 〈b|V |b〉. For
µ2

0 < 0, the vacuum state is the unique state given by 〈0|σ|0〉 = 〈0|ϕ|0〉 = 0. For µ2
0 > 0

however, minimization of 〈b|V |b〉 reveals a continuous set of degenerate states (fig. 60)
given by

〈b|σ2 + ϕ2|b〉 = µ2
0/λ ≡ v2. (316)

All the states satisfying (315) are related by vectorial SU(2) transformations of the
fields. In QFT with a unique ground state, excitation about the ground state is quan-
tized and interpreted as corresponding to a particle (or to several particles). The min-
imum excitation energy is interpreted as the particle’s mass. With a continuous set of
minimum-energy states, a ground state must be chosen. For the sigma model we choose
an eigenstate of the fields satisfying

〈b|σ|b〉 = v, 〈b|ϕ|b〉 = 0. (317)

This destroys vectorial SU(2) symmetry. Any infinitesimal transformation of the ground
state into another minimum energy state can be regarded as a superposition of ”exci-
tations” in the ”pionic directions” (see fig. 60), with excitation energies zero, implying
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ϕ

σ

V

Figure 60: Degenerate ground states.

the existence of three massless pions. The fact that a spontaneously broken symmetry
implies the existence of one or more massless bosons - Goldstone bosons - is the essence
of the Goldstone theorem81,82 . Defining

σ̃ = σ − v, (318)

the SU(2) sigma model lagrangian reads

L = Ψ (i∂µγ
µ − g0v)Ψ + 1

2
(∂µσ̃∂

µσ̃ − 2µ2
0σ̃

2) + 1
2
∂µϕ · ∂µϕ

−g0Ψ (σ̃ − 2iτ ·ϕγ5)Ψ− λvσ̃ (σ̃2 + ϕ2)− 1
4
λ
[
(σ̃2 + ϕ2)

2 − v4
]
.

(319)

Notice that the pion field is massless, while the σ̃ and nucleon fields have masses
2µ2

0 = 2λv2 and g0v respectively. Because of the nucleon mass term, the chiral
SU(2)L×SU(2)L symmetry of the nucleon part of the lagrangian no longer exists. Cer-
tainly breaking of vectorial SU(2) symmetry implies breaking of chiral SU(2)L×SU(2)L

symmetry. However, although the word breaking is used, the symmetry is actually just
realized in a way different from the ”usual”. ”Usually” (section 1.5) there is mass de-
generacy and invariance under isospin rotations of the degenerate fields, implying that
the couplings of the different isospin states are related. In the case of the sigma model,
states corresponding to a nucleon and a nucleon accompanied by a zero energy massless
pion, are degenerate9 , and the couplings of two such states to a third state are related.
We will return to this in section 5.3.

Another example of spontaneous symmetry breaking is the breaking of SU(2)L×U(1)
symmetry (the Higgs mechanism) in the elektro-weak sector of the standard model.
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Local gauge symmetry. - Because it involves derivatives, the sigma model la-
grangian is not invariant under space dependent or local transformations

ΨL (x) → UL (x)ΨL (x) , ΨR (x) → UR (x)ΨR (x) ,

UL,R (x) = exp (−iαL,R (x) · τ ) .

(320)

The remedy for this is to use instead of the derivative, the covariant derivative, which
we shall now define. Consider a general set of fields Θ(x) = {Θ1(x), ..,Θr(x)}, and an
r × r matrix

U (x) = exp (−iα (x) ·G) , α (x) = {α1, .., αn} , (321)

where U(x) belongs to a representation of a group G (e.g. SU(2)), the representation of
which is generated by the group generators G = {G1, .., Gn}. The group generators G
are r×r matrices, with normalization given by9 Tr(GaGb) = δab/2. Let Θ be transformed
by U , Θ(x) → U(x)Θ(x). We define the covariant derivative Dµ for the fields Θ by

Dµ (x) Θ (x) = [∂µ + ig0G ·Bµ (x)] Θ (x) , (322)

where Bµ(x)={B1
µ(x),..,Bn

µ(x)} are n gauge fields, and g0 is the coupling constant corre-
sponding to the group G. Thus the covariant derivative is an r×r matrix. By demanding

DµΘ → U (DµΘ) , (323)

we find that the gauge fields transformations satisfy

G ·Bµ (x) → U (x) G ·Bµ (x)U (x)−1 +
i

g0

∂µ

[
U (x)U (x)−1] . (324)

The field strength operators Fµν ,(x)={F1
µν ,(x),..,F

n
µν ,(x)} are second rank tensors defined

by
[Dµ (x) , Dν (x)] Θ (x) ≡ ig0 (G · Fµν (x)) Θ (x) , (325)

implying

G · Fµν = ∂µG ·Bν − ∂νG ·Bµ + ig0 [G ·Bµ,G ·Bν ] ,

F a
ν = ∂µB

a
ν − ∂νB

a
µ + ig0c

abcBb
µB

c
ν .

(326)

The transformation of Fµν reads

Fµν (x) → U (x) Fµν (x)U (x)−1 . (327)

Notice that if the group G is abelian, n = 1,Fµν is invariant.

There may be invariance under several groups involved (as in the standard model).
For two groups H and G, and a matter operator field Θ(x) = {Θ1(x), ..,Θr(x)}, the
covariant derivative is defined by

Dµ (x)Θ (x) = [∂µ + ih0H ·Cµ (x) + ig0G ·Bµ (x)]Θ (x) , (328)
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where g0 and h0are the coupling constant of G and H respectively, G and H are the
generators of r-dimensional representations of G and H respectively, and Bµ and Cµ are
the gauge fields of G and H respectively.

A local gauge invariant lagrangian. - A gauge invariant lagrangian for r scalar
fields ϕ = {ϕ1, .., ϕr} and s spin 1/2 operator fields Ψ = {Ψ1, ..,Ψs} has the form9

L = −1
2
Tr (F µνFµν)− 1

2
Tr (F ′µνF ′

µν) + (Dµϕ)†Dµϕ + iΨDµγµΨ

−ΨmΨ− V
(
|ϕ|2

)
+ L (Ψ,ϕ) + ...

= −1
4
F aµνF a

µν − 1
4
F ′aµνF ′a

µν +
(
Dkm

µ ϕm
)∗
Dknµϕn + iΨi (Dµγµ)ij Ψj

−ΨimijΨj − V (ϕm∗ϕm) + L
(
Ψ1, ..,ΨR, ϕ1, .., ϕs

)
+ ...,

(329)

where F and F ′ are the field strengths of B and C respectively and m is the r × r
fermion mass matrix.

Exponential representation of the sigma model. - A useful non-linear trans-
formation of the scalar fields of the SU(2) sigma model lagrangian after spontaneous
symmetry breaking and field redefinition into new fields S, U , is given by9

(v + S)U = σ + 2iτ · ϕ, U = exp
(

2i
v
τ · ϕ̆

)
,

S ≡
√
σ2 + ϕ2 − v = σ̃ + ..., ϕ̆ = ϕ+ ... ,

(330)

implying the non-linear representation of the SU(2) sigma model lagrangian

L = 1
2

[
(∂µS)2 − 2µ2

0S
2
]
+ 1

4
(v + S)2 Tr

(
∂µU∂

µU †)
−λvS3 − 1

4
λS4 + Ψi∂µγ

µΨ− g0 (v + S)
(
ΨLUΨR + ΨRU

†ΨL

)
.

(331)

Ψ has mass g0v/M , S has mass 2µ2
0. U is massless and transforms like Σ, i.e.

U → ULUU
†
R. (332)

Observe that this lagrangian, although expressing the same physics as the previous
SU(2) sigma model lagrangian, has only derivative pionic couplings. The fact that the
physical consequences are independent of the chosen representation of the system can
be demonstrated by calculating e.g. the low energy π+π0 → π+π0 scattering amplitude
to leading order in the momenta (second order) from (319) and (331) respectively. The

initial momenta are denoted P π+
, P π0

, and the final momenta P π+ ′
, P π0 ′

.

For the linear representation (319), the relevant terms of the lagrangian and the
corresponding amplitude read

LI = −1
4
λ (ϕ2)

2 − λvσ̃ϕ2,

Mπ+π0
= −2λ+ (−2iλv)2 1

q2−2λv2 = t
v2 + ...,

(333)
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where q = P π+ ′ − P π+
= P π0 − P π0 ′

. This amplitude corresponds to the Feynman
diagrams of fig. 61. At zero momentum, the contributions of figs. 61 a and b cancel.
Thus, even though the interaction has no derivatives, the lowest order amplitude is ∝ q2.

For the exponential representation 331), the relevant terms of the lagrangian and the
corresponding amplitude read

LI = 1
4
v2Tr

(
∂µU∂

µU †)+ ...

= 1
6v2

[
(ϕ̆ · ∂µϕ̆)2 − ϕ̆2 (∂µϕ̆ · ∂µϕ̆)

]
+ ...,

Mπ+π0
=

(
P π+ ′

−P π+
)2

v2 + ... = t
v2 + ... .

(334)

Only the contribution of to fig. 61a has been included, because the contribution of fig.
61b involves four momentum factors.

π+

π0

π+

π0

π+

π0

π+

π0

σ

(a) (b)

Figure 61: Feynman graphs corresponding to different representations.

Explicit symmetry breaking. - The symmetry of a lagrangian may be explicitly
broken by adding a term (usually small) which is not invariant under the symmetry
transformation. One example is the breaking of isospin symmetry of (78) by including
electromagnetism or the mass difference of p and n. Another example is the breaking of
the chiral SU(n)L×SU(n)R isospin symmetry of the QCD lagrangian with n zero-mass
quarks, by adding a mass term that couples the left- and right-handed components of
the quark fields. If the n quarks have identical masses, we still have vectorial SU(n)
symmetry. If not, this symmetry is also broken. With identical quark masses and a
small breaking of chiral symmetry we have CVC and PCAC (see sections 5.2 and 5.3).

Here we shall concentrate on the example provided by the sigma model. Adding the
symmetry breaking term

Lbreaking =
1

4
aTr

(
Σ + Σ†) , (335)

where a is a constant, to the SU(2) sigma model lagrangian (308), explicitly breaks the
SU(2)L×SU(2)R chiral symmetry of the pionic part of the lagrangian, and leaves only
vectorial SU(2) symmetry. To first order in a, the condition on the ground state is then
changed from (317) to

〈b|σ|b〉 = v +
a

2µ2
0

≡ w, 〈b|ϕ|b〉 = 0. (336)
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In the exponential representation, the symmetry breaking term reads

Lbreaking = 1
4
a (w + S) Tr

(
U + U †) = 1

4
a (w + S) Tr

(
2−

(
2τ ·ϕ

w

)2
+ ...

)
= a (w + S)− 1

2
a
w
ϕ ·ϕ + ... .

(337)

Thus the pion acquires a mass m2
π = a/w. Furthermore, the pionic interaction lagrangian

to second order in the pion momenta, LI,2, acquires an extra term, so that

LI,2 =
1

4
w2Tr

(
∂µU∂

µU †)+
1

4
m2

πw
2Tr

(
U + U †)+ ... . (338)

Higher order terms contain higher powers of m2
π. If m2

π is small (comparable to the size
of the small momenta, we are considering), we have an approximate symmetry, and an
amplitude calculated from an expansion like above can be considered an expansion in
both the pion momenta and the pion mass.

For any effective low-energy lagrangian expressed in terms of the field U , a general
lagrangian Lbreaking breaking SU(2)L×SU(2)R chiral symmetry but satisfying SU(2) vec-
torial symmetry, with terms arranged in order of increasing number of derivatives, has
the form

Lbreaking = a1m
2
πTr

(
U + U †)+ a2

[
m2

πTr
(
U + U †)]2

+a3m
2
πTr

(
U + U †)Tr

(
∂µU∂

µU †)+ a4m
2
πTr

[(
U + U †) ∂µU∂

µU †]+ ... .

(339)

Dynamical symmetry breaking - is said to occur when a spontaneously broken
symmetry is further broken by an extra term,9 and the spontaneous symmetry breaking
is of the kind as in e.g. the sigma model, i.e. not caused by the inclusion of an additional
scalar field in the lagrangian (as e.g. the Higgs mechanism of the electro-weak sector
of the standard model). Thus the explicit breaking of the spontaneously broken chiral
SU(2)L×SU(2)R symmetry of the pionic sector of the sigma model, described above is
an example of dynamical symmetry breaking. We assume that the breaking of the chiral
symmetry of an effective low energy lagrangian like the sigma model lagrangian, causing
a non-vanishing pion mass, is somehow caused by the non-vanishing of the quark masses,
which breaks the chiral symmetry of the QCD lagrangian. With n massless quarks the
QCD lagrangian has chiral SU(n)L×SU(n)R isospin symmetry, which is broken by the
non-vanishing of the quark masses. A low energy zero-quark-mass lagrangian describing
the strong interactions of a multiplet of r hadrons, with the hadron fields as degrees
of freedom, must be invariant under a transformation of the r hadrons corresponding
to an r-dimensional representation of SU(n)L×SU(n)R (one of the representations of
the reduction of the product representation). From this we should therefore expect the
hadrons to be arranged in mass degenerate ”mirror” SU(n) isospin multiplets of opposite
parity. Since the u and d quarks have small masses, corresponding to an approximate
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SU(2)L×SU(2)R isospin symmetry, and the spontaneous breaking of SU(2)L×SU(2)R

symmetry is small, as can be seen from the smallness of the pion mass, we should expect
approximately mass degenerate hadronic ”mirror” SU(2) isospin multiplets of opposite
parity. This is not found in nature - only vectorial multiplets are found. The explanation
is given by the axial anomaly (see e.g. ref9). The slight violation of the spontaneously
broken chiral SU(2)L×SU(2)R symmetry of the pionic sector is realized by adding a mass
term m2

πbmϕ · bmϕ to the pionic lagrangian. We assume that the non-vanishing of this
mass term is due to the non-vanishing of the mass term

muψuψu +mdψdψd (340)

of the QCD lagrangian. We have seen that mu=md=0 implies m2
π=0, and therefore the

squared pion mass must have the form

m2
π = (mu +md)B0 + (mu +md)

2C0 + (mu −md)
2D0 + ..., (341)

where B0, C0, D0, ... are constants which we cannot determine theoretically in terms of
the standard model parameters as long as we cannot solve the QCD equations.

Chiral perturbation theory. - For elastic scattering processes involving only
mesons and nucleons, like ππ, πK and πN scattering, we shall now write down the
general form of the respective effective low energy lagrangians with dynamical symme-
try breaking. For each process, the lagrangian consists of a chiral symmetric part plus a
part breaking chiral symmetry but satisfying vectorial symmetry, and is a dual expan-
sion in momentum and mass. We call such a lagrangian a chiral lagrangian. In section
6, we shall use such lagrangians to calculate scattering amplitudes to leading order in
the momentum and symmetry breaking. Higher order corrections can be calculated in
a systematic way order by order in the energy by using higher order lagrangians with
dynamical symmetry breaking. This is a very important advantage over the PCAC and
current algebra method, which gives only the lowest order results (and is cumbersome).

The SU(3) chiral meson lagrangian to second order in the energy. - In the
SU(2) case, this lagrangian has already been given in (338). We rewrite it:

L(2)
pions = 1

8
f 2

πTr
(
DµUD

µU †)+ 1
8
f 2

πTr
(
χU † + Uχ†

)
,

χ ≡ 2B0 (s+ ip) .

(342)

The constant w is replaced by fπ/2
1/2 to stress that this lagrangian is not the sigma

model, but is the most general chiral pion lagrangian to second order in the energy. In
the case of SU(2) predictions to O(E4), with no external sources, we make the identifi-
cation χ = (mu +md)B0 = m2

π. The generalization to SU(3) and the 8 lightest mesons
is made simply by redefining the exponential parameterization (330), letting ϕ have
eight components corresponding to the eight lightest mesons, Ψ have three components
corresponding to the three lightest hadrons and replacing the SU(2) matrices 2τ by the
SU(3) matrices λ.
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The SU(2) chiral πN lagrangian to lowest order in the energy. - We now
write the general lowest order SU(2) invariant nucleon part of the πN lagrangian including
quark masses, but excluding higher powers of derivatives,9

L(1)
nucleons = N

(
iγµDµ − gAγ

µAµγ5 −M
)
N

−1
2
Z0N

(
ξm2×2ξ + ξ†m2×2ξ

†)N − 1
2
Z1NN Tr

(
m2×2U + U †m2×2

)
,

(343)

where M now is the nucleon mass in the chiral limit (without explicit symmetry break-
ing), N is the two-component nucleon field, Z0 and Z1 are constants which parameterize
terms proportional to the 2 × 2 quark mass matrix m2×2, and gA is the nucleon axial-
vector coupling constant ≈ 1.26 (se also appendix C). The agreement of the Noether
current following from (343) with (282) can be shown straightforwardly9 .
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5.5 The inverse amplitude method

Since we only know the lowest order terms of the chiral expansion, the analytic structure
of the full χPT scattering amplitudes are unknown. In this section we shall see how the
predictive power of χPT can be considerably enhanced by assuming the analytic structure
derived from general principles (see section 3) and use dispersion relations. The method
is known as the inverse amplitude method (see e.g.84 and references therein).

Analytic structure of χPT scattering amplitudes. - As commented on earlier,
one of the most characteristic features of the strongly interacting regime is the resonant
states. These appear as peaks of the partial wave scattering amplitudes as a function
of the momentum. They are of course not reproduced by a low order χPT scattering
amplitude, which is a truncated Taylor series in the momentum. All terms of the Taylor
series would be needed to reproduce a scattering peak.

The lowest order χPT scattering amplitudes are real, in disagreement with the elastic
unitarity equation (60), which is valid in the low energy region, and demands an imag-
inary part. This drawback is remedied order by order in the energy expansion. The
lowest order contribution to the imaginary part of the scattering amplitude is of order
p4, and can be found by inserting the amplitude of order p4 on the right-hand side of
(60). This proceeds order by order in the energy expansion. Thus, the χPT scattering
amplitudes do not satisfy full unitarity, but they do satisfy unitarity ”order by order”
(see below).

In the following, we shall use the assumptions of maximal analyticity and crossing
(see section 1) to write dispersion relations for the full χPT scattering amplitude. These
in conjunction with the demand of elastic unitarity ”order by order” turn out to produce
a scattering amplitude which, although derived from low order χPT results, contains
resonant features as well as the correct analytic structure. More precisely, the amplitude
has the correct cuts, and the poles of the amplitude are located on the unphysical sheets
(see section 1), so that the amplitude satisfies maximal analyticity. As commented on
earlier (section 3), it is again the explicit implementation of unitarity which includes
higher order effects.

Unitarity ”order by order”. - The condition of full elastic unitarity of the partial
wave amplitudes (60), is only satisfied by the full χPT scattering amplitude, M I

l =

M
I(2)
l + M

I(4)
l + M

I(6)
l + ... The terms of order 2,4,6,... in the momentum, satisfy

unitarity ”order by order”,

ImM
I(2)
l = 0,

ImM
I(4)
l = ε q

16πω

(
M

I(2)
l

)2

,

Im
(
M

I(6)
l +M

I(4)
l

)
= ε q

16πω

((
M

I(2)
l

)2

+ 2M
I(2)
l ReM

I(4)
l

)
, ... .

(344)

The method. - For an O(pn) χPT amplitude we can write a dispersion relation
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with n/2 + 1 subtractions,

M
I(2)
l (s) = a0 + a1s,

M
I(4)
l (s) = b0 + b1s+ b1s

2 + s3

π

∫∞
(m1+m2)2

ImM
I(4)
l (s′)

s′3(s′−s−iε)
+ LC

(
M

I(4)
l

)
,

(345)

where the subtraction points are chosen at s = 0, (344) has been used in the first

equation, and LC(M
I(4)
l ) is the left-hand cut contribution to the dispersion integral.

Since M
I(2)
l is real, the quantity (M

I(2)
l )2/M I

l has the same analytic structure as M I
l ,

apart from possible pole contributions, PC. Therefore we can write dispersion relations,

(
M

I(2)
l (s)

)2

/M I
l (s) = G0 +G1s+G1s

2

+ s3

π

∫∞
(m1+m2)2

Im
(
M

I(2)
l (s′)/MI

l (s′)
)

s′3(s′−s−iε)
+ LC

((
M

I(2)
l (s)

)2

/M I
l (s′)

)
+ PC,

(346)

where it has been assumed that at most three subtractions are needed (see section 3).
If we expand the subtraction coefficients in powers of m2

α/f
2
β , where fβ is the decay

constant of β, it follows84 that

G0 = a0 − b0, G1 = a1 − b1, G2 = b2. (347)

Furthermore, we can use (60) (valid for s > (mα +mβ)2) and (344) to find[(
M

I(2)
l (s)

)2

/M
I(2)
l (s)

]
= −

(
M

I(2)
l (s)

)2
ImM

I(2)
l (s)∣∣∣MI(2)

l (s)
∣∣∣2

= −
(
M

I(2)
l (s)

)2

ε q
16πω

16πω

= −ImM
I(4)
l (s).

(348)

Therefore, on comparing (346) with (345),(
M

I(2)
l (s)

)2

M I
l (s)

≈M
I(2)
l (s)−M

I(4)
l (s), (349)

or, assuming that M
I(2)
l 6= 0 for all s,

M I
l (s) ≈

(
M

I(2)
l (s)

)2

M
I(2)
l (s)−M

I(4)
l (s)

, (350)

if one assumes that LC((M
I(2)
l )2/M I

l ) ≈ LC(−M I(4)
l ) and that PC≈ 0. The above

formula is the central result of the inverse amplitude method.

Limitations of the method. - It should be noted that in the above derivation, we
made the following assumptions:
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i At most three subtractions are needed in (346).

ii Elastic unitarity and unitarity ”order by order” at the s-value under consideration.

iii (348) can be applied over the left-hand cut.

iv The amplitude M I
l (s) has no zeros.

v M
I(2)
l 6= 0.

If we believe in χPT and maximum analyticity, the validity of these assumptions are
what limit the region of applicability of the inverse amplitude method. As it turns
out, the region is different from process to process, but in general the inverse amplitude
method offers considerable improvement on one-loop χPT predictions. The region of
validity of (ii) is discussed in section 3. It can be argued that the error due to (iii) is
somehow ”washed out” because of the denominator (s′ − s − iε), which is never very
small on the left-hand cut s′ < 0, for s > (mα + mα)2. (v) is only valid for (I, l) =
(0, 0), (1, 1), (2, 0) in the case of ππ scattering, and for (I, l) = (3/2, 0), (1/2, 0), (1/2, 1)
in the case of πK scattering84 . The other partial waves have no O(p2) contribution,
and the necessary generalization for these, of the above inverse amplitude approach,
requires84 χPT calculations up to O(p8), which are not available at present. The validity
of the assumptions (i) and (iv) is unclear, but seems plausible in the elastic region, since
there the inverse amplitude method is in excellent agreement with experiment7,84 . An
advantage of the inverse amplitude method is that it produces an amplitude with the
”right” analytical structure, that is with the left- and right-hand cuts and poles on the
unphysical sheets (only). The cuts are also reproduced by ordinary χPT, but the poles on
the unphysical sheets are a special feature of the inverse amplitude method as compared
to other unitarization methods84 .
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6 Applications

The first section is concerned with the the PCAC/current algebra and χPT calculation of
the ππ scattering amplitude o leading order in the momentum. In the next section, the πN
scattering amplitude is calculated with the same methods.

6.1 Pion pion scattering

ππ scattering from PCAC and current algebra. - We consider the process πa(p)+
πb(P ) → πc(p′) + πd(P ′), where a, b, c, d denote the isospin of the respective pions (we
have renamed k → b and l → d). Since there are no poles here, the contribution from

the commutator term 〈〉(A) is of order PP ′, and can be neglected in the PCAC limit. In

the special frame P = P ′ = 0 the term 〈〉(C) reduces to

〈 〉(C) = − 1
f2

π

1√
2P0Vπ

1√
2P0′Vπ′

(P0 + P0′)
bdm
0 〈πc (p′) out |Im

0 (x)|πa (p) in〉 (PP ′)

= − 1
f2

π

1√
2P0Vπ

1√
2P0′Vπ′

1√
2p0Vπ

1√
2p0′Vπ′

(P0 + P0′) ε
bdm (2π)4 δ4 (p′ − p) (−i) (p0 + p0′) ε

acm +O (PP ′)

= i (2π)4 δ4(p′−p)
f2

π

1√
2P0Vπ

1√
2P0′Vπ′

1√
2p0Vπ

1√
2p0′Vπ′

(P0 + P0′) (p0 + p0′) (δabδcd − δadδbc) +O (PP ′) ,

(351)

where use has been made of the free pion part of (75) and plane wave solutions for

the last equality†. The sigma term 〈〉(B) ∝ m2
π is no longer negligible compared to the

commutator term 〈〉(C) ∝ Pp, and must be included. The commutator term 〈〉(C) is

anti-symmetric and the sigma term 〈〉(B) symmetric in b, d. Therefore, on comparing
with (159), which can be split in in symmetric and anti-symmetric parts according to

Mabcd/32π = Bδacδbd + 1
2
(δabδcd + δadδbc) (A+ C)

+1
2
(δabδcd − δadδbc) (A− C) ,

(352)

two conditions can be derived3 . From (351) and (352) follows the Adler-Weisberger

†We do not know the interaction hamiltonian and therefore not the current operator. Nevertheless,
since we are working to leading order in the momenta, the free pion part of (75), giving a current ∝ pp′,
is acceptable.
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condition,[
A (s− u, s+ u = 2, t = 0)− C (s− u, s+ u = 2, t = 0)

s− u

]
s=u=1

=
1

16πf 2
π

. (353)

From the assumed proportionality of the sigma term with δbd, (275), follows the sigma-
condition,

A (s = u = 1, t = 0) + C (s = u = 1, t = 0) = 0. (354)

Moreover, by taking only one pion to be soft, one gets the Adler zero conditions

A (s = t = u = 1) = 0, B (s = t = u = 1) = 0, C (s = t = u = 1) = 0, (355)

where the last two equalities follow from crossing. In the region 0 < s, t, u < 4, 0 ≤
m2

1,m
2
2,m

2
3,m

2
4 ≤ 1 there are no singularities of the scattering amplitude (see section

3.3), and therefore we can use a polynomial interpolation. Assuming furthermore that
there are no nearby resonances, according to PCAC retaining only the linear terms is
adequate when interpolating over the range 0 < s, t, u < 4. Bose statistics and time
reversal invariance excludes terms linear in P 2, p2, P ′2, p′2 and forces the linear form3

A (s, t, u) = α+ βs+ γ (t+ u) , (356)

which ”on-mass-shell” reduces to

A (s, t, u) = (α+ 4γ) + (β − γ) s ≡ α+ βs. (357)

From (163), and by comparing with the threshold expansion (91), we find that

M (s)0 = 5α+ 4β + 2βs = (a0
0 + b00 (s/4)− 1) ,

M (s)1 = β (t− u) = 3
4
a1

1 (t− u) ,

M (s)2 = 2α+ 4β − βs = (a2
0 + b20 (s/4)− 1) ,

(358)

implying that
2a0

0 − 5a2
0 = 18a1

1 = 24β, b00 = −2b20 = 8β. (359)

Now we will use the ”off-shell” conditions derived above to determine the parameters
α, β. Firstly, the Adler-Weisberger condition implies(

2a0
0 − 5a2

0

)
= 18a1

1 = 24β =
3

2πf 2
π

≈ 0.54, (360)

and gives us β. Secondly, using (163), the Adler zero and the sigma condition imply
respectively

M (s)2 (s = 1, t = u = 1) = 0, M (s)2 (s = 0, t = u = 1) = 0, (361)
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which, by (356) implies the ”on-shell” condition

M (s)2 (s = 2, t = u = 1) = 0, (362)

and, by use of (358), gives us α. Finally, from (358), the zeros of the amplitudes, defined
by M (s)I(s = SI) = 0, are related,

4S0 + 5S2 = 12, (363)

and therefore, by (362),
S2 = 2, S0 = 1/2. (364)

The low energy behaviour of the scattering amplitude is now completely determined,
and is summarized by the results

−α = β = 1
16πf2

π
, (365)

a0
0 = 7

16πf2
π

= 0.157, b00 = 1
2πf2

π
= 0.180, a1

1 = 1
12πf2

π
= 0.030,

a2
0 = − 1

8πf2
π

= −0.045, b20 = − 1
4πf2

π
= −0.090

(366)

in units of m2
π where we have used fπ = 0.94mπ

3,43 , and the sub-threshold zeros given
by (365) (implying a large inaccuracy of the effective range expansions of section 4.1).
It should be noted that the above derivation depends on the non-existence of nearby
singularities and PCAC, the current algebra (276) and the sigma commutator (275). The
observed low energy behaviour (see appendix B) is at least qualitatively in agreement
with the above results, and so make the assumptions fairly plausible.

The full amplitude reads (mπ ≡ 1)

Mabcd/32π = 1
16πf2

π
[(1− s) δabδcd + (1− t) δacδbd + (1− u) δadδbc] ,

(367)

has isospin projections (358),

M (s)0/32π = 1
16πf2

π
(−1 + 2s) ,

M (s)1/32π = 1
16πf2

π
(t− u) ,

M (s)2/32π = 1
16πf2

π
(2− s) ,

(368)
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and (157),

M (s)π+π+→π+π+
/32π = 1

16πf2
π

(−s+ 2) ,

M (s)π+π0→π+π0
= 1

16πf2
π

(t− 1) ,

M (s)π+π−→π+π− = 1
16πf2

π
(−u+ 2) ,

M (s)π+π−→π0π0
/32π = 1

16πf2
π

(−s+ 1) ,

M (s)π0π0→π0π0
= 1

16πf2
π
.

(369)

and gives the scattering lengths (366). The novelty of this calculation, as compared to
dispersive calculations, was the s-wave behaviour and in particular the small s-wave scat-
tering length. The p-wave scattering length on the other hand, is of the same magnitude
as the one found from extrapolating a Breit-Wigner form (section 1.6) fitted to the ρ
resonance.

ππ scattering in χPT. - To generate a ππ scattering amplitude from the lagrangian
(342) we need firstly to expand the U field in terms of the ϕ fields. The U field can be
written

U =
∑∞

n=0
an

(
2i√
2fπ

τ · ϕ
)n

. (370)

The coefficients a1 = 1 and a2 = 1/2 are fixed by the demand that the leading order
terms of (342) reproduce the canonical free particle lagrangian, a0 = 1 is fixed by the
demand detU = 1, and a4 = a3 = −1/3 are fixed by the unitarity of U . The general
form of U is therefore

U = 1 +
2τ · ϕ√

2fπ

− ϕ2

2
(√

2fπ

)2 − iα
2τ · ϕϕ2(√

2fπ

)3 + (α− 1/8)
ϕ4(√
2fπ

)4 + ... , (371)

where α can have any real value. One particular realization of this form is the exponential
representation (330), which is obtained with α = 1/6. Another choice is α = 0, which
gives to the so-called square root representation9 . As long as the demands on a0, .., a4

are fulfilled, the end-results, i.e. the scattering amplitudes are independent of the chosen
representation. That is, the scattering amplitudes are independent of α.

We can now expand the lagrangian (342), with χ = m2
π, to a given order in the ϕ

fields. The result is the lagrangian (a constant term is discarded)

L(2)
pions = 1

2
∂µϕ · ∂µϕ− 1

2
m2

πϕ · ϕ+

1
2f2

π

[
(1− 4α) (ϕ · ∂ϕ)2 − 2αϕ2 (∂ϕ)2 + 1

8
(8α− 1)m2

πϕ
4
]
+O (ϕ6) .

(372)
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Name I, j Mass Width Dominant decays

ρ(770) 1,1 768.8±1.0 MeV 150.3±1.0 MeV ππ, 100%

f0(980) 0,0 980±10 40 - 400
ππ, 78.1±2.4%
KK, 21.9±2.4%

f2(1270) 0,2 1275±5 185±20 ππ, 84.7±2.6%
K*(892)±

K*(892)0

1/2,1
1/2,1

891.59±0.24
896.10±0.28

49.8±0.8
50.5±0.6 πK, ≈100%

Table 1: Low energy meson resonances.

With the exponential representation choice α = 1/6, the lagrangian

L(2)
pions = 1

2
(∂µϕ · ∂µϕ−m2

πϕ · ϕ) + m2
π

12f2
π

(ϕ · ϕ)2

+ 1
3f2

π
[(ϕ · ∂µϕ) (ϕ · ∂µϕ)− (ϕ · ϕ) (∂µϕ · ∂µϕ)] +O (ϕ6)

(373)

is obtained. For the calculation of the amplitude to leading order in the energy, this
lagrangian is to be used to tree level, and we have therefore expanded only up to fourth
order in the ϕ fields.

Finally, the leading order amplitude can be derived explicitly. The result is again
(367).

ππ scattering with the inverse amplitude method. - Since the primary strength
of the inverse amplitude method is the reproduction of some of the low energy resonances,
we list the first few38,40,85 in table 1 The f0(975) resonance of the ππ amplitude has a
long history3 , and is still controversial. It is believed86 that the resonance has three
contributions:

• A background term, which may be interpreted as a very broad f0(ε(1000)) reso-
nance; or alternatively two second sheet poles at s = 0.408 − 0.342i (GeV) and
s = 1.515 − 0.214i (GeV), where the first pole may come from the long range ππ
interaction and the second pole may be due to two resonances such as f0(1400) and
f0(1590).

• A second sheet pole at s = 0.988− 0.023i (GeV), close to the real axis and respon-
sible for the narrow width of the resonance in the ππ or KK spectrum.

• A third sheet pole at s = 0.797 − 0.185i (GeV), further away from the real axis
and responsible for the lifetime of the resonance.

The reason why the second sheet pole can determine dynamical effects but not the
lifetime is connected with the coupling to the KK channel86 . When the coupling of
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the f0 to the KK channel is negligible, the two widths are identical and equal to the ππ
decay width. When the coupling increases, the width of the second sheet pole decreases,
while the width of the third sheet pole increases. Assuming a large coupling, the third
sheet pole therefore determines the decay width. The belief of the authors of ref. 86
in the above pole structure is founded upon the successful fitting of experimental data
with a form which leads to this pole structure and furthermore has a background term
satisfying elastic unitarity.

They use the following masses and decay constants for their numerical work:

mπ = 139.57MeV, mK = 493.65MeV, mη = 548.8MeV

Fπ = 93.1MeV, FK = Fπ, Fη = 1.3Fπ,

(374)

where Fπ = 21/2fπ. Of the ten renormalized constants of the next-to-leading order χPT
lagrangian,19,9 only αr

1 − αr
6, α

r
8 contribute to πK scattering, and only the combinations

2αr
1 + αr

3, α
r
2, 2α

r
4 + αr

4, 2α
r
6 + αr

8 contribute to ππ scattering. In ref. 84, four of the
constants are fixed at

αr
4(mη) = 0, αr

5(mη) = 0.0022, αr
6(mη) = 0, αr

8(mη) = 0.0011, (375)

where mη denotes the renormalization scale (α3r
3 and αr

7 are renormalization scale in-
dependent19). The remaining three constants are found from low energy data, and are
taken to be87

103αr
1(mη) = 0.65± 0.28, 103αr

2(mη) = 1.89± 0.26, 103αr
3 = −3.06± 0.9 . (376)

In ref. 84 are given the complete expressions for the SU(3) χPT O(p4) amplitudes for
ππ and πK scattering. Using these and the inverse amplitude expression (350) leads to a
reproduction of the ρ(770) and K*(892) resonances of ππ and πK scattering respectively,
the curves being rather close to experimental data. Furthermore, fits are given of the
inverse amplitude method (IAM) expression to experimental data, where the fitting
parameters are αr

1, α
r
2, α

r
3, and the fit is is made to the ρ(770) and K*(892) masses. It

turns out that perfect agreement with experimental low energy data and with the two
resonances is obtained; in particular the correct widths of the resonances are found. This
is all shown in figs. 62-65. The corresponding modified parameters are (376)

103αr
1 = 0.41± 0.20, 103αr

2 = 1.48± 0336, 103αr
3 = −2.44± 0.21. (377)

It should be noticed that the ρ(770) and K*(892) resonances are successfully reproduced,
but the f0(975) is not. This is most probably because the KK threshold is very close,
and the 2-cut and 4-sheet structures are not taken properly into account.

In table 2 is reproduced the inverse amplitude method results of ref. 84 for ππ
scattering together with χPT results from ref. 87 and experimental data from refs. 102,
103, 104, 105. In table 3 is reproduced the results of ref. 84 for πK scattering together
with χPT results from ref. 84 and experimental data from ref. 106.
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Figure 62: Phase-shifts for ππ → ππ scattering. The dotted curve is plain χPT. The
dashed curve is IAM with the χPT parameters (375) and (376). The solid curve is IAM
with modified parameters.88 Data points: 4 89, � 90, × 91, ◦ 92, / 93, ? 94, • 95.
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Figure 63: ππ → ππ elastic phase-shifts from IAM with parameters (377), obtained by
fit to the correct mρ.
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Figure 64: Phase-shifts for πK→ πK scattering. The dotted curve is plain χPT. The
dashed curve is IAM with the χPT parameters (375) and (376). The solid curve is IAM
with modified parameters88 . Data points: • 96, ? 97, ◦ 98, ♦ 99, � 100, 4 101.
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Figure 65: πK→ πK elastic phase-shifts with error, from IAM with parameters (377),
obtained by fit to the correct mρ.
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χPT IAM fit Experiment
a0

0

b00
0.201
0.26

0.216±0.008
0.289±0.025

0.26±0.05
0.25±0.03

a2
0

b20
-0.041
-0.070

-0.0417±0.0014
-0.075±0.003

-0.028±0.012
-0.082±0.008

a1
1

b11

3.6±10−2

0.43±10−2
3.744±0.002±10−2

1.546±0.003±10−2 3.8±0.2±10−2

a0
2 20±10−4 17.1±3.5±10−4 17±3±10−4

a2
2 3.5±10−4 2.8±1.5±10−4 1.3±3.1±10−4

Table 2: IAM ππ scattering lengths.

χPT IAM fit Experiment

a
3/2
0

b
3/2
0 -0.043

-0.049±0.004
+0.026±0.003 -0.13...-0.05

a
1/2
0

b
1/2
0 0.148

0.155±0.012
0.087±0.016 0.13...0.24

a
1/2
1 0.012 0.0146±0.0012 0.017...0.018

Table 3: IAM πK scattering lengths.
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6.2 Pion nucleon scattering

The pole term of πN scattering, PCAC. - Consider adding one soft initial pion to
the process N(P ) → π+(P ′) +N(p′), giving the process π+(q) +N(P ) → π+(P ′) +N(p′),
where P = p′ − p + P ′. Let the initial pion be specified by the three-dimensional unit
isovector ϕ̂ = (ϕ̂1, ϕ̂2, ϕ̂3) and the initial and final nucleon be specified by two-isospin-
components four-dimensional spinors uN(p) and u′N(p′) respectively. From (295)-(297),

〈p′P ′ out|pP in〉

1√
2P0Vπ

Pµ

fπ

(
〈p′P ′ out|p in〉µuN→ + 〈p′P ′ out|p in〉µuN′→

)
= 1√

2P0Vπ

i(2π)4δ4(p′+P ′−p−P )√
2p0VN2p′0VN′2P ′

0V ′
π

Pµ

fπ
gA[

uN′ (p′) 2τ · ϕγµγ5

(
1

p′µγµ−P µγµ−mN

)
Ωfi+

Ω′
fi

(
1

pµγµ+P µγµ−mN

)
γµγ52τ · ϕuN (p)

]
,

(378)

where Ωfi and Ω′
fi now correspond to the process N(p) → π(P ′) + N ′(p′). Using the

generalizations of (286) and (289), and the Goldberger-Treiman relation (see appendix
C), it is easily seen that the vertex amplitude 〈p′P ′ out|p in〉, to lowest order in P ′2 is
given by

〈p′P ′ out|p in〉 =
(2π)4 δ4 (p′ + P ′ − p)√
2p0VN2p′0VN′2P ′0Vπ′

i
gA

fπ

P ′µγµuN (p′) γ5ϕ̂′
∗ · 2τuN (p) , (379)

where the three-dimensional unit isovector ϕ̂′ specifies the final pion. Notice that this
disagrees slightly with the result corresponding to having both nucleons free and ”on-
mass-shell”, following from the generalizations of (286) and (435), and the Goldberger-
Treiman, or alternatively the πNN coupling hamiltonian (75), using standard LSZ for-
malism:

〈p′P ′ out|p in〉 =
(2π)4 δ4 (p′ + P ′ − p)√
2p0VN2p′0VN′2P ′0Vπ′

2gπNNuN (p′) γ5ϕ̂′
∗ · τuN (p) , (380)

Whence, from (379),

Ω = 2
gA

fπ

uN (p′) ϕ̂′
∗ · τ P ′µγµγ5 , Ω′ = 2

gA

fπ

ϕ̂′
∗ · τuN (p)P ′µγµγ5. (381)

140



Inserting this into (378) and using the Goldberger-Treiman relation gives

〈p′P ′ out|pP in〉 ≈ 1√
2P ′0Vπ′

1√
2P0Vπ

(2π)4δ4(p′+P ′−p−P )√
2p0VN2p′0VN′

g2
πNN

2m2
N

[uN (p′) τ · ϕγ5γ
µPµ

(
1

p′µγµ−P µγµ−mN

)
γ5γ

µP ′
µϕ̂′

∗ · τuN (p)

+uN (p′) ϕ̂′
∗ · τγ5γ

µP ′
µ

(
1

pµγµ+P µγµ−mN

)
γ5γ

µPµτ · ϕuN (p)].

(382)

This equation is valid for soft ”off-mass-shell” pions, but has a close similarity with (141)
to which it reduces for ”on-mass-shell” pions. The form to which it reduces with only
one ”off-mass-shell” pion can be obtained from (380), and vanishes with vanishing four-
momentum of the ”of-mass-shell” pion, Pµ = 0. This form is strictly valid, assuming
PCAC, and the vanishing of it is usually referred to as the Adler zero80,79 .

πN scattering from PCAC and current algebra. - We shall use (302)-(304).
The procedure leading to (382) corresponds to ignoring the complications arising when
a matrix element of the time-ordered product of two current derivatives is involved,
and just bringing the momentum factors outside the matrix element. Actually, the ”pole
term” 〈〉(A) of (302) is identical with the result (382) apart from the usual factors (section
1.3. For s-wave scattering, the pole term vanishes. With pion momenta ∼ m2

π, (382)
gives first order terms (in P or P ’) of order g2

πNNmπ/mN, while the PCAC assumption
implies second order terms of order g2

πNNm
2
π/m

2, where m is the mass of the nearest
singularity not included in the calculation. Therefore, since mN is much larger than mπ,
the quadratic terms of (303) can be neglected. The Adler zero implies that the sigma

term 〈〉(B) of (304) is of the order of the quadratic terms at Pµ = 0 and P ′2 = m2
π,

and therefore negligible according to PCAC. We shall neglect it also for general small
momenta. We now use the first of (282) to write out the commutator term 〈〉(C) of (303),

〈 〉(C) =

gV

f2
π

1√
2P0Vπ

1√
2P0′Vπ′

1√
2p0VN

1√
2p0′VN′

(2π)44 (p′ − p)

(P µ + P ′µ)klmm
uN′ (p′)µN (p) (PP ′)

(383)

where the k and l specify the initial and final pion states respectively, and uN and uN′ are
two-isospin-component spinors specifying the initial and final nucleon states respectively.

We have seen that PCAC/current algebra offers a correction on the Born (nucleon
pole term) approximation. Actually this is only true for the s-waves, since for the p-
waves, the correction is of the same order as the error in the low energy theorems14 . On
the other hand, we saw in section II that dispersion relations can give fine results for
p-waves (subtractions can be ignored). In this case, the two methods may thus be said
to be complementary. The PCAC/current algebra prediction for the s-wave scattering
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lengths are a1/2 = 0.20 and a3/2 = −0.10, in good agreement with the experimental
values39 a1/2 = 0.171± 0.004 and a3/2 = −0.105± 0.003.

πN scattering in χPT. - To leading order, the lagrangian 343 can be used, ex-
panding the U with (371), to reproduce the result (382). Higher orders are a bit more
problematic: Because of the non-vanishing of the nucleon mass in the chiral limit (zero
light-quark masses), the chiral expansion of the lagrangian does not have the simple
counting rules of the meson lagrangians. Unlike in the meson sector, there is no di-
rect correspondence between the chiral expansion and the loop expansion with the la-
grangian107 . Heavy baryon χPT remedies this drawback at the price of introducing a
special reference frame characterized be a time-like unit four-vector. The result is a low
energy effective lagrangian that can in principle be used to evaluate loop contributions,
renormalize and predict the low energy scattering amplitude108 . At present, the scat-
tering length has been calculated108 to O(M4

π). The main problem is that the low energy
parameters are not very well determined. A detailed discussion of heavy baryon χPT is
outside the scope of this work, a review can be found in ref. 109.
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Part IV

Discussion and outlook

The different formalisms used in the study of low energy hadron dynamics are supplemen-
tary, i.e. they work well for different problems (processes, energy regions, etc.), and, as
demonstrated in section 5.5, we can combine results of the different formalisms, thereby
enhancing our predictive power. This could be problematic because we do not always
know what is rigorously permissible. In particular, the effective lagrangian approach
rests on QCD, which is a non-abelian QFT gauge theory with confined interacting par-
ticles (quarks) and interactions realized via gauge particles. This is very different from
the dispersion relation approach, which originally took off-set in S-matrix theory derived
from LSZ QFT formalism, i.e. field theory with short range forces and asymptotically
free fields. Therefore it is not clear whether the results on analytic properties, that fur-
nish the basis of the dispersion relation approach, can be carried over into the effective
lagrangian approach.15 Still, the successful applications we have seen in this work are
indeed indicatory of the validity of such a scheme.

In the case of dispersion relation formalism, amplitudes dominated by single particle
exchange, resonances should be approximated well by the N/D method for partial waves,
thus e.g. for ππ scattering in the I = j = 1 channel or πN scattering in the I =
j = 3/2 channel and a few others. We have seen that the N/D method for partial
waves assures unitarity on the right-hand cut (in the physical region) if the inelasticity
parameter is known, but generally has wrong behaviour because of the too simple form
(crossed channel poles) on the left hand cut. A multi-channel Mandelstam representation
should in principle give correct results, but calculations are too involved. Regge pole
amplitudes are the only known amplitudes that combine reasonable behaviour in the
scattering region with one-particle poles in the crossed channels117 . Regge pole models
are relativley simple and work well for most experimental data, particularly above 2
GeV117 , but are not able to consistently explain all experimental material110 . The
inclusion of Regge cuts adds considerable complications, precluding a simple physical
insight, and do not convincingly overcome all problems111 . For these reasons we have
only mentioned them briefly.

Even though dispersions relation are usually used phenomenologically, they have
yielded the only attempt at constructing a non-phenomenological completely predictive
theory. An attempt which none-the-less failed. The bootstrap program in its concrete
(approximate) realizations checks that the actual physical situation is self-consistent,
not that it is the only one, and moreover it obtains some qualitative achievements, but
quantitatively, it fails. One might conjecture that an exact realization including multi-
channel analysis, multi-particle exchange etc. would give a set of equations whose only
self-consistent solution is the actual physical situation. That is, one might hope to obtain
the spectrum and couplings using only Mandelstam analyticity, unitarity and crossing
as input. Unfortunately such a program is impossible to realize because of the immense

143



calculational difficulties. In principle one would have to include channels of all possible
masses, isospins and spins. In any concrete attempt to implement bootstrap, one is
therefore left with the necessity of taking the experimental spectrum as input.

In the case of chiral effective lagrangians leading order calculations do not satisfy
unitarity and also give wrong high energy behaviour. We have seen that this is remedied
order by order in the energy expansion, and that unitarity ”order by order” together
with dispersion relations, via the inverse amplitude method, can be used to improve the
low energy description as well as include some resonance effects. Upon including higher
order terms, χPT gives a consistent way of approximating the scattering amplitude order
by order, the only problem being the increase with the energy order, of the complexity
of the lagrangian and the number of parameters that need to be determined phenomeno-
logically. The approach rests on QCD and has as inputs from QCD, the symmetries,
and to some extend the spectrum of the theory. One early motivation for χPT was the
reproduction of the ππ scattering result of Weinberg, which was originally derived from
PCAC, current algebra and some further smoothness assumptions. In contrast, the form
of the lowest order χPT lagrangian is fixed by symmetry alone.

Since high precision experimental low energy data is not exactly overwhelmingly abun-
dant, one may wonder why the belief in chiral symmetry is so firm. As one reason for this
I refer to attempts at using specific renormalizable models like the linear sigma model.
These attempts end up telling us, when fitting to data, that suggested greater generality
of some suggested lagrangians is spurious, and that there is nothing to argue against
using a manifestly chirally symmetric framework like χPT. The non-renormalizability of
χPT is not a problem, since χPT is not meant to be a complete theory for the interactions
of hadrons, but designed to work in the low energy regime only.

In the future, experiments at DAΦNE16 will give the ππ phase-shift difference δ0
0 − δ1

1

with considerably higher precision than available at present94 . One may hope that the
result will be in agreement with the χPT value a0

0 = 0.20, in contrast to the result of 94
which is a0

0 = 0.26.

The basic assumptions of all the theoretical constructions studied are fairly sim-
ple. They include analyticity, unitarity and crossing in the case of dispersion relation
dynamics, assumptions about current commutators in the case of current algebra, sym-
metry and input parameters in the case of the standard model, and chiral symmetry
plus the assumption of dynamical symmetry breaking in the case of the chiral effective
lagrangian formalism. In no case has it proven possible to use the assumptions for non-
phenomenological low energy hadron scattering predictions. Still, I believe that there
must exist a unique theory with very few input parameters, which in principle predicts
the outcome of every experiment, but that the practical predictions may be ”infinitely”
complex, i.e. require infinite computation time. If it is so, and the standard model
is a correct limit of the general theory, generalizations of phenomenological approaches
considered in this work seem to be possible ways of trying to learn about the general
theory.
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Appendices, references and lists

145



A Regge Poles

Although we use (190) directly only on the left-hand cut, we may object that from the t-channel
pole contribution to (190) we get the high energy behaviour Pli

(
z(t) (s, ti)

)
∼ sli for s → ∞,

which is wrong. Moreover in the single particle exchange contribution (190), the sum should
have included a sum over partial waves in the crossed channels, but we chose to assume that
contributions from definite (low) partial waves are dominant and have the resonance form (175)
or (190). Both these back-draws we shall now try to remedy by replacing the partial wave sum
with an integral.

Definition - Assume that M
(t)I(t)
RP

(
l(t), t

)
, M

(u)I(u)

RP

(
l(u), u

)
are functions which de-

pend on complex l and u, t respectively and are equal to M
(t)I(t)
l(t)

(t) , M
(u)I(u)

l(u)
(u) respec-

tively for integer l and analytic except for poles at lt = α(t)i(t), l(u) = α(u)j(u) respectively,
called Regge poles, with residues β(t)i(t), β(u)i(u) respectively. Using such functions, we
can replace the partial wave sums by contour integrals (fig. A). We find26

M (s)I(s) (s, t, u) =

− 1
2i

− 1
2
+i∞∫

− 1
2
−i∞

M
(t)I(t)
RP (l(t),t)β

(st)
I(s)I(t)

(2l(t)+1)Pl(t)(z(t))
sin πl(t)

dl(t)

+
∑
i

πβ(t)i(t)β
(st)
I(s)I(t)

(2α(t)i(t)+1)Pα(t)i(t)
(z(t))

sin πα(t)i(t)

− 1
2i

− 1
2
+i∞∫

− 1
2
−i∞

M
(u)I(u)
RP (l(u),u)β

(su)
I(s)I(u)

(2l(u)+1)Pl(u)(z(u))
sin πl(u)

dl(u)

+
∑
j

πβ(u)j(u)β
(su)
I(s)I(u)

(2α(u)i(u)+1)Pα(u)j(u)(z(u))
sin πα(u)j(u)

(384)

so long as the contributions from the infinite semicircles vanish, i.e.∣∣∣∣∣ l(t)M
(t)I(t)
RP (l(t),t)Pl(t)(z(t))

sin(πl(t))

∣∣∣∣∣ ,
∣∣∣∣∣ l(u)M

(u)I(u)
RP (l(u),u)Pl(u)(z(u))

sin(πl(u))

∣∣∣∣∣→ 0

for
∣∣l(t)∣∣ , ∣∣l(u)

∣∣→∞, Rel(t), Rel(u) > −1
2
.

(385)

With no Regge poles we regain the partial wave expansion.

High energy s-channel behaviour of M (s)I - If we assume that α(u)j(u) is analytic
at u = 0, then at -1 GeV< u ≤ 0 and s→∞, which corresponds roughly to the forward
high energy diffraction peak, z(u) → ∞ for equal masses (using the sign convention of
(20), which is minus the convention of (19) for the t- and u-channels), and the dominant
contribution comes from the Regge pole terms in (384) of the poles furthest to the right.
Thus for equal masses, the u-channel pole contribution to (384) at the diffraction peak
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may be written3

M (s)I(s) (s, t, u) ∼ c (u)
(

s
s0

)α(u)0(0)

exp
(
α(u)0′ (0)u ln s

s0

)
,

c (u) = −
√

π(2α(u)0(u)+1)Γ(α(u)0(u)+ 1
2)

4Γ(α(u)0(u)+1) sin2 πα(u)0(u)

(
s0

q2
(u)

)α(u)0(u)

β (u) 0 (u) ,

(386)

Γ is the gamma function. α(u)0(0) controls the energy dependence, its derivative con-
trols the width of the exponential diffraction peak. The exponential u-dependence is in
agreement with experiments, but in practise it turns out that one cannot totally ignore
the contributions from other Regge poles. For unequal masses, as s → ∞ at u = 0,
z(u) → 1 and the Regge poles in (384) need not dominate. However, if instead of (384),
an expansion in powers of s/s0 is made, one finds26 that

M (s)I(s) (s, t, u) ≈
∑

iπ
(
2α(t)i (t) + 1

)
β

(st)
I(s)I(t)

β(t)i (t)
1+τ(t)ie

iπα(t)i(t)

sin πα(t)i(t)

(
s
s0

)α(t)i(t)

+
∑

jπ
(
2α(u)j (u) + 1

)
β

(su)
I(s)I(u)

β(u)j (u)
1+τ(u)je

iπα(u)j(u)

sin πα(u)j(u)

(
s
s0

)α(u)j(u)

,

(387)
which is the form to fit experiments.

Bound states and crossed-channel poles. - We will now argue that the trajectory
of α(t)ι(t) or α(u)j(u) have shapes like the examples in fig. A. The Froissart bound (section
3.3) demands that α(t)ι(t), α(u)j(u) ≤ 1 for t, u ≤ 0 respectively. Furthermore, each time
α(t)i(t) or α(u)j(u) passes through or is close to an integer value, A(s)I is singular or
rises sharply. An integer values on the falling part of a Regge trajectory corresponds
to a falling phase-shift26 , and therefore, from Wigner’s theorem (section 1.6), cannot
correspond to a bound state or a resonance. Integer values on the rising part of the
Regge trajectory correspond to bound states or resonances, and in fact it has been
shown112,113,114 that all such states found in non-relativistic QM can be reproduced by
Regge poles. According to Mandelstam,115 the near singularity approximation implies
that the Regge trajectories should not rise indefinitely, since this would demand an
infinite number of s-channel thresholds.

Analytic continuation in l(t), l(u) of M
(t)I(t)

l(t)
(t) , M

(u)I(u)

l(u)
(u), the Froissart-

Gribov representation. - The form (387) with s replaced by t, is not suited for
continuation to complex l, because it does not satisfy (385). Using

1

z − z′
=
∑∞

l=0
Pl (z)Ql (z

′) (2l + 1) , (388)

a form suited for continuation to Rel(t),Rel(u) > −1/2 can be found26 , that satisfies
(385) but is different for even and odd lt, l(u), the Froissart-Gribov representation

M
(t)I
RP (±)

(
l(t), t

)
= 1

π

∫∞
s0

Ql(t)(z(t))ImM
(s)I(s) (s′,t)

ζ(t)
ds′ ± 1

π

∫∞
u0

Ql(t)(z(t))ImM
(u)I(u) (u′,t)

ζ(t)
du′,

M
(u)I
RP (±)

(
l(u), u

)
= 1

π

∫∞
s0

Ql(u)(z(u))ImM
(s)I(s) (s′,u)

ζ(u)
ds′ ± 1

π

∫∞
t0

Ql(u)(z(u))ImM
(t)I(t) (u,t′)

ζ(u)
dt′,

(389)
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Figure 66: Poles in the complex l-plane.
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Figure 67: Typical Regge trajectories
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Particle
name Trajectories, B = 0, particles Y I P g τ α(0) α′(0) d(log β(0))/dt

P f0? 0 0 + + + 1.0 <0.2 1

P’ f’0? 0 0 + + + 0.7 1.5 small?

ρ ρ,R?,T? 0 1 - + - 0.6 1.0 small?

ω ω 0 0 - - - 0.5 0.3 small?

A2 A2?,S?,U? 0 1 + - + 0.3 0.3? ?

Table 4: Parameters of Regge mesons

Ql are the Legendre functions of the second kind, ζ is given by (191). The analyticity
of the right-hand sides is ensured by (27) as long as the integrals converge. Uniqueness
of the analytic continuations can also be proved26 . The derivation (see 3) of (389)
uses fixed-s,−t,−u dispersion relations separately and the Neumann integral. Therefore
validity is ensured only for (s, t, u) in the region of existence of fixed-s, fixed-t, and fixed-
u dispersion relations, and l ≥ Nsub, where Nsub is the highest number of subtractions
needed in the dispersion relations. These regions and Nsub are discussed in section 3.3.
For ππ scattering e.g., the region is given by −28 < t < 4,−28 < s < 4. If the
Mandelstam representation with analytical double spectral functions is assumed, the

region extends to −32 < t < 4, −32 < s < 4. M
(t)I(t)
RP

(
l(t), t

)
, M

(u)I(u)

RP

(
l(u), u

)
include

non-analytic contributions from the singularities at the Regge poles and possibly also
from moving cuts in the l(t), l(u)-planes116 and poles on the real axes at lt, l(u) ≤ 1. Each
Regge trajectory is now assigned a definite signature τi = ±1, defining which continuation
should be used for the integral around the Regge poles in the specific processes.

Observed particles. - It has been proposed that all elementary particles are Regge
poles and thus composite systems formed of each other30 . This idea, which Chew
dubbed ”nuclear democracy” gave some hope of not having to supply the two arbitrary
constants with and energy for each resonance, but in practise these constants are just
replaced by the arbitrary trajectory functions α(t)i(t), α(u)j(u) and β(t)i(t), β(u)j(u). The
important point to notice is that each t- or u-channel resonance now corresponds to
a point on a Regge trajectory with a definite value of l. In tables 4 and 5 are given
experimentally assigned values of baryon number B, isospin I, parity P , G-parity g,
hypercharge Y , signature τ , and pole parameters for some Regge trajectories. In fig. A
is shown experimentally assigned values of l and J (for scattering particles with spin) for
a few trajectories. The P-trajectory (or Pomeranchuk- or Pomeron-trajectory) is needed
to explain diffraction scattering data and the constancy of many total cross-sections at
intermediate energies, but does not correspond to any known particles3,26 .

Multi-channel processes. - When several different processes are involved as in the
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Particle
name Trajectories, B = 0, particles Y I P τ α(0) α′(0) d(log β(0))/dt

∆,Nδ N*(1.24) etc. 1 3/2 + - 0.15 0.90 ?

N,Nα N(0.94)etc. 1 1/2 + + -0.39 1.01 ?

Nγ N*(1.52) etc. 1 1/2 - - -0.46 0.88 ?

λ,Λβ Λ(1.405) 0 0 - + -0.70 0.95? ?

Λγ Λ(1.52),Λ(2.10) 0 0 - - -0.80 0.95? ?

Table 5: Parameters of Regge particles

l

I=1

I=0

t  (GeV)2
s,u   (GeV)2

I=3/2

I=1/2

ρ

ρ,A2

A2
R?

T?
S?

U?

f0

P

0.768
1.286

1.691
1.929

2.175
2.382

Nα Nγ

Nδ

0.938 1.525
1.688 2.211

2.640

3.020

3.360

3.670
3.960

2.200

2.610
2.970

3.280

3.570

1.238

1.924

2.450
2.840

3.220

3.850

3.550

J

(b)(a)

Figure 68: Regge trajectories
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example from the discussion of CDD-poles of section 3, with the scattering amplitude M
replaced by a matrix of scattering amplitudes Mmn, using unitarity, it can be shown26

that the residue of a pole βmn should factorize, i.e. βmn = γmγn. This leads to many
predictions, most of which are unfortunately difficult to test. For example, if we assume
that at high energies the t-channel P-pole dominates ππ,πN and NN scattering, then it
follows that3

σ (ππ)σ (NN) = [σ (πN)]2 . (390)

Comparison with experiments. - Peaks of the scattering amplitudes are found
whenever the exchange of a particle is allowed by the selection rules. If the particle is
forbidden by the selection rules, no peak is observed. Using factorization of residues,
experimental cross-sections and near forward scattering amplitudes from π±p, pp, pp
and K±p scattering can be fitted well using Regge pole analysis26 . This is, however,
perhaps what one should expect, since the model has a large number of parameters,
but nevertheless it does seem to indicate that scattering amplitudes are dominated by a
relatively small number of resonances.

Extensions. - Among the more advanced topics not discussed here are the incorpo-
ration of Regge poles in the strip approximation, multi Regge pole exchange, daughters,
Regge cuts,duality, Veneziano models, finite energy sum rules, ghost poles, spin compli-
cations, conspiracies and evasions. All these extensions, and their practical applications
are discussed in refs. 117 and 118.
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B Phenomenological use of dispersion relations

In our study of dispersion relations the focus has been on the setting up of dynamical equations
for the scattering amplitude, using analyticity, unitarity and crossing. This appendix reviews
the use of dispersion relations as tools for understanding and relating πN and ππ scattering
experimental data. The general procedure is to insert as much information as possible directly
from experiment, parameterize the remaining unknowns in a plausible way and then try to
extract information on the scattering amplitudes, lengths, etc. by demanding consistency.

N/D method for πN scattering. - In the sixties, πN scattering was intensively
studied by dispersion relation methods. These were primarily phenomenological meth-
ods, but attempts at solving the N/D equations with some chosen input poles were also
made. In 1965, Oades used the nucleon pole plus other simple poles to represent the
(ππ)0 exchange and the small ρ-exchange, and found for the l = 1, j = 3/2, I = 3/2
amplitude the following results4 :

• R(s)/1. The scattering length is a = 0.193, and the ∆-resonance is at 305 MeV
above threshold.

• R(s) = 1 below s = 300m2
π and 1.25 above. The scattering length is a = 0.207,

and the ∆-resonance is at 237 MeV above threshold.

• R(s) = 1 below s = 300m2
π and 1.5 above. The scattering length is a = 0.223, and

the ∆-resonance is at 190 MeV above threshold.

• R(s) = 1 below s = 300m2
π and 1.75 above. The scattering length is a = 0.242,

and the ∆-resonance is at 155 MeV above threshold.

The experimental values are a = 0.215 ± 0.00339 and the resonance at 156 MeV38 .
The conclusion is that because of the poor convergence of the N/D dispersion integrals,
inelasticity at high energies does have a large influence on the low energy and resonance
parameters. This situation is even worse for s-waves.

πN scattering lengths and coupling constant from forward πN dispersion
relations. - With our choice of variables (20), forward scattering in the s-channel
corresponds to t = 0. We shall see how dispersion relations with fixed t = 0 can be used
to determine the πN coupling constant and πN scattering lengths from experimental
cross-sections. Forward πN dispersion relations are distinguished from other scattering
dispersion relations involving baryons by the fact that no integration over unphysical
regions and thus no unreliable extrapolations are needed. This is because there are
no other states which couple strongly to the πN state. In Kp scattering for instance,
because the πΛ state couples to strongly the Kp state and contributes to M (s), for t = 0
the right-hand cut extends down to the threshold (Mπ + MΛ)2, adding an unphysical
integration region (Mπ +MΛ)2 < s < (MK +Mp)

2.
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Application of forward πN dispersion relations. - We introduce the symmetric
variable ν, defined by

2mNν = s−m2
N −m2

π + 1
2
t

= 2mNP0,lab + 1
2
t

= −u+m2
N −m2

π + 1
2
t

= 1
2
(s− u) ,

(391)

and use the two variables ν and t instead of two of s, t, u. Notice that for forward
scattering, t = 0, ν is the pion energy in the laboratory system (∼ the rest system of
the nucleon). Crossing from the s-channel to the u-channel, i.e. s↔ u, now corresponds
to ν ↔ −ν, so that the physical amplitude for some process in the s-channel above
threshold, ν = Mπ, is M(ν + iε, t), while the physical amplitude for the same process in
the u-channel at the same energy ν and momentum transfer t is M(−ν− iε, t). We shall
write a fixed-t dispersion relation in ν using s − u crossing. Using the optical theorem
(56) and assuming the total cross-section approaches a constant at high energies (section
3), we find that

ImM (ν, t = 0) ∼ s ∼ ν, ν →∞, (392)

so that two subtractions are needed for a dispersion relation for M . From such a disper-
sion relation and the optical theorem follows26,37 that

ReM (ν, t = 0) ∼ −mNν

8π2
logν

[
σ(s) (ν)− σ(u) (ν)

]
, ν →∞. (393)

This logarithmic behaviour is not observed at available energies, and assuming that it
does not occur, we get a special case of the Pomeranchuk theorem discussed in section 3.3.
Consider the helicity-flip and non-flip amplitudes of (116). The helicity-flip amplitude
M+− vanishes in the forward direction and the helicity-non-flip amplitude satisfies

M++ (ν, t = 0) = 2mN [A (ν, t = 0) + νB (ν, t = 0)] , (394)

and, by the optical theorem,

ImM++ (ν, t = 0) = 2q
√
sσ (ν) = 2mN

(
ν2 −m2

π

)1/2
σ (ν) . (395)

We now assume that the only poles of M++(ν, t = 0) are the nucleon poles (see the near
singularity approximation of section 3). From (146) and the forward scattering relation

P 2 + p0P0 = 1
2
(s−m2

N −m2
π) , (396)

we see that
M

(s)π+p
++ (ν, t = 0) (397)
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has a pole at ν = M2
π/(2MN) with residue −2νg2, while

M
(s)π−p
++ (ν, t = 0) (398)

has a pole at ν = −M2
π/(2MN) with the same residue. These poles are located between

the start of the left-hand cut and the start of the right-hand cut, at ν = −Mπ and ν = Mπ

respectively, corresponding to s = (MN −Mπ)2 and s = (MN + Mπ)2 respectively (see
fig. 1.12). Therefore (180) can be applied, and if we further apply s− u crossing, we get
two unsubtracted dispersion relations

ReM
(s)π±p
++ (ν, t = 0) =

2νg2

±m2
π/(2mN)−ν

+ 2mN

π
P
∫∞

mπ
dν ′
(
ν ′2 −m2

π

)1/2
[

σπ±p(ν′)
ν′−ν

+ σπ∓p(ν′)
ν′+ν

]
.

(399)

These dispersion relations need two subtractions because of the asymptotic behaviour
(392). The subtractions we make at ν=Mπ and ν=-Mπrespectively, allowing us to use
the crossing relations (126),

M (s)π−p (ν = mπ) = M (s)π+p (ν = −mπ) ,

M (s)π−p (ν = −mπ) = M (s)π+p (ν = mπ) ,

(400)

to reduce the number of undetermined parameters from 4 to 2. Now, from the footnote
of section 3 we know that 8π(Mπ + MN)f

(s)I
0+ (ν = Mπ) = M

(s)I
0+ (ν = Mπ) = 8π(Mπ +

MN)a
(s)I
0+ , where a

(s)I
0+ is the s-wave iso-spin I scattering length, and since the higher

partial waves do not contribute at threshold, we see from (116) that

M
(s)π+p
++ (ν = mπ, t = 0) = 8π (mπ +mN) a

(s)3/2
0+ ,

M
(s)π−p
++ (ν = mπ, t = 0) = 8π (mπ +mN) 1

3

(
2a

(s)1/2
0+ + a

(s)3/2
0+

)
.

(401)

The twice subtracted dispersion relations read37

ReM
(s)π±p
++ (ν, t = 0) =

1
2

(
1 + ν

mN

)
M

(s)π±p
++ (ν = mπ, t = 0) +

1
2

(
1− ν

mN

)
M

(s)π∓p
++ (ν = mπ, t = 0)± 2g2(ν2−m2

π)
(2mπν∓m2

π)(1−m2
π/(4m2

N))
+

2mN (ν2 −m2
π) 1

π
P
∫∞

mπ

dν′√
ν′2−m2

π

(
σ

(s)π±p
++ (ν′)

ν′−ν
+

σ
(s)π∓p
++ (ν′)

ν′+ν

)
.

(402)

Consider now the sum and difference of the two amplitudes in (2.86). The Pomeranchuk

theorem (see above) implies that a dispersion relation for the iso-spin component M
(−)
++ of
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(99) requires only one subtraction, while for M
(+)
++ we still have to make two subtractions.

We get26

ReM
(s)(+)
++ (ν, t = 0) = 1

2

(
ReM

(s)π+p
++ (ν, t = 0) + ReM

(s)π−p
++ (ν, t = 0)

)
= 8πmNM

(s)(+)
++ (ν = mπ, t = 0) +

8πf2(ν2−m2
π)

(ν2−m4
π/4m2

N)(1−m2
π/4m2

N)

+ 2mN (ν2 −m2
π) 1

π
P
∫∞

mπ

dν′
√

ν′2−m2
π

[
σ

(s)π+p
++ (ν′)+σ

(s)π−p
++ (ν′)

]
(ν′2−m2

π)(ν′2−ν2)
,

(403)

ReM
(s)(−)
++ (ν, t = 0) = 1

2

[
ReM

(s)π−p
++ (ν, t = 0)− ReM

(s)π+p
++ (ν, t = 0)

]
= 16πf2ν

(ν2−m4
π/4m2

N)

+ 2mNν
1
π
P
∫∞

mπ

dν′
√

ν′2−m2
π

[
σ

(s)π−p
++ (ν′)−σ

(s)π+p
++ (ν′)

]
(ν′2−ν2)

,

(404)

where

f 2 =
g2

4π

(
mπ

2mN

)2

. (405)

Note that there is no unphysical region in the dispersion integral. However, we do
not of course have experimental cross-sections up to infinite energy, and therefore an
extrapolation has to be made. One possibility is to use a Regge pole model (see appendix
A), the leading contributions to M (s)(+) and M (s)(−) coming from the P- and the ρ-
trajectories respectively. This implies the high energy behaviour(

σ(s)π−p − σ(s)π+p
)
∼ sαρ(0)−1 ∼ s−0.4,(

σ(s)π−p + σ(s)π+p
)
∼ a+ bs−0.3.

(406)

Using the above equations a fit to experimental data can be made, and values for the
coupling constant and the s-wave scattering lengths can be extracted, as has been done
e.g. in ref. 119 , in which the following values are given

f 2 = 0.082± 0.002, g = 13.7,

a
(s)1/2
0+ = 0.171, a

(s)3/2
0+ = −0.088.

(407)

The value of g disagrees slightly with the more recent value of ref. 43 (see appendix C).
Note that such a fit provides a test of s− u crossing, unitarity, analyticity and the near
singularity approximation.

Other fixed-variable πN dispersion relations. - Fixed-t dispersion relations
can be written with other values of t than 0. Other possibilities are to use fixed-u
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dispersion relations near u = (MN −Mπ)2, to probe backward scattering (z(s) = −1), or
other fixed-z dispersion relations to find the coupling constant and scattering lengths.
The problem in these cases is that the integration region includes an unphysical region,
where unitarity is not obviously applicable and the discontinuity must be evaluated
by analytic continuation. Over small distances however, the partial wave expansion is
usually continued in the unphysical region. All these applications are discussed in ref. 4
.

Partial wave πN dispersion relations. - In the dynamical equations of section II
the main problem was our ignorance of other contributions to the unphysical cuts than
that of the crossed nearby one-particle exchange poles (coming from the partial wave
projection). As explained in section 3, in the nearby region of the left-hand cut, the
crossed nearby one-particle pole contributions dominate. Far away from the near physical
region however, other contributions including high mass poles, many particle exchange
and many channel effects presumably become increasingly important. In section II we
chose somewhat heuristically to neglect these other contributions. In e.g. simple N/D
calculations (see section 3 or e.g. ref. 26), agreement with experiment is generally not
obtained and the neglecting thus not justified. Another approach is to parameterize
the unknown contributions, e.g. by replacing them by a series of poles as in section
4.1, determine the unknown parameters from experimental data of low energy and low
angular momentum, and then check the resulting predictions with experimental data of
higher energies and higher angular momentum. For πN scattering, this program was
carried out by Hamilton4 and collaborators. To reduce the contribution from far away
poles, Hamilton used dispersion relations for M/q2l (see the discussion of the peripheral
method in section 3). He also noted that intuitively one should expect high partial wave
amplitudes to be dominated by long range forces corresponding to low mass exchange,
and therefore the high partial wave amplitudes to be determined with more accuracy
than the low partial wave amplitudes. In section 3 it was noted that we can continue
experimental data from the s- or u-channel physical regions to the t-channel (ππ →
NN scattering) physical region. This was done by Nielsen et al. in ref. 120 using s-
channel phase-shifts to calculate t-channel partial waves. There are however, considerable
technical complications. Firstly, the imaginary part of the circle contribution can only
be expanded into t-channel helicity amplitudes over a limited region of the circle (see
section 3.3), so that only contributions from part of the ππ low-mass poles are evaluated.
Secondly, the corresponding expansions for the real parts converge for no real t-values
(see section 3.3). These problems have solutions involving many intricacies, described in
ref. 120 where partial wave dispersion relations are used to find ππ → NN amplitudes
from πN→ πN amplitudes. The values found there for the ππ phase-shift δ0

0 agrees with
experimental data, but the error on both the the calculated and the experimental δ0

0 is
very large.

Backward πN dispersion relations. - In section 3.1 was described how, to calcu-
late the πN scattering partial wave amplitudes in a partial wave dispersion relation ap-
proach we need the πN→ πN amplitudes in the unphysical region |s| = M2

N−M2
π , 4M

2
π ≤
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t ≤ 4M2
N. For backward dispersion relations a similar situation exists. If we change vari-

ables from s, t to q2
(s), z(s), we can write a πN dispersion relation in q2

(s) with z(s) = −1.

Using (17) and (20) it is easily shown that the scattering amplitudes A(q2
(s), z(s) = −1)

and B(q2
(s), z(s) = −1) have two cuts at q2

(s) ≤ −M2
π and q2

(s) ≥ 0 corresponding to the
left-hand and circular cut and the right-hand cut in the s-plane respectively. Moreover,
the nucleon poles at u, s = M2

N both correspond to q2
(s) = −M2

π(1−M2
π/4M

2
N), and from

(144) follows that B(q2
(s), z(s) = −1) has a pole there. Now the right-hand cut in the q2

(s)-
plane is the physical s-channel πN scattering cut where experimental data are available,
while the left-hand cut as we have seen arises because of the crossed channel processes.
In the t-channel we have ππ → NN. Nielsen et al.120 used an intricate continuation
procedure (to make an analytic continuation one must first subtract the non-analytic
parts) to find A(q2

(s), z(s) = −1) and B(q2
(s), z(s) = −1) on the left-hand cut, and then

found f0++(q2
(s)) and f0++(t), using an expansion similar to (138), but with the nucleon

pole term explicitly separated out to give better convergence, and including an estimate
of the real part of the d-wave contribution (earlier calculations had included only the s-
wave contribution, giving disagreement with partial wave calculations). They found that
the ππ phase-shifts δ0

0 have no resonance below W ≈ 800 MeV, and their values of f0++

were considered a considerable improvement on earlier values. Furthermore the values
agreed well with the values obtained with partial wave dispersion relations (above), but
share their very large errors (50-200%).

Fixed-t πN dispersion relations. - Using a method, again independent of t-
channel information, Nielsen and Oades121,122 applied fixed-t dispersion relations, taking
care of s− u crossing, to find very low energy πN phase-shifts. Tests indicated that the
d-waves were determined very accurately, confirming the intuitive statement above.

Consistency tests. - In the approaches discussed above, the idea has been to obtain
ππ amplitudes in a model independent way, using only πN data and the assumptions
of analyticity, unitarity and crossing. A more modest approach is to assume also some
specific functional form for the ππ amplitudes. In ref. 123 Nielsen and Oades fitted an
Omnès form of the amplitudes f0+±(t) and f1+±(t) with data at −26 ≤ t ≤ 4−1/M2

Nand
continued the result to t ≥ 4. The data were found using πN data and a fixed-t dispersion
relation, which is valid in this region by unitarity and analyticity (see section 3.3).
Via partial wave dispersion relations, they found the contributions to πN partial wave
amplitudes fl±(s)/q2l(s) and compared these with πN experimental data. They found
that the values Mρ = 765 MeV, Γρ = 125 MeV and a1

1 = 0.035 gave good agreement
for the amplitudes fl±(s)/q2l(s) (l = 1, 2), furnishing a remarkable confirmation of s− t
crossing, while the use of different δ0

0(t) gave no clear-cut agreement for fl±(s)/q2l(s)
(l = 1, 2), but was of some help in deciding between various suggested δ0

0(t), and revealed
a strong sensitivity of the p-wave amplitudes to very low energy ππ amplitudes, which
was to be expected, since the factor 1/q2l(s) suppresses far-away contributions (see the
discussion of the near singularity approximation and the peripheral method in section
3.1). The reason for the uncertainty concerning δ0

0(t) is that to obtain fl±(s)/q2l(s) in
the gap (MN −Mπ)2 ≤ s ≤ (MN + Mπ)2, fixed-t dispersion relations were used122 for
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(MN−Mπ)2 ≤ s and 0 ≤ t ≤ 4, and to obtain fl±(s)/q2l(s) for s→ (M2
N−M2

π) (the front
of the circular cut), fixed-t dispersion relations were used for t→ 4, which is the boundary
of the convergence region (see section 3.3). The error evaluation cannot be made model-
independently, nevertheless, Nielsen and Oades estimated123 −0.15 ≤ a0

0 ≤ 0.10.

ππ scattering, fixed-t dispersion relations and Roy equations. - In the case
of ππ scattering a different approach will be considered, we shall first set up fixed-t
dispersion relations and then consider partial waves, taking advantage of the extensive
crossing symmetry of the system. We can use the second of the crossing relations (167)
to derive a rather simple fixed-t dispersion relation for the t-channel amplitude (we follow
the description of Roy equations in ref. 3)

M (t)I(t) (s, t, u) = 1
π

∫ −t

−∞
ImM

(t)I(t) (s′,t,u′)
s′−s

ds′ + 1
π

∫∞
4

ImM
(t)I(t) (s′,t,u′)

s′−s
ds′

= 1
π

∫ −t

−∞
ImM

(t)I(t) (u′,t,s′)
u′−s

du′ + 1
π

∫∞
4

ImM
(t)I(t) (s′,t,u′)

s′−s
ds′

= 1
π

∫ −∞
−t

(−1)
I(t) ImM

(t)I(t) (s′,t,u′)
u′−s

du′ + 1
π

∫∞
4

ImM
(t)I(t) (s′,t,u′)

s′−s
ds′

= 1
π

∫∞
4

(−1)
I(t) ImM

(t)I(t) (s′,t,u′)
s′−u

ds′ + 1
π

∫∞
4

ImM
(t)I(t) (s′,t,u′)

s′−s
ds′

= 1
π

∫∞
1+t/4

(
(−1)I(t)

zsu′+zsu
+ 1

zsu′−zsu

)
ImM (t)I(t) (zsu′ , t) dzsu′ ,

(408)

the change of physical sheet, the interchange of integration limits (line 2→3), the change
of integration variable and the change of variables in the denominator (line 3→4) each
give a change of sign. The new s− u antisymmetric variable zsu is defined by

zsu ≡
(s− u)

4m2
π

=

(
t− 4m2

π

4m2
π

)
z(t). (409)

In practise, two subtractions must be made124,125 , which for the case of π0π0 scattering
gives

M (t)00 (s, t, u) = m(t)00 (t) +
1

π

∫ ∞

4

(
s2

s′ − s
+

u2

s′ − u

)
ImM (t)00 (s′, t, u′) ds′, (410)

where M (t)00 is a subtraction constant. (410) is analogous to (402), and in principle it
should be possible to use it to fit experimental data and extract ππ s-wave scattering
lengths, but in contrast to πN scattering, for ππ scattering we do not have low energy
(close to threshold) data, and no reliable fit can be made. However, use can be made
of the extensive crossing symmetry of the ππ system, to produce some more restrictive
relations. Using M

(t)00
0 (s = 4M2

π , t = 0) = 16πMπa
(t)00
0 , where a

(t)00
0 is the s-wave π0π0

scattering length (see the footnote of section 3), and s− t crossing (167), we can write

M (t)00 (s, t, u) =
[
M (t)00 (s, t, u)−M (t)00 (0, t, u)

]
+
[
M (t)00 (t, 0, u)−M (t)00 (4m2

π, 0, 0)
]
+ 16πmπa

(t)00
0 .

(411)
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Inserting (410), we find

M00 (s, t, u) =

16πmπa
00
0 +

t(t−4)
π

∫∞
4

(2s′−4)ImM00(s′,0,4−s′)ds′

s′(s′−t)(s′+t−4)(s′−4)
− su

π

∫∞
4

(2s′+t−4)ImM00(s′,t,4−s′−t)ds′

s′(s′−s)(s′−4+s+t)(s′+t−4)
=

16πmπa
00
0 +

1
π

∫∞
4
ds′ [K (s, s′, t) ImM00 (s′, t, 4− s′ − t)−K (s′, t, 0) ImM00 (s′, 0, 4− s′)] ,

(412)

where

K (s′, s, t) =
s (4− s− t) (2s′ + t− 4)

s′ (s′ − s) (s′ − 4 + s+ t) (s′ + t− 4)
. (413)

Imposing t − u crossing (167), M00(s, t, 4 − s − t) = M00(s, 4 − s − t, t), we get the
condition ∫∞

4
ds′ [K (s′, s, t) ImM00 (s′, t, 4− s′ − t)−

K (s′, s, 4− s− t) ImM00 (s′, 4− s′ − t, t) +

[K (s′, 4− s− t, 0)−K (s′, t, 0)] ImM00 (s′, 0, 4− s′)] = 0.

(414)

We can make a partial wave projection of the left-hand side of (412). (159) and s − t
crossing imply M00(z(s), t) = M00(z(t), t) = M00(−z(s), t), so that we need to integrate
over 0 < z < 1 only,

M00
l (s) =

2

s− 4

∫ 0

(−s+4)/2

M00 (s, t)Pl

(
1 +

2t

s− 4

)
dt. (415)

Furthermore we can express M00 on the right-hand side of (412) as a sum of partial
waves, retaining only the even-l waves (see the start of section 2.2).

ImM00 (s′, t) =
∑

l even
(2l′ + 1) ImM00

l (s′)Pl

(
1 +

2t

s′ − 4

)
. (416)

In the general iso-spin case follows125 from equations analogous to (412) and the two last
equations that

M I
l (s) = λI

l (s) +
∑2

I′=0

∑∞

l′=0
(2l′ + 1)

∫ ∞

4

ds′GII′

ll′ (s, s′) ImM I′

l′ , (417)

where GII′

ll′ are known functions125 that go like s′−3 for large s′, ensuring convergence.
For π0π0 scattering, the sum of GII′

ll′ over l′ gives for the s-wave contribution

G00
0 (s, s′) =

1

π

[
s− 4

(s′ − 4) (s′ − s)
− 2

s′
+

2

s− 4
ln

(
s− 4 + s′

s′

)]
. (418)
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The subtraction terms λI
l (s) in (417) are zero for l > 1, and for s- and p-waves they can

be expressed in terms of the two s-wave scattering lengths by

λ0
0 = 16πmπ [a0

0 + (2a0
0 − 5a2

0) (s− 4) /12] ,

λ2
0 = 16πmπ [a2

0 − (2a0
0 − 5a2

0) (s− 4) /24] ,

λ1
1 = 16πmπ [(2a0

0 − 5a2
0) (s− 4) /72] .

(419)

(413), (414), (417) and (418) form a set of equations that can be fitted to experiment,
allowing the determination of the two s-wave scattering lengths. For the corresponding
equations in the general iso-spin case, the Roy equations, see ref. 124. An important
property of the supplementary crossing conditions like (414) is that they involves no s-
and p-wave absorptive parts. Thus, if these waves dominate, as in the low energy region
(see section 3.3), full crossing symmetry is guaranteed. As to the region of validity of
the Roy equations, the expansion (416) converges for −28 ≤ t ≤ 4, for all s′ (see section
3.3) and can therefore be used in (412) for −4 ≤ s ≤ 60, which is then the region of
validity of the equations.

ππ scattering lengths from ρ-region data. - Below the KK threshold at ∼ 1
GeV, ππ scattering is dominated by the ρ-resonance at ∼ 770 MeV, the parameters (Mρ

and Γρ) of which are well determined experimentally. Below ∼ 500 MeV however, data
are scarce and the scattering lengths are not well determined experimentally. Scatter-
ing lengths are important because they parameterize the low energy behaviour of the
scattering amplitude, and because predictions for them are obtainable from field theo-
retic models and current algebra. The problem we shall now address is the following:
Given Mρ, Γρ and data on the scattering amplitude in the vicinity of the ρ (∼ 500-900
MeV), and assuming analyticity, unitarity and crossing: Which information is necessary
to determine the scattering amplitude near threshold? To this end we shall consider
two methods: First an application of forward and derivative dispersion relations which
explicitly includes su-crossing and approximately includes st- and tu-crossing. Second,
an application of the Roy equations which take advantage of the full crossing symmetry
of the ππ system. In both cases it turns out that the value of one parameter like e.g. a0

0

or a0
0/a

2
0 is enough to determine the low energy scattering amplitude. Elastic unitarity

is used with some confidence, since, as mentioned in section 2.2, experiments indicate
that inelasticity is negligible below ∼ 1000 MeV.

Application of forward ππ scattering dispersion relations. - We write out
the last line of (408) for I = 0, 1, 2 and t = 0, introducing a cut-off, and approximating
the effect of the high energy part of the integrals and of subtractions by adding terms
proportional to powers of zsu,

M (t)0,2 (zsu, t = 0) = 2
π

∫ zcut−off

1
dzsu′

zsu′ ImM(t)0,2(zsu′ ,t=0)

z2
su′−z2

su
+ e0,2

0 + e0,2
0

(
zsu

zρ

)2

,

M (t)1 (zsu, t = 0) = 2zsu

π

∫ zcut−off

1
dzsu′

zsu′ ImM(t)1(zsu′ ,t=0)

z2
su′−z2

su
+ e11

(
zsu

zρ

)
+ e13

(
zsu

zρ

)3

,

(420)
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where zρ is the zsu-value corresponding to t = Mρ, and zcut−off is above the zsu-value
corresponding to the f0 meson mass. Likewise, for the derivative of the scattering am-
plitudes,

[
∂
∂t
M (t)0,2 (zsu, t)

]
t=0

=

2
π

∫ zcut−off

1
dzsu′

zsu′ Im[ ∂
∂t

M(t)0,2(zsu,t)]
t=0

z2
su′−z2

su
+ f 0,2

0 + f 0,2
0

(
zsu

zρ

)2

,[
∂
∂t
M (t)1 (zsu, t)

]
t=0

=

2zsu

π

∫ zcut−off

1
dzsu′

zsu′ Im[ ∂
∂t

M(t)1(zsu,t)]
t=0

z2
su′−z2

su
+ f 1

1

(
zsu

zρ

)
+ f 1

3

(
zsu

zρ

)3

.

(421)

Notice that su-crossing is imposed : (408) was derived using su-crossing, and the possible
powers of zsu is also restricted by su-crossing. The accuracy of the approximation of high
energy effects by a power series in zsu truncated at fourth order can be checked roughly
by using explicit models (like e.g. Regge pole models), and seems to be justified3 . Three
of the nine parameters ej

i , f
j
i can be eliminated using tu- and su-crossing,

M (s)1 (zsu = 1, t = 0) = 0,

[
∂

∂t
M (s)0,2 (zsu = 0, t)

]
t=0

= 0, (422)

ensuring a fair measure of st-crossing in the triangle region (0< s,t,u <4), and leaving
six parameters to be determined. Morgan and Shaw126,127 used unitarity in an itera-
tive procedure, neglecting the f-wave contributions to M (s)1 and with Mρ,Γρ, δ

0,2
0 (zsu =

zρ)∂δ
0
0(zsu = zρ)/∂zsu as input. Thereby they determined all the parameters, but found

a large number of possible solutions for the amplitudes, corresponding to different input
behaviour in the ρ region. The demand was that solutions had to satisfy the dispersion
relations to within two percent up to 900 MeV, and solutions were found to satisfy exact
su-crossing and approximate st-crossing in the triangle region, and unitarity up to to 900
MeV, as expected. Some representative solutions of Morgan and Shaw for δ0

0 are shown
in fig. B together with data from ref. 128 and the nomenclature used be the authors.
In fig. B are shown the predicted forms for δ2

0 for δ2
0(zsu = zρ) = −10◦,−15◦ and −20◦

corresponding to the ”Between-Down” type of solution for δ0
0. A fact noted by Morgan

and Shaw is that the p- and d-wave scattering lengths exhibit relative stability against
changes in the ρ region, in contrast to the the s-wave scattering length. Therefore the
scarceness and contradictions of experimental data (see ref. 3 for a review) makes it dif-
ficult to determine the scattering lengths with confidence. Nevertheless, from the data
of ref. 128, Morgan and Shaw arrived at ”favoured” solutions, by appealing to data
on π−p→ π0π0n and model dependent estimates of a0

0/a
2
0. Their ”favoured” scattering

lengths are

a0
0 = 0.16± 0.04, a2

0 = −0.05± 0.01, a1
1 = 0.035± 0.002,

a0
2 = 0.0016± 0.0002, a2

2 = 0.0003± 0.0002.

(423)
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Figure 69: Alternative δ0
0 solutions from ref. 127 compared to the data of ref. 128 .

Another fact noted is that when plotted as points in the (a0
0, a

2
0) plane, s-wave scattering

lengths corresponding to various solutions are found to lie inside a narrow band, which
they call the universal curve (see fig. B below). Finally, they found also that the values
of the other threshold parameters a1

1, a
0,2
2 , b0,2

0 (see (91)) depend only on the location
of (a0

0, a
2
0) on the universal curve. From this follows that the threshold region can be

characterized by a single parameter, e.g. a0
0, provided the ρ region (W ∼ 500 MeV-1000

MeV) data are established.

Crossing and unitarity in ππ scattering. - When processes of crossed channels
are identical, like in ππ scattering, crossing, or analytic continuation from one chan-
nel to another is a powerful constraint in the threshold region. Especially because, as
illustrated in fig. B, when crossing is imposed in a fitting procedure, one is perform-
ing an interpolation instead of an extrapolation. At higher energies crossing becomes
less powerful, because of the longer analytic continuation, and because of the increasing
phase-shifts, unitarity plays a larger role.

ππ scattering, application of the Roy equations. - The Roy equations, (417),
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0(zsu = zρ) = −10◦,−15◦ and −20◦ from ref. 127

corresponding to the ”Between-Down” type of solution for δ0
0.

may be written in the form

M I
l (s) = λI

l (s) [δl0 + δl1] + φI
l (s)

+
∑2

I′=0

∑1
l′=0 (2l′ + 1)

∫ N

4
ds′GII′

ll′ (s, s′) ImM I′

l′ ,

(424)

where

φI
l =

∑2

I′=0

[∑∞

l′=2

∫ ∞

4

+
∑1

l′=0

∫ ∞

N

]
ds′ (2l′ + 1)GII′

ll′ (s, s′) ImM I′

l′ (s′) , (425)

and the λI
l (s) are determined by (419). Basdevant et al.129,130,131,102 estimated the

”driving term” φI
l (s) from Regge pole and resonance contributions. They found that

the driving term is small for W . 1 GeV and that the subsidiary crossing conditions
(414) (and the corresponding conditions for other iso-spins) for d- and higher waves are
approximately satisfied for 0 . s . 4M2

π . Actually, solutions to (424) plus unitarity
will to a good accuracy fulfill crossing at low energies, plus some of the rigorous bounds
reviewed in section 3.3, including the Martin inequalities and the BNR relations (see also
3). If φI

l (s) and λI
l (s) are known, the unknown functions of (421) are the s- and p-wave

partial wave amplitudes up to s = N (Basdevant et al.130,131,102 used N = 110M2
π).

Thus (424) can be used in two ways. Firstly132 to test if some assumed amplitude
reproduces itself, and if not, adjust the amplitude to achieve reproduction. Secondly,
one can assume some flexible parameterization and some ρ region data, and use (424) in
conjunction with elastic unitarity below the KK threshold to generate solutions. These
will to a good approximation satisfy fixed-t dispersion relations, unitarity and crossing
over the range 4≤ s ≤60M2

π (see ref. 3). Basdevant et al.130,102 demanded simultaneous
satisfaction to within 1 % of (424), and elastic unitarity below the KK threshold, and
found that the input information needed to fix the solutions were essentially similar to
those of Morgan and Shaw (described above). In particular, for a0

0 and a2
0, a universal
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Figure 71: Crossing plots. The full line corresponds to the ”Between-Down” solution of
ref. 127, the data are from ref. 129.

curve very similar to that of Morgan and Shaw was found. The universal curve of
Basdevant et al. is shown in fig. B. Also, they was found that the results were largely
independent of variations in the driving terms of order 50 %. One advantage of the Roy
equation approach over the forward dispersion approach is a somewhat greater predictive
power. The phase-shifts are predicted over the whole low energy region rather than just
up to 600 MeV. Furthermore, once the s- and p-waves are know, the higher waves can
be calculated directly from (424). In figs. B and B are shown s-wave phase-shifts from
131. Despite the fact that other experimental data from 133 was used, Basdevant et al. ,
like Morgan and Shaw, found various allowed solutions, but ruled out the ”Between-Up”
type on demanding a fit to data89 on the inelasticity η0

0 near the KK threshold. The
values of the scattering lengths corresponding to the three different solutions of figs. B
and B are given in table 2.3. Despite the apparent succés of the Roy approach, it should
be noted that the I = 1, l = 1 channel, which has not been treated above is problematic.
The detailed behaviour of the experimental amplitude below 600 MeV is not reconcilable
with the Roy equations102 . On the other hand, the d-waves are predicted accurately
below 1 GeV102 .

πK scattering - has many similarities with ππ scattering, in particular the scarceness

164



-0.08

-0.06

-0.04

-0.02

0.02

0.1 0.5

a0
2

a0
0

Figure 72: Universal curve from ref. 133 relating a0
0 and a2

0. The region between the
double lines is that explored in ref. 130,131,102 before imposing agreement with δ0

0 data.
The solid curve is the result of fitting data from ref. 129 . The hatched area indicates the
estimated error from the data input. The hatched ellipse indicates the current algebra
result of Weinberg.80

of low energy data, but the channel structure is more complicated, and the kinematics
are more complicated because of the unequal masses. One phenomenological approach
is, like discussed above for ππ scattering, to use fixed variable dispersion relations and
the constraints from analyticity, unitarity and crossing to narrow solutions compatible
with experimental data. Such a program was carried out by Ader et al. in ref. 141, and
some of their results are displayed in fig. B. As for ππ scattering, a large spectrum of
solutions are allowed. The curves C and C’ of fig. B correspond to scattering lengths

a
1/2
0 = 0.16, a

3/2
0 = −0.07, a

1/2
1 = 0.016, a

3/2
1 = 0.003. (426)

Another approach is to assume a form of ππ and πK scattering amplitudes, and use
partial wave dispersion relations to determine ππ →KK scattering amplitudes. This was
carried out by Nielsen and Oades (in 142), who found a well determined behaviour of
the I = 1 p-wave, and a ρ coupling ratio GρKK/Gρππ = 1.3± 0.3 which is in agreement
with predictions from SU(3) current algebra or effective lagrangians.
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a0
0 a2

0 a1
1 a0

2 a2
2

-0.05 -0.115±0.005 0.034±0.002 0.0014±0.0001 -2.5±1.0H10−4

0.16 -0.048±0.003 0.035±0.002 0.0014±0.0002 -1.5±1.0H10−4

0.60 0.043±0.004 0.041±0.002 0.0018±0.0002 5.3±2.0H10−4

Table 6: Scattering lengths corresponding to the three different solutions of figs. B and
B.
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Figure 73: Examples of s-wave phase-shifts from the Roy equation analysis of ref. 131.
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Figure 74: Examples of s-wave phase-shifts from the Roy equationanalysis of ref. 97.
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Figure 75: Fixed-variable dispersion relation analysis of πK scattering from ref. 141 .
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C The Goldberger-Treiman relation

The Goldberger-Treiman relation (GTR)146 was originally derived using QFT, a dispersion
relation and the hypothesis of pion pole dominance. Later147 it was derived using QFT and
the hypothesis of a partially conserved axial-vector current (PCAC), which is equivalent to the
pion pole dominance hypothesis. It can also be derived in a simple and elegant way, directly
from an effective lagrangian, assuming vanishing pion mass. In this section we first discuss
some QFT and the GTR, then study the three methods of derivation.

Pion decay to lowest order in the interaction. - For π−(P ) → µ− + ν, where P
is the pion four-momentum, the lowest order amplitude is assumed to be proportional to
〈0|J ′5µ(0)|P in〉, since there is no vectorial contribution because of conservation of parity.
Lorentz invariance enables us to write

〈0|J ′5µ(0)|P in〉 = i

(
1

2p′0V
′
π

)1/2

fπPµ, (427)

V ′
π is the normalization volume of the pion, fπ is the pion decay constant. Translation

of the matrix element gives

〈0|J ′5µ(x)|P in〉 = exµ∂µ 〈0|J ′5µ(0)|P in〉 =

eix·P 〈0|J ′5µ(0)|P in〉 = i( 1
2P ′

0V ′
π
)1/2fπPµe

ix·P ,

(428)

whence

〈0|∂µJ ′5µ(x)|P in〉 = ∂µ 〈0|J ′5µ(x)|P in〉 =
fπP

2e−iP ·x

(2P0Vπ′)1/2
. (429)

When the pion is ”on-mass-shell”, P 2=m2
π. If we assume conservation of axial-vector

current ∂µJ ′5µ = 0, the observed existence of the pion decay fπ 6= 0 and the above two
equations imply that m2

π=P 2=0.

The GTR - relates the pion decay constant fπ to the nucleon axial-vector form
factor gA = 1.2543 and the pion nucleon strong coupling constant (c.f. (142) and (78))
gπNN = 13.443 :

fπ =
√

2mN
gA

gπNN

. (430)

Inserting the cited values into above gives fπ = 124 MeV, which is to be compared to
an experimental value43 of 132 MeV. Thus the GTR is wrong with 6.5%.

The pion field and PCAC. - Restricting to SU(2), from (429) follows that the 3
fields ϕ = (ϕ1, ϕ2, ϕ3), defined in terms of the axial-vector currents by

ϕj (x) =
1

m2
πfπ

∂µJ ′
j
5µ (x) , j = 1, .., 3, (431)

are, to lowest order in the interaction, correctly normalized to serve as a triplet of one-
pion fields, since ”on-mass-shell” P 2 = m2

π and (429) gives the correct free particle pion
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wave functions. It is however not the only possible choice, and choosing a particular field
for the pion amounts to choosing its behaviour ”off-mass-shell”. The PCAC assumption
consists3 in making the choice (431) (thus restricting to processes involving one pion),
and assume that matrix elements of the operator fields ϕ, close to q2 = m2, vary with
q2 no faster than q2/m2, where m is the mass of the nearest singularity with the same
quantum numbers as the system under consideration†. When extrapolating from q2 =
m2

π to q2 = 0 one should therefore make an error of order m2
π/m

2. E.g. at q2 =
0, 〈p′ out|(2 +m2

π)ϕj(0)|p in〉 = (−q2 + m2
π)qµ 〈p′ out|J ′5µ

j(0)|p in〉 /(m2
πfπ) should be

wrong with at most m2
π/m

2.

Connection with effective lagrangians. - As noted below (336), a lagrangian like
(342) or the special case of (337) implies CVC and PCAC. More specifically, from (337)
follow9

Jk
5µ = i

w2

4
Tr
[
2τ k

(
U †∂µU − U∂µU

†)] , k = 1, 2, 3, (432)

∂µJk
5µ = −iw

2m2
π

4
Tr
[
2τ k

(
U − U †)] = w2m2

πϕ
2 + ... , k = 1, 2, 3, (433)

which implies (427) and (429) with fπ replaced by 21/2w. So the replacing of w by fπ/21/2

in (342) is justified.

The GTR from PCAC. - From (431) and (74) we get for the charge lowering axial
current operator A−(x) = (J ′5

1(x)− iJ ′5
2(x))/21/2,

〈p′ out
∣∣∂µA−

µ (x)
∣∣ p in〉 = fπm

2
π 〈p′ out

∣∣∣ϕπ− (x)
∣∣∣ p in〉 . (434)

Applying translation to (282) and using the free Dirac equation for the nucleon, the
left-hand side evaluated at x = 0 gives

〈p′ out
∣∣∂µA−

µ (0)
∣∣ p in〉 = 1√

2p′0VN′2p0VN

[2mNgA (q2) + q2fA (q2)]u′ (p′) γ5u (p) . (435)

Notice that if ∂µA−
µ = 0, since gA(0) 6= 0, this equation implies that fA(q2) has a pole at

q2 = 0 of first order in q2. We will now evaluate the right-hand side of (434) at x = 0.
According to the LSZ formalism (see (e.g. ref 1)

〈p′ out | pP in〉 = i√
Z
intd4x e−iP ·x

√
2P0Vπ

(2 +m2
π) 〈p′ out

∣∣∣ϕπ− (x)
∣∣∣ p in〉 ,

〈p′P ′ out | p in〉 = −i√
Z
intd4x eiP ·x

√
2P0Vπ

(2 +m2
π) 〈p′ out

∣∣∣ϕπ− (x)
∣∣∣ p in〉 ,

(436)

†The assumption is thus that qµ 〈p′ out|A+
µ (x)|p in〉 is an analytic function of q2 in a neighborhood

of 0 and therefore representable by a power series in q2, and that the higher order coefficients are
suppressed by a factor 1/m2 relative to the zeroth order term.
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|pP in〉 is an ”in” state containing an n of four-momentum p and a π+ of four-momentum
P and 〈p′P ′ out| is an ”out” state containing a p of four-momentum p′ and a π− of four-
momentum P ′. Writing out in Fourier components, we find for the first equation

〈p′ out | pP in〉 =

1√
Z

1√
2P0Vπ

(−q2 +m2
π) (2π)4 δ4 (q − P ) 〈p′ out

∣∣∣ϕπ− (0)
∣∣∣ p in〉 ,

(437)

where we have anticipated going to infinite normalization volumes and an infinite time
interval during which the transition may occur. We see that

〈p′ out
∣∣∣ϕπ− (0)

∣∣∣ p in〉 (438)

has a pole of first order in q2 at q2 = m2
π. Had we gone beyond the one-pion restriction

and considered ”in” (or ”out”) states with more than one pion, we would have found a
pole and a cut starting at q2 = 9m2

π corresponding to three pions (the possible values of
their squared total four-momentum are 9m2

π → infty) etc. From Lorentz invariance the
left-hand side above can be parameterized according to

〈p′ out | pP in〉 =

(2π)4 δ4 (q − P )
√

2gπNN (P 2) 1√
2P0Vπ2p′0VN′2p0VN

u′ (p′) γ5u (p) ,

(439)

√
2gπNN (q2) ≡ g+

πNN (q2) is a scalar form factor. Assuming the lagrangian (78),
gπNN/gπNN(0) must be identified with the g of (141). From the previous equations
follows √

2fπm
2
πgπNN (q2)

m2
π − q2

= 2mNgA

(
q2
)

+ q2fA

(
q2
)
. (440)

We have thus found a relation between two weak interaction coupling constants and a
strong interaction coupling constant. This is the result of identifying the pion, which
couples strongly to nucleons, with the divergence of a weak current. In the limit q2 →0,
the equation above reduces to the GTR (430). Since the nearest singularity 3π is at
q2=9m2

π, from the PCAC assumption we should the expect the GTR to be valid to an
accuracy of about 1/9 ≈ 10%, substantially above the error of 5% found experimentally
(see below (430)).

The GTR from a dispersion relation and pion pole dominance. - We saw
above that PCAC implies that the left-hand side of (435) has a pole at q2 = m2

π with
residue √

Z
√

2gπNN (0) fπm
2
π√

2p′0VN ′2p0VN

u (p′) γ5u (p) (441)

and a cut along the real axis from q2=9m2
π to ∞. Originally, this was the fundamental

assumption, which was motivated by assuming that ∂µA−
µ annihilates a pion, so that the
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left-hand side of (435) could be expressed as a product of a πNN vertex amplitude and
a π decay amplitude. We can then write a dispersion integral,

〈p′ out
∣∣∂µA−

µ (0)
∣∣ p in〉 = 1

m2
π−q2

√
Z
√

2gπNN (0)fπm2
π√

2p′0VN′2p0VN

u (p′) γ5u (p)

+ 1
π
int∞9m2

π
dq2 〈p

′ out|∂µA−
µ (0)|p in〉

m2
π−q2 .

(442)

If we now assume that the pion pole term dominates (c.f. near singularity approximation
of section 3.1), in the limit q2 → 0, we regain the GTR.

The GTR from an effective lagrangian. - Expanding the πN lagrangian (343),
we get

L
(1)
nucleons = N (γµ∂

µ −M)N + gA

fπ/
√

2
Nγµγ5τN · ∂µϕ

− 1
2f2

π/2
Nγµτ · ϕ× ∂µϕN + 1

2f2
π/2
ϕ2NNm̂ (Z0 + 2Z1) + ... .

(443)

On using this lagrangian to compute the amplitude for the process N→Nπi (where the
superscript refers to the isospin) and comparing with the Lorentz invariant form (439),
the GTR immediately follows.
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D Mathematica source code

This appendix contains the source code of the Mathematica notebooks referred to in the
main text. These computer programs are meant as simple illustrations of the theory for
some selected cases where I considered it useful to view plots or do some automatization
or where I did some numerical work. By typing in the code in an empty Mathematica
notebook, and evaluating one should be able to reproduce the calculations I did. For the
longer programs, it is definitely not recommended to type in the code. First of all, this
is a tedious and error prone process, and second, the original notebooks are ordered in
sections and contain lots of useful comments and explanations. To save the typing, the
notebooks are available at ref. 148.

D.1 ”s-Channel-t-Cut.nb”

m4 = m1; m3 = m2; qq2 = q2; m1 = 7; m2 = 1;

schanneleq = {s == (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2,

s == (Sqrt[qq2 + m3^2] + Sqrt[qq2 + m4^2])^2,

t == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m2^2])^2 -

(Sqrt[q2] - Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

u == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m1^2])^2 -

(Sqrt[q2] + Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2};

sofq2[Q2_] = Apart[s /. Flatten[Solve[schanneleq[[2]], s]]] /.

q2 -> Q2

q2oftz[T_, Z_] = Simplify[q2 /. Flatten[Solve[schanneleq[[3]],

q2]]] /. {t -> T, z -> Z}

softz1[t_, z_] = sofq2[q2oftz[t, z]]

softz2[t_, z_] = m1^2 + m2^2 - 2*Sqrt[m1^2 + t/(2*(-1 + z))]*

Sqrt[m2^2 + t/(2*(-1 + z))] + t/(-1 + z)

N[{{softz1[40, 0.9], softz1[40 - I*0.001, 0.9]},

{softz2[40, 0.9], softz2[40 - I*0.001, 0.9]}}]

N[{{softz1[40, 0.9], softz1[40 + I*0.001, 0.9]},

{softz2[40, 0.9], softz2[40 + I*0.001, 0.9]}}]

ParametricPlot3D[{Re[softz1[t, z]], Im[softz1[t, z]], t},

{t, 4, 100}, z, -0.99, 0.99}, BoxRatios -> {1, 1, 1},

PlotPoints -> 30];

ParametricPlot3D[{Re[softz2[t, z]], Im[softz2[t, z]], t}, {t, 4, 100},

{z, -0.99, 0.99}, BoxRatios -> {1, 1, 1}, PlotPoints -> 30];
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Table[{ParametricPlot3D[{Re[softz1[t + I*0.2*i, z]],

Im[softz1[t + I*0.2*i, z]], t}, {t, 0, 100}, {z, -0.99, 0.99},

BoxRatios -> {1, 1, 1}, PlotPoints -> 20,

PlotRange -> {{-500, 0}, {-50, 50}, {0, 100}}], {i, -1, 1},

ParametricPlot3D[{Re[softz1[t + I*0.2*i, z]],

Im[softz1[t + I*0.2*i, z]], t}, {t, 0, 100}, {z, -0.99, 0.99},

BoxRatios -> {1, 1, 1},

PlotPoints -> 20, PlotRange -> {{-500, 0}, {-50, 50}, {0, 100}}]},

{i, -1, 1}];

D.2 ”s-Channel-t-Integration.nb”

Off[General::spell1]

Off[General::spell]

ex = {m1 -> 7, m2 -> 1, tpole -> 12*m2^2}; xmin = -100;

xmax = 100;

ymin = -100; ymax = 100;

schanneleq = {s == (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2,

s == (Sqrt[qq2 + m3^2] + Sqrt[qq2 + m4^2])^2,

t == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m2^2])^2 -

(Sqrt[q2] - Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

u == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m1^2])^2 -

(Sqrt[q2] + Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2}

zoftdef = Solve[schanneleq[[3]], z]

qdef = Solve[schanneleq[[1]], q2]

qqdef = Solve[schanneleq[[2]], qq2]

zofstdep = Cancel[Flatten[z /. zoftdef /. qdef /. qqdef][[1]]]

m3 = m2; m4 = m1;

zofst[s_, t_] = Simplify[zofstdep]

tofsz[s_, z_] = Simplify[

t /. Flatten[Solve[zofstdep == z /. ex, t]]]

Do[Plot3D[Im[tofsz[x + I*y, n/5]], {x, xmin, xmax},

{y, ymin, ymax}, PlotRange -> {-100, 100},

PlotPoints -> 30], {n, -5, 5}]

tmaxdef = Flatten[Solve[zofst[s, t] == -1, t]]

tmax[s_] = Simplify[t /. tmaxdef]

173



tmindef = Flatten[Solve[zofst[s, t] == 1, t]]

tmin[s_] = Simplify[t /. tmindef]

dzoverdt[s_, t_] = Factor[Simplify[D[zofstdep, t]]]

{Factor[Together[tmin[s]]], Together[tmax[s]],

Together[dzoverdt[s, t]]}

Factor[tmax[{-1, 1}]]

Plot[Re[tmax[E^(I*angle)*(m1^2 - m2^2)] /. ex],

{angle, -Pi, Pi}];

Solve[tmax[E^(I*angle)*(m1^2 - m2^2)] == tpole, angle]

Plot[tmax[s] /. ex, {s, -1000, 1000}];

tcutchange = Solve[D[tmax[softcutchange], softcutchange] == 0,

softcutchange]

FullSimplify /@ (tmax[softcutchange] /. tcutchange) /.

Sqrt[(m1^2 - m2^2)^2] -> m1^2 - m2^2

steptcut[s_] := If[SetPrecision[Im[tmax[s]], 5] == 0 &&

Re[tmax[s]] > tpole //. ex, 1, 0];

plotrealtcut = ParametricPlot3D[{x, 0, 100*steptcut[x]},

{x, xmin, xmax}, DisplayFunction -> Identity];

plotcirculartcut = ParametricPlot3D[

{Re[E^(I*angle)*(m1^2 - m2^2) /. ex],

Im[E^(I*angle)*(m1^2 - m2^2) /. ex],

100*steptcut[E^(I*angle)*(m1^2 - m2^2)] /. ex},

{angle, -Pi, Pi}, DisplayFunction -> Identity];

Show[plotrealtcut, plotcirculartcut, DisplayFunction ->

$DisplayFunction, PlotRange -> {90, 100},

ViewPoint -> {0, 0, 500}, AxesEdge ->

{Automatic, Automatic, None}];

D.3 ”s-Channel-u-Integration.nb”

Off[General::spell1]

Off[General::spell]
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ex = {m1 -> 7, m2 -> 1, upole -> 12*m2^2};

xmin = -200; xmax = 200;

ymin = -100; ymax = 100;

schanneleq = {s == (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2,

s == (Sqrt[qq2 + m3^2] + Sqrt[qq2 + m4^2])^2,

t == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m2^2])^2 -

(Sqrt[q2] - Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

u == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m1^2])^2 -

(Sqrt[q2] + Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2}

zofuq2qq2def = Solve[schanneleq[[4]], z]

q2ofsdef = Solve[schanneleq[[1]], q2]

qq2ofsdef = Solve[schanneleq[[2]], qq2]

zofsudep = Cancel[Flatten[z /. zofuq2qq2def /. q2ofsdef /.

qq2ofsdef][[1]]]

m3 = m2; m4 = m1;

zofsu[s_, u_] = Simplify[zofsudep]

uofsz[s_, z_] = Simplify[

u /. Flatten[Solve[zofsudep == z /. ex, u]]]

Do[Plot3D[Im[uofsz[x + I*y, n/5]], {x, xmin, xmax},

{y, ymin, ymax}, PlotRange -> {-100, 100},

PlotPoints -> 30], {n, -5, 5}]

umaxdef = Flatten[Solve[zofsu[s, u] == -1, u]]

umax1[s_] = Factor[Together[PowerExpand[u /. umaxdef]]]

Factor[Together[u /. umaxdef]]

umax2[s_] = Factor[Together[PowerExpand[

(m1^4 - 2*m1^2*m2^2 + m2^4 + s^2 -

s*Sqrt[(m1^2 - m2^2 + s)^2/s]*Sqrt[(m1^2 - m2^2 - s)^2/

s])/(2*s)]]]

umindef = Flatten[Solve[zofsu[s, u] == 1, u]]

umin1[s_] = Factor[Together[PowerExpand[u /. umindef]]]

Factor[Together[u /. umindef]]

umin2[s_] = Apart[Simplify[PowerExpand[

(1/(2*s))*(-m1^4 + 2*m1^2*m2^2 - m2^4 + 4*m1^2*s +
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4*m2^2*s - s^2 - s*Sqrt[(m1^2 - m2^2 + s)^2/s]*

Sqrt[(m1^2 - m2^2 - s)^2/s])]]]

dzoverdu[s_, u_] = Factor[Simplify[D[zofsudep, u]]]

{umin1[s], umax1[s], umin2[s], umax2[s], dzoverdu[s, u]}

Plot[umin1[s] /. ex, {s, -150, 150}];

Plot[umax1[s] /. ex, {s, -150, 150}];

Show[%%, %, PlotRange -> {{-100, 150}, {-100, 150}}];

ucutchange1 = Solve[umax1[sofucutchange1] ==

umin1[sofucutchange1], sofucutchange1]

cutchangeupolevalues1 =

Flatten[{umin1[0], Simplify[umax1[sofucutchange1] /.

ucutchange1]}]

Solve[umin1[s] == 0, s]

Plot[umin2[s] /. ex, {s, -1000, 1000}, PlotPoints -> 50];

Plot[umax2[s] /. ex, {s, -1000, 1000}, PlotPoints -> 50];

Show[%%, %, PlotRange -> {{-100, 100}, {-100, 170}}];

ucutchange2 = Reverse[Solve[umax2[sofucutchange2] ==

umin2[sofucutchange2], sofucutchange2]]

cutchangeupolevalues2 =

Flatten[{Limit[umin2[s], s -> Infinity],

Simplify[umax2[sofucutchange2] /. ucutchange2]}]

Simplify[Solve[umin2[s] == 0, s]]

stepucut1[s_] := If[SetPrecision[Im[umax1[s]], 5] == 0 &&

SetPrecision[Im[umin1[s]], 5] == 0 &&

(Re[umin1[s]] < upole && upole < Re[umax1[s]] ||

Re[umin1[s]] > upole && upole > Re[umax1[s]]) //. ex,

1, 0];

stepucut2[s_] := If[SetPrecision[Im[umax2[s]], 5] == 0 &&

SetPrecision[Im[umin2[s]], 5] == 0 &&

(Re[umin2[s]] < upole && upole < Re[umax2[s]] ||
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Re[umin2[s]] > upole && upole > Re[umax2[s]]) //. ex,

1, 0];

plotucut = ParametricPlot3D[{s, 0, 100*stepucut1[s]},

{s, xmin, xmax}, PlotRange -> {{xmin, xmax}, {ymin, ymax},

{90, 100}}, ViewPoint -> {0, 0, 500},

AxesEdge -> {Automatic, Automatic, None}];

plotucut = ParametricPlot3D[{s, 0, 100*stepucut2[s]},

{s, xmin, xmax}, PlotRange -> {{xmin, xmax}, {ymin, ymax},

{90, 100}}, ViewPoint -> {0, 0, 500},

AxesEdge -> {Automatic, Automatic, None}];

stepucut1temp[u_, s_] :=

If[SetPrecision[Im[umax1[s]], 5] == 0 &&

SetPrecision[Im[umin1[s]], 5] == 0 &&

(Re[umin1[s]] < u && u < Re[umax1[s]] ||

Re[umin1[s]] > u && u > Re[umax1[s]]) /.

{m1 -> 7, m2 -> 1}, 1, 0];

stepucut2temp[u_, s_] :=

If[SetPrecision[Im[umax2[s]], 5] == 0 &&

SetPrecision[Im[umin2[s]], 5] == 0 &&

(Re[umin2[s]] < u && u < Re[umax2[s]] ||

Re[umin2[s]] > u && u > Re[umax2[s]]) /.

{m1 -> 7, m2 -> 1}, 1, 0];

plotucutupoles1 = ParametricPlot3D[{s, upole,

100*stepucut1temp[upole, s]}, {s, xmin, xmax},

{upole, 0, 250}, PlotPoints -> 50];

plotucutupoles2 = ParametricPlot3D[{s, upole,

100*stepucut2temp[upole, s]}, {s, xmin, xmax},

{upole, 0, 250}, PlotPoints -> 50];

D.4 ”sComplex.nb”

mN=6.721;mpi=1;

s[q2_]:={mN^2+mpi^2+2 q2+2 Sqrt[mN^2+q2] Sqrt[mpi^2+q2],

mN^2+mpi^2+2 q2-2 Sqrt[mN^2+q2] Sqrt[mpi^2+q2]};

ParametricPlot3D[{q2,Re[s[q2][[1]]],Im[s[q2][[1]]]},{q2,-3 mN^2,3 mN^2},

PlotPoints->600];
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ParametricPlot3D[{q2,Re[s[q2][[2]]],Im[s[q2][[2]]]},{q2,-3 mN^2,3 mN^2},

PlotPoints->600];

Show[%,%%,DisplayFunction->$DisplayFunction,

AxesLabel->{q2,Re(s),Im(s)},BoxRatios->{1.4,5.1,.4},

ViewPoint->{1.3,-2.4,1}];

D.5 ”MandelstamPlots.nb”

Off[General::spell1, General::spell];

totmasssqr[m1_, m2_] := 2*m1^2 + 2*m2^2;

strange[m1_, m2_] := 4*totmasssqr[m1, m2];

xyrange[m1_, m2_] := Min[{xf[m1, m2, strange[m1, m2],

strange[m1, m2]], yf[m1, m2, strange[m1, m2],

strange[m1, m2]]}];

zmax[m1_, m2_] := xyrange[m1, m2]; zmin[m1_, m2_] :=

-xyrange[m1, m2]

stmax[m1_, m2_] := strange[m1, m2]; stmin[m1_, m2_] :=

-strange[m1, m2];

utmax[m1_, m2_] := strange[m1, m2]; utmin[m1_, m2_] :=

-strange[m1, m2];

xmax[m1_, m2_] := xyrange[m1, m2]; xmin[m1_, m2_] :=

-xyrange[m1, m2];

ymax[m1_, m2_] := xyrange[m1, m2]; ymin[m1_, m2_] :=

-xyrange[m1, m2];

defscross = Flatten[

Solve[{Cos[Pi/6]*l2 + (Cos[Pi/6]*t)/Cos[Pi/6] == scross,

Cos[Pi/3]*l2 == (Cos[Pi/3]*t)/Cos[Pi/6]}, scross]];

defeqxy[m1_, m2_] := Flatten[Evaluate[

{y == -scross + totmasssqr[m1, m2] + Tan[Pi/3]*x,

y == s} /. defscross]];

defxy[m1_, m2_] := Flatten[Solve[defeqxy[m1, m2], {x, y}]];

xf[m1_, m2_, s_, t_] = x /. defxy[m1, m2];

yf[m1_, m2_, s_, t_] = y /. defxy[m1, m2];

defeqst[m1_, m2_] := Flatten[

{y == -scross + totmasssqr[m1, m2] + Tan[Pi/3]*x,
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y == s} /. defscross];

defst[m1_, m2_] := Flatten[Solve[defeqst[m1, m2], {s, t}]];

sf[m1_, m2_, x_, y_] = s /. defst[m1, m2];

tf[m1_, m2_, x_, y_] = t /. defst[m1, m2];

axesassignment[m1_, m2_] :=

(saxis = ParametricPlot3D[{xf[m1, m2, 0, a],

yf[m1, m2, 0, a], zmax[m1, m2]}, {a, -strange[m1, m2],

strange[m1, m2]}, DisplayFunction -> Identity,

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{zmin[m1, m2], zmax[m1, m2]}}];

taxis = ParametricPlot3D[{xf[m1, m2, a, 0],

yf[m1, m2, a, 0], zmax[m1, m2]}, {a, -strange[m1, m2],

strange[m1, m2]}, DisplayFunction -> Identity,

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{-zmin[m1, m2], zmax[m1, m2]}}];

uaxis = ParametricPlot3D[{xf[m1, m2, a,

totmasssqr[m1, m2] - a], yf[m1, m2, a,

totmasssqr - a], zmax[m1, m2]}, {a, -strange[m1, m2],

strange[m1, m2]}, DisplayFunction -> Identity,

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{zmin[m1, m2], zmax[m1, m2]}}]; );

axesassignment[7, 1];

Show[{saxis, taxis, uaxis}, DisplayFunction ->

$DisplayFunction];

m3 = m2; m4 = m1;

a[m1_, m2_] = ((m1^2*m2^2 - m3^2*m4^2)*(m1^2 + m2^2 - m3^2 -

m4^2))/totmasssqr[m1, m2]^3;

b[m1_, m2_] = ((m3^2*m2^2 - m1^2*m4^2)*(m3^2 + m2^2 - m1^2 -

m4^2))/totmasssqr[m1, m2]^3;

c[m1_, m2_] = ((m1^2*m3^2 - m2^2*m4^2)*(m1^2 + m3^2 - m2^2 -

m4^2))/totmasssqr[m1, m2]^3;

stbound[m1_, m2_] = Solve[{s*t*(totmasssqr[m1, m2] - s - t) ==

(s + t + (totmasssqr[m1, m2] - s - t))^2*

(a[m1, m2]*s + b[m1, m2]*t + c[m1, m2]*

(totmasssqr[m1, m2] - s - t))}, t]
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boundgrafstassignment[m1_, m2_] :=

(boundgrafst = ParametricPlot3D[

{xf[m1, m2, s, tboundofs[m1, m2, s]],

yf[m1, m2, s, tboundofs[m1, m2, s]], zmax[m1, m2]},

{s, stmin[m1, m2], stmax[m1, m2]},

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{zmin[m1, m2], zmax[m1, m2]}}, PlotPoints -> 100,

DisplayFunction -> Identity]; );

boundgrafutassignment[m1_, m2_] :=

(boundgrafut = ParametricPlot3D[

{xf[m1, m2, 2*m1^2 + 2*m2^2 - tboundofu[m1, m2, u] - u,

tboundofu[m1, m2, u]], yf[m1, m2, 2*m1^2 + 2*m2^2 -

tboundofu[m1, m2, u] - u, tboundofu[m1, m2, u]],

zmax[m1, m2]}, {u, utmin[m1, m2], utmax[m1, m2]},

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{zmin[m1, m2], zmax[m1, m2]}}, PlotPoints -> 100,

DisplayFunction -> Identity]; );

tboundofs[m1_, m2_, s_] = Simplify[t /. stbound[m1, m2][[2]]]

tboundofu[m1_, m2_, u_] := tboundofs[m1, m2, u]

boundgrafstassignment[7, 1]

boundgrafutassignment[7, 1]

Show[{boundgrafst, boundgrafut, saxis, taxis, uaxis},

DisplayFunction -> $DisplayFunction];

ampgrafassignment[m1_, m2_] :=

(ampofxy[x_, y_] = ampofstu[m1, m2, sf[m1, m2, x, y],

tf[m1, m2, x, y], totmasssqr[m1, m2] -

sf[m1, m2, x, y] - tf[m1, m2, x, y]];

ampgraf = Plot3D[ampofxy[x, y], {x, xmin[m1, m2],

xmax[m1, m2]}, {y, ymin[m1, m2], ymax[m1, m2]},

PlotPoints -> 20, ClipFill -> None,

PlotRange -> {{-xyrange[m1, m2], xyrange[m1, m2]},

{-xyrange[m1, m2], xyrange[m1, m2]},

{zmin[m1, m2], zmax[m1, m2]}}, DisplayFunction ->

Identity]; );
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ampofstu[m1_, m2_, s_, t_, u_] = 800/(s - 7^2) +

800/(u - 7^2);

ampgrafassignment[7, 1]

Show[{saxis, taxis, uaxis, ampgraf, boundgrafst},

DisplayFunction -> $DisplayFunction];

Save["MandelstamDefinitions", axesassignment,

boundgrafstassignment, boundgrafutassignment,

ampgrafassignment]

D.6 ”SpectralRegions.nb”

Off[General::spell1, General::spell];

mpi = 1; mN = 6.721; mK = 3.536;

ex = {m1 -> 7, m2 -> 1};

<< "MandelstamDefinitions"

m3 = m2; m4 = m1;

schanneleq = {s == (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2,

s == (Sqrt[qq2 + m3^2] + Sqrt[qq2 + m4^2])^2,

t == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m2^2])^2 -

(Sqrt[q2] - Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

u == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m1^2])^2 -

(Sqrt[q2] + Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2};

qdef = Simplify[Flatten[Solve[schanneleq[[1]], q2]]]

q2ofs[s_] = q2 /. qdef;

k2[q2_, t_, tt_, ttt_] = FullSimplify[t^2 + tt^2 + ttt^2 -

2*(tt*ttt + t*ttt + t*tt) - (t*tt*ttt)/q2]

kk2[m1_, m2_, s_, t_, tt_, ttt_] =

FullSimplify[k2[q2ofs[s], t, tt, ttt]]

tbound[m1_, m2_, s_, tt_, ttt_] =

FullSimplify[PowerExpand[

t /. Solve[kk2[m1, m2, s, t, tt, ttt] == 0, t]]]
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strange[m1_, m2_] = 5*(2*m1^2 + 2*m2^2);

zmax[m1_, m2_] = 30; zmin[m1_, m2_] = 0;

axesassignment[mN, mpi]; boundgrafstassignment[mN, mpi];

pipluspphysregionplot = Show[{saxis, taxis, uaxis,

boundgrafst}, ViewPoint -> {0, 0, 10000},

Axes -> {False, True, False}, DisplayFunction ->

$DisplayFunction];

axesassignment[mpi, mpi]; boundgrafstassignment[mpi, mpi];

pipiphysregionplot = Show[{saxis, taxis, uaxis, boundgrafst},

ViewPoint -> {0, 0, 10000}, Axes -> {False, True, False},

DisplayFunction -> $DisplayFunction];

axesassignment[mK, mpi]; boundgrafstassignment[mK, mpi];

piplusKphysregionplot = Show[{saxis, taxis, uaxis,

boundgrafst}, ViewPoint -> {0, 0, 10000},

Axes -> {False, True, False}, DisplayFunction ->

$DisplayFunction];

Do[Plot3D[tbound[m1, m2, s, tt, ttt][[1]] /. ex,

{tt, 0, 6000}, {ttt, 0, 6000}]; , {s, 0, 6000, 2000}];

Do[Plot3D[tbound[m1, m2, s, tt, ttt][[2]] /. ex,

{tt, 0, 6000}, {ttt, 0, 6000}]; , {s, 0, 6000, 2000}];

Do[Plot3D[Abs[tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - uu,

2*m1^2 + 2*m2^2 - uuu][[1]] /. ex], {uu, 0, 6000},

{uuu, 0, 6000}]; , {s, 0, 6000, 2000}];

Do[Plot3D[Abs[tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - uu,

2*m1^2 + 2*m2^2 - uuu][[2]] /. ex], {uu, 0, 6000},

{uuu, 0, 6000}], {s, 0, 6000, 2000}];

Do[Plot3D[Abs[tbound[m1, m2, s, tt, 2*m1^2 + 2*m2^2 - s -

uuu][[2]] /. ex], {tt, 0, 6000}, {uuu, 0, 6000}]; ,

{s, 0, 6000, 2000}];

t == FullSimplify[PowerExpand[

tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - s - m1^2,

2*m1^2 + 2*m2^2 - s - m1^2][[2]]]]
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t == FullSimplify[Together[Simplify[ExpandNumerator[

4*(m1^2 - (m1^2 - m2^2)^2/s)*

(1 + (m1^2 - (m1^2 - m2^2)^2/s)/(4*q2ofs[s]))]]]]

Simplify[% - %%]

strange[m1_, m2_] = 50*(2*m1^2 + 2*m2^2);

stmin[m1_, m2_] = (m1 + m2)^2;

tboundofs[m1_, m2_, s_] = FullSimplify[

PowerExpand[tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - s - m1^2,

2*m1^2 + 2*m2^2 - s - m1^2][[2]]]];

axesassignment[mN, mpi]; boundgrafstassignment[mN, mpi];

piNplotst1 = Show[{saxis, taxis, uaxis, boundgrafst},

DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 4*m1^2][[2]]]];

boundgrafstassignment[mN, mpi];

piNplotst2 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - s - (m1 + m2)^2,

2*m1^2 + 2*m2^2 - s - m1^2][[2]]]];

boundgrafstassignment[mN, mpi];

piNplotst3 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 4*m1^2][[2]]]];

boundgrafstassignment[mN, mpi];

piNplotst4 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s - m1^2][[

2]]]];

boundgrafstassignment[mN, mpi];

piNplotsu1 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]]]];
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boundgrafstassignment[mN, mpi];

piNplotsu2 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 2*m1^2 + 2*m2^2 - s - m1^2][[

2]]]];

boundgrafstassignment[mN, mpi];

piNplotsu3 = Show[boundgrafst, DisplayFunction -> Identity];

strange[m1_, m2_] = 50*(2*m1^2 + 2*m2^2);

stmin[m1_, m2_] = 9*m1^2;

tboundofs[m1_, m2_, s_] = FullSimplify[

t /. Solve[t == Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s -

m1^2][[2]] /. s -> 2*m1^2 + 2*m2^2 - s - t]],

t][[2]]];

boundgrafstassignment[mN, mpi];

piNplotsucrossed1 = Show[boundgrafst, DisplayFunction ->

Identity];

tboundofs[m1_, m2_, s_] = FullSimplify[

t /. Solve[t == Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]] /. s -> 2*m1^2 + 2*m2^2 - s -

t]], t][[1]]];

boundgrafstassignment[mN, mpi];

piNplotsucrossed2 = Show[boundgrafst, DisplayFunction ->

Identity];

strange[m1_, m2_] = 50*(2*m1^2 + 2*m2^2);

stmin[m1_, m2_] = 25*m1^2;

tboundofs[m1_, m2_, s_] =

t /. Solve[t == Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 2*m1^2 + 2*m2^2 - s -

m1^2][[2]] /. s -> 2*m1^2 + 2*m2^2 - s - t]], t][[

1]];

boundgrafstassignment[mN, mpi];

piNplotsucrossed3 = Show[boundgrafst, DisplayFunction ->

Identity];
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strange[m1_, m2_] = 50*(2*m1^2 + 2*m2^2);

utmin[m1_, m2_] = (m1 + m2)^2; utmax[m1_, m2_] =

strange[m1, m2];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 2*m1^2 + 2*m2^2 - u - m1^2,

2*m1^2 + 2*m2^2 - u - m1^2][[2]]]];

boundgrafutassignment[mN, mpi];

piNplotutcrossed1 = Show[boundgrafut, DisplayFunction ->

Identity];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 4*m1^2, 4*m1^2][[2]]]];

boundgrafutassignment[mN, mpi];

piNplotutcrossed2 = Show[boundgrafut, DisplayFunction ->

Identity];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 2*m1^2 + 2*m2^2 - u - (m1 + m2)^2,

2*m1^2 + 2*m2^2 - u - (m1 + m2)^2][[2]]]];

boundgrafutassignment[mN, mpi];

piNplotutcrossed3 = Show[boundgrafut, DisplayFunction ->

Identity];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 16*m1^2, 4*m1^2][[2]]]];

boundgrafutassignment[mN, mpi];

piNplotutcrossed4 = Show[boundgrafut, DisplayFunction ->

Identity];

piNthresholdsplot = Show[piNplotst1, piNplotst2, piNplotst4,

piNplotsu1, piNplotsu3, piNplotsucrossed1,

piNplotsucrossed3, piNplotutcrossed1, piNplotutcrossed2,

piNplotutcrossed4, DisplayFunction -> $DisplayFunction,

ViewPoint -> {0, 0, 10000}, Axes -> False];

t == Cancel[Simplify[PowerExpand[tbound[m1, m2, s, 4*m1^2,

4*m1^2][[2]]]] /. m2 -> m1] /. m1 -> 1

t == (t /. Flatten[

Solve[s == (Cancel[Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 4*m1^2][[2]]]] /.
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m2 -> m1] /. s -> t), t]])

stmin[m1_, m2_] = 4*m1^2; stmax[m1_, m2_] = strange[m1, m2];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 4*m1^2][[2]]]];

axesassignment[mpi, mpi]; boundgrafstassignment[mpi, mpi];

pipiplotst1 = Show[{saxis, taxis, uaxis, boundgrafst},

DisplayFunction -> Identity];

stmin[m1_, m2_] = 16*m1^2;

tboundofs[m1_, m2_, s_] =

t /. Flatten[Solve[

s == (Cancel[Simplify[PowerExpand[tbound[m1, m2, s,

4*m1^2, 4*m1^2][[2]]]] /. m2 -> m1] /. s -> t),

t]];

boundgrafstassignment[mpi, mpi];

pipiplotst2 = Show[boundgrafst, DisplayFunction -> Identity];

stmin[m1_, m2_] = 4*m1^2;

tboundofs[m1_, m2_, s_] = 4*m1^2 - s -

Simplify[PowerExpand[tbound[m1, m2, s, 4*m1^2, 4*m1^2][[

2]]]];

boundgrafstassignment[mpi, mpi];

pipiplotsu1 = Show[boundgrafst, DisplayFunction -> Identity];

stmin[m1_, m2_] = 16*m1^2;

tboundofs[m1_, m2_, s_] = 4*m1^2 - s -

(t /. Flatten[Solve[

s == (Cancel[Simplify[PowerExpand[tbound[m1, m2, s, 4*

m1^2, 4*m1^2][[2]]]] /. m2 -> m1] /. s -> t),

t]]);

boundgrafstassignment[mpi, mpi];

pipiplotsu2 = Show[boundgrafst, DisplayFunction -> Identity];

utmin[m1_, m2_] = 4*m1^2; utmax[m1_, m2_] = strange[m1, m2];
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tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 4*m1^2, 4*m1^2][[2]]]];

boundgrafutassignment[mpi, mpi];

pipiplotut1 = Show[boundgrafut, DisplayFunction -> Identity];

utmin[m1_, m2_] = 16*m1^2;

tboundofu[m1_, m2_, u_] =

t /. Flatten[Solve[

u == (Cancel[Simplify[PowerExpand[tbound[m1, m2, u,

4*m1^2, 4*m1^2][[2]]]] /. m2 -> m1] /. u -> t),

t]];

boundgrafutassignment[mpi, mpi];

pipiplotut2 = Show[boundgrafut, DisplayFunction -> Identity];

pipithresholdsplot = Show[pipiplotst1, pipiplotst2,

pipiplotsu1, pipiplotsu2, pipiplotut1, pipiplotut2,

ViewPoint -> {0, 0, 10000}, Axes -> False,

DisplayFunction -> $DisplayFunction];

t == Simplify[PowerExpand[tbound[m1, m2, s,

2*m1^2 + 2*m2^2 - s - (m1 + m2)^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]]]]

stmin[m1_, m2_] = (m1 + m2)^2; stmax[m1_, m2_] =

strange[m1, m2];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 2*m1^2 + 2*m2^2 - s - (m1 + m2)^2,

2*m1^2 + 2*m2^2 - s - m1^2][[2]]]];

axesassignment[mK, mpi]; boundgrafstassignment[mK, mpi];

piKplotst1 = Show[{saxis, taxis, uaxis, boundgrafst},

DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 4*m1^2][[2]]]];

boundgrafstassignment[mK, mpi];

piKplotst2 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 4*m1^2][[2]]]];
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boundgrafstassignment[mK, mpi];

piKplotst3 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]]]];

boundgrastfassignment[mK, mpi];

piKplotsu1 = Show[boundgrafst, DisplayFunction -> Identity];

tboundofs[m1_, m2_, s_] = Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]]]];

boundgrafstassignment[mK, mpi];

piKplotsu2 = Show[boundgrafst, DisplayFunction -> Identity];

stmin[m1_, m2_] = 9*m1^2;

tboundofs[m1_, m2_, s_] =

t /. Solve[t == Simplify[PowerExpand[

tbound[m1, m2, s, 4*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]] /. s -> 2*m1^2 + 2*m2^2 - s -

t]], t][[2]];

boundgrafstassignment[mK, mpi];

piKplotsucrossed1 = Show[boundgrafst, DisplayFunction ->

Identity];

stmin[m1_, m2_] = 25*m1^2;

tboundofs[m1_, m2_, s_] =

t /. Solve[t == Simplify[PowerExpand[

tbound[m1, m2, s, 16*m1^2, 2*m1^2 + 2*m2^2 - s -

(m1 + m2)^2][[2]] /. s -> 2*m1^2 + 2*m2^2 - s -

t]], t][[1]];

boundgrafstassignment[mK, mpi];

piKplotsucrossed2 = Show[boundgrafst, DisplayFunction ->

Identity];

utmin[m1_, m2_] = (m1 + m2)^2; utmax[m1_, m2_] =
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strange[m1, m2];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 2*m1^2 + 2*m2^2 - u - (m1 + m2)^2,

2*m1^2 + 2*m2^2 - u - (m1 + m2)^2][[2]]]];

boundgrafutassignment[mK, mpi];

piKplotutcrossed1 = Show[boundgrafut, DisplayFunction ->

Identity];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 4*m1^2, 4*m1^2][[2]]]];

boundgrafutassignment[mK, mpi];

piKplotutcrossed2 = Show[boundgrafut, DisplayFunction ->

Identity];

tboundofu[m1_, m2_, u_] = Simplify[PowerExpand[

tbound[m1, m2, u, 16*m1^2, 4*m1^2][[2]]]];

boundgrafutassignment[mK, mpi];

piKplotutcrossed3 = Show[boundgrafut, DisplayFunction ->

Identity];

piKthresholdsplot = Show[piNplotst1, piNplotst3, piNplotsu1,

piNplotsu2, piNplotsucrossed1, piNplotsucrossed2,

piNplotutcrossed1, piNplotutcrossed3,

ViewPoint -> {0, 0, 10000}, Axes -> False,

DisplayFunction -> $DisplayFunction];

D.7 ”EffectiveRangeFits.nb”

Off[General::spell1]

Off[General::spell]

cutoff = 1000;

analytic = False;

nonrel = False;

mPi = 0.1396;

M1 = 0.1396; M2 = 0.1396;

M1 = 1; M2 = 1;

q2ofs[m1_, m2_, s_] := ((s - (m1 + m2)^2)*(s - (m1 - m2)^2))/

(4*s)

qofs[m1_, m2_, s_] :=

Sqrt[((s - (m1 + m2)^2)*(s - (m1 - m2)^2))/(4*s)]
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qofw[m1_, m2_, w_] :=

Sqrt[((w^2 - (m1 + m2)^2)*(w^2 - (m1 - m2)^2))/(4*w^2)]

q2ofw[m1_, m2_, w_] := ((w^2 - (m1 + m2)^2)*

(w^2 - (m1 - m2)^2))/(4*w^2)

sofq[m1_, m2_, q_] := (Sqrt[q^2 + m1^2] + Sqrt[q^2 + m2^2])^2

sofq2[m1_, m2_, q2_] := (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2

wofq2[m1_, m2_, q2_] := Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2]

wofq[m1_, m2_, q_] := Sqrt[q^2 + m1^2] + Sqrt[q^2 + m2^2]

wofs[m1_, m2_, s_] := Sqrt[s]

sofw[m1_, m2_, w_] := w^2

dssoverdqq[m1_, m2_, qq_] = D[sofq[m1, m2, qq], qq];

sssinv[n_] := 1/(ss - s0) + Sum[(s - s0)^(i - 1)/(ss - s0)^i,

{i, 2, n}] + ((s - s0)^n/(ss - s0)^n)*(1/(ss - s));

Simplify[PowerExpand[sssinv[n]]]

superconvrel[m1_, m2_, s0_, spoles_List, lp, l_Integer] :=

Flatten[Table[Sum[lp[spoles[[j]]]*(spoles[[j]] - s0^2)^i,

{j, 1, Length[spoles]}] == 0, {i, 0, l - 2}]]

superconvrel[1, 7, (1 + 7)^2, {1, 2, 3}, lp, 3]

lambdaDpoles[m1_, m2_, s0_, spoles_List, lp_, l_Integer] :=

lambdaDpoles[m1, m2, s0, spoles, lp, l] =

If[l > 1, Join[lp /@ Drop[spoles, -l + 1],

Flatten[Table[lp[spoles[[i]]], {i, Length[spoles] - l +

2, Length[spoles]}] /.

(sols = Solve[superconvrel[m1, m2, s0, spoles, lp, l],

Table[lp[spoles[[i]]], {i, Length[spoles] - l + 2,

Length[spoles]}]]; Print[

"Solution to superconvergence relations: ", sols];

sols)]], Print["Angular momentum <= 1, no \

superconvergence relations"]; lp /@ spoles];

lambdaDpoles[M1, M2, (M1 + M2)^2, {4, 5, 6, 9}, lp, 1]

lambdaDpoles[M1, M2, (M1 + M2)^2, {1, 2, 3, 4}, lp, 2]

lambdaDpoles[1, 7, (1 + 7)^2, {10, 20, 30, 40, 50, 60}, lp, 3]
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test = lambdaDpoles[1, 7, (1 + 7)^2, {10, 20, 30, 40, 50, 60},

lp, 3]

superconvrel[1, 7, (1 + 7)^2, {10, 20, 30, 40, 50, 60}, lp,

3] /. lp ->

(test[[Sequence @@ Flatten[Position[{10, 20, 30, 40, 50,

60}, #1]]]] & )

Simplify[%]

nlofs[m1_, m2_, n0subtr_, sn0_, s0_, spoles_List, lp_,

l_Integer, s_] := If[l == 0, 2*n0subtr -

(s - sn0)*Sum[lambdaDpoles[m1, m2, s0, spoles, lp, l][[

i]]/((-spoles[[i]] - s)*(-spoles[[i]] - sn0)),

{i, 1, Length[spoles]}],

-Sum[lambdaDpoles[m1, m2, s0, spoles, lp, l][[i]]/

((-spoles[[i]] - s)*(4*q2ofs[m1, m2, -spoles[[i]]])^l),

{i, 1, Length[spoles]}]];

imd[m1_, m2_, n0subtr_, sn0_, s0_, spoles_List, lp_,

l_Integer, s_] := If[nonrel, (-(4*q2ofs[m1, m2, s])^l)*

nlofs[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s]*

(Sqrt[4*q2ofs[m1, m2, s]]/2), (-(4*q2ofs[m1, m2, s])^l)*

nlofs[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s]*

(Sqrt[4*q2ofs[m1, m2, s]]/Sqrt[s])];

setdl := (Clear[dlofs]; dlofs[m1_, m2_, n0subtr_, sn0_, s0_,

spoles_List, lp_, l_Integer, s_] :=

dlofs[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s] =

If[analytic, 1 + Simplify[PowerExpand[Conjugate[

((s - s0)/Pi)*Integrate[Simplify[imd[m1, m2,

n0subtr, sn0, s0, spoles, lp, l, ss]/(

(ss - s0)*(ss - s))], {ss, (m1 + m2)^2,

Infinity}, Assumptions -> {Im[s] > 0 &&

Im[s0] == 0 && Im[spoles[[1]]] == 0 &&

s0 <= 4 && spoles[[1]] > -4}]]]],

1 + ((s - s0)/Pi)*int[imd[m1, m2, n0subtr, sn0, s0,

spoles, lp, l, ss]/((ss - s0)*(ss - s))] +

I*imd[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s]]);

setdl
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mlofs[m1_, m2_, n0subtr_, sn0_, s0_, spoles_List, lp_,

l_Integer, s_] := If[l == 0,

nlofs[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s]/

dlofs[m1, m2, n0subtr, sn0, s0, spoles, lp, l, s],

((4*q2ofs[m1, m2, s])^l*nlofs[m1, m2, n0subtr, sn0, s0,

spoles, lp, l, s])/dlofs[m1, m2, n0subtr, sn0, s0,

spoles, lp, l, s]]

fitfunc[lp_, l_, spoles_List][s_] :=

If[l != 0, mlofs[M1, M2, a0, (M1 + M2)^2, -spoles[[1]],

spoles, lp, l, s], mlofs[M1, M2, a0, (M1 + M2)^2,

0.99*(M1 + M2)^2, spoles, lp, l, s]]

pipidata[0, 0] = Transpose[{{0.3, 0.32, 0.34, 0.36, 0.38, 0.4,

0.42, 0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58,

0.6, 0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76,

0.78, 0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94,

0.96, 0.98}, ({0.3, 0.32, 0.34, 0.36, 0.38, 0.4, 0.42,

0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58, 0.6,

0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76, 0.78,

0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94, 0.96,

0.98}*(1/qofw[mPi, mPi, #1] & ) /@ {0.3, 0.32, 0.34,

0.36, 0.38, 0.4, 0.42, 0.44, 0.46, 0.48, 0.5, 0.52,

0.54, 0.56, 0.58, 0.6, 0.62, 0.64, 0.66, 0.68, 0.7,

0.72, 0.74, 0.76, 0.78, 0.8, 0.82, 0.84, 0.86, 0.88,

0.9, 0.92, 0.94, 0.96, 0.98})*

({0.123, 0.182, 0.235, 0.281, 0.324, 0.363, 0.398,

0.429, 0.455, 0.474, 0.489, 0.497, 0.5, 0.497, 0.488,

0.475, 0.457, 0.434, 0.408, 0.377, 0.344, 0.306,

0.266, 0.224, 0.178, 0.129, 0.076, 0.021, -0.042,

-0.109, -0.184, -0.269, -0.367, -0.467, -0.457} +

I*{0.015, 0.034, 0.059, 0.086, 0.119, 0.156, 0.198,

0.244, 0.292, 0.342, 0.396, 0.449, 0.502, 0.556,

0.607, 0.656, 0.703, 0.748, 0.79, 0.828, 0.863,

0.895, 0.923, 0.947, 0.967, 0.983, 0.994, 1., 0.998,

0.988, 0.965, 0.921, 0.84, 0.679, 0.29})}];

pipidataofs[0, 0] = ({sofw[mPi, mPi, #1[[1]]]/mPi^2,

#1[[2]]} & ) /@ pipidata[0, 0];

pipidata[1, 1] = Transpose[{{0.3, 0.32, 0.34, 0.36, 0.38, 0.4,

0.42, 0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58,
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0.6, 0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76,

0.78, 0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94,

0.96, 0.98}, ({0.3, 0.32, 0.34, 0.36, 0.38, 0.4, 0.42,

0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58, 0.6,

0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76, 0.78,

0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94, 0.96,

0.98}*(1/qofw[mPi, mPi, #1] & ) /@ {0.3, 0.32, 0.34,

0.36, 0.38, 0.4, 0.42, 0.44, 0.46, 0.48, 0.5, 0.52,

0.54, 0.56, 0.58, 0.6, 0.62, 0.64, 0.66, 0.68, 0.7,

0.72, 0.74, 0.76, 0.78, 0.8, 0.82, 0.84, 0.86, 0.88,

0.9, 0.92, 0.94, 0.96, 0.98})*

({0.002, 0.007, 0.012, 0.017, 0.026, 0.035, 0.044,

0.056, 0.07, 0.085, 0.102, 0.123, 0.146, 0.173, 0.205,

0.241, 0.284, 0.333, 0.387, 0.443, 0.488, 0.496,

0.428, 0.252, 0., -0.232, -0.386, -0.466, -0.496,

-0.499, -0.489, -0.473, -0.455, -0.436, -0.416} +

I*{0., 0., 0., 0., 0.001, 0.001, 0.002, 0.003, 0.005,

0.007, 0.011, 0.015, 0.022, 0.031, 0.044, 0.062,

0.088, 0.127, 0.184, 0.268, 0.391, 0.559, 0.759,

0.932, 1., 0.943, 0.817, 0.682, 0.465, 0.47, 0.396,

0.337, 0.292, 0.255, 0.223})}];

pipidataofs[1, 1] = ({sofw[mPi, mPi, #1[[1]]]/mPi^2,

#1[[2]]} & ) /@ pipidata[1, 1];

pipidata[2, 0] = Transpose[{{0.3, 0.32, 0.34, 0.36, 0.38, 0.4,

0.42, 0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58,

0.6, 0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76,

0.78, 0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94,

0.96, 0.98}, ({0.3, 0.32, 0.34, 0.36, 0.38, 0.4, 0.42,

0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58, 0.6,

0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76, 0.78,

0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94, 0.96,

0.98}*(1/qofw[mPi, mPi, #1] & ) /@ {0.3, 0.32, 0.34,

0.36, 0.38, 0.4, 0.42, 0.44, 0.46, 0.48, 0.5, 0.52,

0.54, 0.56, 0.58, 0.6, 0.62, 0.64, 0.66, 0.68, 0.7,

0.72, 0.74, 0.76, 0.78, 0.8, 0.82, 0.84, 0.86, 0.88,

0.9, 0.92, 0.94, 0.96, 0.98})*

({-0.01, -0.021, -0.031, -0.042, -0.054, -0.064, -0.075,

-0.087, -0.097, -0.107, -0.118, -0.128, -0.138,

-0.148, -0.156, -0.164, -0.173, -0.181, -0.189,

-0.195, -0.203, -0.21, -0.216, -0.222, -0.229, -0.233,

-0.239, -0.244, -0.248, -0.253, -0.258, -0.262,

-0.266, -0.271, -0.274} + I*{0., 0., 0.001, 0.002,

0.003, 0.004, 0.006, 0.008, 0.01, 0.012, 0.014,
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0.017, 0.019, 0.022, 0.025, 0.028, 0.031, 0.034,

0.037, 0.04, 0.043, 0.046, 0.049, 0.052, 0.055,

0.058, 0.061, 0.064, 0.066, 0.069, 0.071, 0.074,

0.077, 0.08, 0.082})}];

pipidataofs[2, 0] = ({sofw[mPi, mPi, #1[[1]]]/mPi^2,

#1[[2]]} & ) /@ pipidata[2, 0];

pipidataplot[0, 0] =

{ListPlot[Transpose[MapAt[Re, Transpose[pipidataofs[0, 0]],

2]], DisplayFunction -> Identity],

ListPlot[Transpose[MapAt[Im, Transpose[pipidataofs[0, 0]],

2]], DisplayFunction -> Identity]};

pipidataplot[1, 1] =

{ListPlot[Transpose[MapAt[Re, Transpose[pipidataofs[1, 1]],

2]], DisplayFunction -> Identity],

ListPlot[Transpose[MapAt[Im, Transpose[pipidataofs[1, 1]],

2]], DisplayFunction -> Identity]};

pipidataplot[2, 0] =

{ListPlot[Transpose[MapAt[Re, Transpose[pipidataofs[2, 0]],

2]], DisplayFunction -> Identity],

ListPlot[Transpose[MapAt[Im, Transpose[pipidataofs[2, 0]],

2]], DisplayFunction -> Identity]};

Needs["NumericalMath‘CauchyPrincipalValue‘"]

sse[iso_, ang_][spoles__][strenghs__] :=

Block[{spole, ff}, If[analytic,

ff[s_] = fitfunc[lp, ang, {spoles}][s];

Plus @@ ((1/Abs[#1[[1]] - (M1 + M2)^2]^weightp)*

Abs[(ff[spole = #1[[1]]] /. (lp[#1[[1]]] ->

#1[[2]] & ) /@ Transpose[{{spoles},

{strenghs}}]) - #1[[2]]] & ) /@

pipidataofs[iso, ang],

Plus @@ ((1/Abs[#1[[1]] - (M1 + M2)^2]^weightp)*

Abs[(fitfunc[lp, ang, {spoles}][spole = #1[[1]]] /.

(lp[#1[[1]]] -> #1[[2]] & ) /@ Transpose[{

{spoles}, {strenghs}}] /. int ->

(CauchyPrincipalValue[#1, {ss, (M1 + M2)^2,

{spole}, cutoff}] & )) - #1[[2]]] & ) /@

pipidataofs[iso, ang]]];

lpp[x_] := ToExpression[StringJoin["lp",

StringReplace[ToString[x], "." -> "e"]]];

ppl[a0] := a0;

ppl[x_] := lp[ToExpression[StringReplace[

194



StringDrop[ToString[x], 2], "e" -> "."]]];

evsol := sol = Which[angl == 0, FindMinimum1[

sse1[isoj, angl][Sequence @@ polepositions][

Sequence @@ lpp /@ polepositions],

Sequence @@ ({#1[[1]], Sequence @@ #1[[2]]} & ) /@

Transpose[{lpp /@ polepositions, Take[startvalues,

Length[polepositions]]}], {a0, {0, 1}},

MaxIterations -> 500], angl <= 1,

FindMinimum1[sse1[isoj, angl][Sequence @@ polepositions][

Sequence @@ lpp /@ polepositions],

Sequence @@ ({#1[[1]], Sequence @@ #1[[2]]} & ) /@

Transpose[{lpp /@ polepositions, Take[startvalues,

Length[polepositions]]}], MaxIterations -> 500],

True, FindMinimum1[sse1[isoj, angl][Sequence @@

polepositions][Sequence @@ lpp /@ polepositions],

Sequence @@ ({#1[[1]], Sequence @@ #1[[2]]} & ) /@

Transpose[{lpp /@ Take[polepositions,

Length[polepositions] - angl + 1],

Take[startvalues, Length[polepositions] - angl +

1]}], MaxIterations -> 500]] /.

{FindMinimum1 -> FindMinimum, sse1 -> sse};

evplots := Block[{ff},

If[analytic, ff[s_] = fitfunc[lp, angl, polepositions][

s] /. (ppl[#1[[1]]] -> #1[[2]] & ) /@ sol[[2]],

ff[s_] := fitfunc[lp, angl, polepositions][s] /.

(ppl[#1[[1]]] -> #1[[2]] & ) /@ sol[[2]] /.

int -> (CauchyPrincipalValue[#1, {ss, (M1 + M2)^2,

{s}, cutoff}] & )]; fitplot =

{Plot[Re[ff[s]], {s, (M1 + M2)^2, 50},

DisplayFunction -> Identity], Plot[Im[ff[s]],

{s, (M1 + M2)^2, 50}, DisplayFunction -> Identity]};

Show[fitplot[[1]], pipidataplot[isoj, angl][[1]],

DisplayFunction -> $DisplayFunction];

Show[fitplot[[2]], pipidataplot[isoj, angl][[2]],

DisplayFunction -> $DisplayFunction]; ];

2

nlofs[M1, M2, a0, (M1 + M2) , s0, {pl}, lp, 0, s]

2

dlofs[M1, M2, a0, (M1 + M2) , s0, {pl}, lp, 0, s]
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nonrel = True; analytic = True; setdl;

Simplify[PowerExpand[mlofs[

2

M1, M2, a0, (M1 + M2) , s0, {pl}, lp, 0, s] /. \[InvisibleSpace]

Conjugate -> Identity]]

2

dlofs[M1, M2, a, (M1 + M2) , -pl, {pl}, lp, 1, s]

2

Simplify[mlofs[M1, M2, a, (M1 + M2) , s0, {pl}, lp, 1, s]]

fitfunc[lp, 1, {pl}][s]

testn[s_] = nlofs[M1, M2, a, (M1 + M2)^2, (M1 + M2)^2, {pl},

lp, 0, s];

testd[s_] = dlofs[M1, M2, a, (M1 + M2)^2, (M1 + M2)^2, {pl},

lp, 0, s] /. int :> (Integrate[#1, {ss, (M1 + M2)^2,

cutoff}] & );

FullSimplify /@ Collect[testd[s], {_Log}]

testm[s_] = mlofs[M1, M2, a, (M1 + M2)^2, (M1 + M2)^2, {pl},

lp, 0, s] /. int :> (Integrate[#1, {ss, (M1 + M2)^2,

cutoff}] & );

Plot3D[Re[testn[s]] /. lp[pl] -> str /. pl -> 30 /. a -> 0.26,

{str, -1000, 1000}, {s, 5, 50}];

Plot3D[Re[(-s^2 + s)/testd[s]] /. lp[pl] -> str /. pl -> 30 /.

a -> 0.26, {str, -1000, 1000}, {s, 5, 50}];

Plot3D[Im[1/testd[s]] /. lp[pl] -> str /. pl -> 30 /.

a -> 0.26, {str, -1000, 1000}, {s, 5, 50}];

Plot3D[Re[testm[s]] /. lp[pl] -> str /. pl -> 30 /. a -> 0.26,

{str, -1000, 1000}, {s, 5, 50}];

Plot[Re[testm[s]] /. lp[pl] -> -6000 /. pl -> 300 /.

a -> 0.26, {s, 5, 50}];

Needs["NumericalMath‘CauchyPrincipalValue‘"]
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\[Sigma][s_] := Sqrt[1 - 4/s];

JBar[s_] := (1/(16*Pi^2))*

(\[Sigma][s]*Log[(\[Sigma][s] - 1)/(\[Sigma][s] + 1)] + 2);

Plot3D[Im[JBar[x + I*y]], {x, -20, 20}, {y, -5, 5}];

sjb0 = -4;

jb[s_] := JBar[sjb0] + ((s - sjb0)/Pi)*CauchyPrincipalValue[

\[Sigma][ss]/((16*Pi)*((ss - sjb0)*(ss - s))),

{ss, 4, {s}, Infinity}];

jb[s_] := (s/Pi)*CauchyPrincipalValue[Im[JBar[ss]]/

(ss*(ss - s)), {ss, 4, {s}, 10000}];

Plot[{Re[JBar[s]]}, {s, 4, 100}];

Plot[{Re[jb[s]]}, {s, 4, 100}];

Show[%, %%];

Plot[{Im[JBar[s]]}, {s, 4, 100}];

Plot[{\[Sigma][s]/(16*Pi)}, {s, 4, 100}];

Show[%, %%];

Needs["NumericalMath‘CauchyPrincipalValue‘"]

imdtest[s_] := imd[M1, M2, 10, (M1 + M2)^2, (M1 + M2)^2, {10},

lp, 0, s] /. lp[10] -> 10;

imdtest[5]

imdtest[4]

ptest[s_] := CauchyPrincipalValue[

Sqrt[ss]/((ss - s)*(ss + 1)), {ss, 0, {s}, Infinity}]

ntest[s_] := NIntegrate[Sqrt[ss]/((ss - s + 0.1*I)*(ss + 1)),

{ss, 0, s, Infinity}]

ptest[20]

ntest[20]

dtest[s_] := dlofs[M1, M2, 10, (M1 + M2)^2, (M1 + M2)^2, {10},

lp, 0, s] /. lp[10] -> 10 /.

int -> (CauchyPrincipalValue[#1, {ss, (M1 + M2)^2, {s},

cutoff}] & );

dtest[5]

dtest[4]

sjb0 = (M1 + M2)^2;

197



jb[s_] := If[Im[s] == 0, dtest[sjb0] + ((s - sjb0)/Pi)*

CauchyPrincipalValue[imdtest[ss]/((ss - sjb0)*(ss - s)),

{ss, (M1 + M2)^2, {s}, Infinity}] + I*imdtest[s],

NIntegrate[imdtest[ss]/((ss - sjb0)*(ss - s)),

{ss, (M1 + M2)^2, Infinity}]];

Plot3D[Im[jb[x + I*y]], {x, -2, 10}, {y, -2, 2},

PlotPoints -> 30];

Plot[{Re[dtest[s]]}, {s, 1.0001*(M1 + M2)^2, 100}];

Plot[{Re[jb[s]]}, {s, 1.0001*(M1 + M2)^2, 100}];

Show[%, %%];

Plot[{Im[dtest[s]]}, {s, 1.0001*(M1 + M2)^2, 100}];

Plot[{Im[jb[s]]}, {s, 1.0001*(M1 + M2)^2, 100}];

Show[%, %%];

analytic = True; nonrel = True; setdl; weightp = 1; isoj = 1;

angl = 1; polepositions = {70}; startvalues =

{{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = True; setdl; weightp = 1; isoj = 1;

angl = 1; polepositions = {70}; startvalues =

{{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {70};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {300};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = True; setdl; weightp = 1; isoj = 1;

angl = 1; polepositions = {300};
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startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {50, 200};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = True; setdl; weightp = 1; isoj = 1;

angl = 1; polepositions = {50, 200};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {10, 50, 200};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {50, 800, 1000};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 1; angl = 1; polepositions = {10, 50, 100, 110};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 0; angl = 0; polepositions = {70};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots
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analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 0; angl = 0; polepositions = {300};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 0; angl = 0; polepositions = {10};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = True; setdl; weightp = 1; isoj = 0;

angl = 0; polepositions = {10}; startvalues =

{{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 0; angl = 0; polepositions = {10, 30};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 2; angl = 0; polepositions = {70};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

analytic = False; nonrel = False; setdl; weightp = 1;

isoj = 2; angl = 0; polepositions = {40};

startvalues = {{-20, 30}, {-20, 30}, {-20, 30}, {-20, 30}};

evsol

evplots

Null

Unprotect[Power]; 0^0 := 1;
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isoj = 0; angl = 0;

fitdata = ({#1[[1]], qofs[M1, M2, #1[[1]]]^(2*angl)/#1[[2]] +

I*(qofs[M1, M2, #1[[1]]]*(2/wofs[M1, M2, #1[[1]]]))^

(2*angl + 1)} & ) /@ Prepend[pipidataofs[isoj, angl],

{(M1 + M2)^2, If[angl == 0, 2*0.26, dum]}];

ListPlot[({#1[[1]], Re[#1[[2]]]} & ) /@ fitdata];

ListPlot[({#1[[1]], Im[#1[[2]]]} & ) /@ fitdata];

fitdata = Re[fitdata];

kfunc = Interpolation[fitdata];

frplot = {Plot[Evaluate[Re[{qofs[M1, M2, s]^(2*angl)/

(kfunc[s] - I*(qofs[M1, M2, s]*(2/wofs[M1, M2, s]))^

(2*angl + 1))}]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]},

DisplayFunction -> Identity],

Plot[Evaluate[Im[{qofs[M1, M2, s]^(2*angl)/

(kfunc[s] - I*(qofs[M1, M2, s]*(2/wofs[M1, M2, s]))^

(2*angl + 1))}]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]},

DisplayFunction -> Identity]};

Show[frplot[[1]], pipidataplot[isoj, angl][[1]],

DisplayFunction -> $DisplayFunction,

PlotRange -> {{(M1 + M2)^2, 50}, All}];

Show[frplot[[2]], pipidataplot[isoj, angl][[2]],

DisplayFunction -> $DisplayFunction,

PlotRange -> {{(M1 + M2)^2, 50}, All}];

Keffr[q_] = Normal[Series[kfunc[sofq[M1, M2, q]],

{q, 0*(M1 + M2)^2, 2}]]

Keffr[q_] = a + b*q^2 /.

FindMinimum[Plus @@ (Abs[(#1[[2]] - (a + b*#1[[1]]^2))/

(#1[[1]] + 1)^2] & ) /@

({qofs[M1, M2, #1[[1]]], #1[[2]]} & ) /@ fitdata,

{a, 0, 1}, {b, 0, 1}][[2]]

effr[s_] = Simplify[N[Keffr[qofs[M1, M2, s]]]]
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effrA[s_] = qofs[M1, M2, s]^(2*angl)/

(effr[s] - I*(qofs[M1, M2, s]*(2/wofs[M1, M2, s]))^

(2*angl + 1))

1/(2*effr[(M1 + M2)^2])

Solve[1/effrA[s] == 0]

Plot[Evaluate[Re[{kfunc[s], effr[s]}]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]}];

Plot[Evaluate[Im[{kfunc[s], effr[s]}]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]}];

frplot = {Plot[Evaluate[Re[effrA[s]]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]},

DisplayFunction -> Identity],

Plot[Evaluate[Im[effrA[s]]], {s, (M1 + M2)^2, 45},

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]},

DisplayFunction -> Identity]};

Show[frplot[[1]], pipidataplot[isoj, angl][[1]],

DisplayFunction -> $DisplayFunction,

PlotRange -> {{(M1 + M2)^2, 45}, All}];

Show[frplot[[2]], pipidataplot[isoj, angl][[2]],

DisplayFunction -> $DisplayFunction,

PlotRange -> {{(M1 + M2)^2, 45}, All}];

Null

m = 1;

qsubs = {sl -> 4*ql^2 - 4*m^2, s -> 4*q^2 + 4*m^2,

ss -> 4*qq^2 + 4*m^2};

dsoverdq[qq_] = 8*qq;

finN[q_] = Simplify[((-alpha)*8*m*ql)/(-sl - s) /. qsubs]

dint[qq_] = (Sqrt[ss - 4*m^2]/Sqrt[ss])*

(1/((ss + sl)*(ss - s)*(ss + sl))) /. qsubs

dintdq[qq_] = Simplify[PowerExpand[dint[qq]*dsoverdq[qq]]]
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dintq1[qq_] = Simplify[PowerExpand[dintdq[qq]*

(Sqrt[m^2 + qq^2]/m)]]

mD = FullSimplify[PowerExpand[Integrate[dintq1[qq],

{qq, 0, Infinity}]]]

mf = ((alpha*8*m*ql)*(s + sl))/Pi /. qsubs

finD[q_] = Apart[Cancel[Apart[1 - mf*mD]]]

finA[q_] = finN[q]/finD[q]

invA[q_] = Apart[Simplify[PowerExpand[finD[q]/finN[q]]]]

poles[alpha_] = Simplify[q /. Solve[invA[q] == 0, q]]

qlvalue = {ql -> 5, sl -> 96};

qlvalue = {ql -> 1, sl -> 0};

ParametricPlot[Evaluate[

(({Re[#1], Im[#1]} & )[4*poles[alpha][[#1]]^2 +

4*m^2] & ) /@ Table[i, {i, 2,

Length[poles[alpha]]}] /. qlvalue], {alpha, -5, 5},

PlotPoints -> 1000, PlotStyle -> {Hue[0.5], Hue[0.6],

Hue[0.7]}, PlotRange -> {{-50, 10}, {-1, 1}}];

ParametricPlot[Evaluate[

(({Re[#1], Im[#1]} & )[poles[alpha][[#1]]] & ) /@

Table[i, {i, 2, Length[poles[alpha]]}] /. qlvalue],

{alpha, -5, 5}, PlotPoints -> 1000,

PlotStyle -> {Hue[0.5], Hue[0.6], Hue[0.7]}];

m = 1;

qsubs = {sl -> 4*ql^2 - 4*m^2, s -> 4*q^2 + 4*m^2,

ss -> 4*qq^2 + 4*m^2};

dsoverdq[qq_] = 8*qq;

finN[q_] = (-(sl + 4*m^2)^(-1))*(((-alpha)*4*m*ql)/
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(s + sl)) /. qsubs

dint[qq_] = (Sqrt[ss - 4*m^2]/Sqrt[ss])*(ss - 4*m^2)*

(1/((ss + sl)*(ss - s)*(ss + sl))) /. qsubs

dintdq[qq_] = Simplify[PowerExpand[dint[qq]*dsoverdq[qq]]]

dintq1[qq_] = Simplify[PowerExpand[dintdq[qq]*

(Sqrt[m^2 + qq^2]/m)]]

mD = FullSimplify[PowerExpand[Integrate[dintq1[qq],

{qq, 0, Infinity}]]]

mf = ((4*alpha*m*ql)*(s + sl))/(Pi*(sl + 4*m^2)) /. qsubs

finD[q_] = Apart[Cancel[Apart[1 - mf*mD]]]

finA[q_] = (4*q^2*finN[q])/finD[q]

invA[q_] = Apart[Simplify[PowerExpand[

finD[q]/(4*q^2*finN[q])]]]

Simplify[PowerExpand[Integrate[((4 - ss)*Sqrt[-4 + ss])/

((-sl - ss)*(-s + ss)*(sl + ss)), {ss, 4, Infinity},

Assumptions -> {sl >= -4 && Im[s] != 0}]]]

Simplify[PowerExpand[Integrate[((-(4 - ss))*Sqrt[-4 + ss])/

((sl + ss)*(-s + ss)*(sl + ss)), {ss, 4, Infinity},

Assumptions -> {sl >= -4 && Im[s] != 0}]]]

Simplify[PowerExpand[Integrate[Sqrt[ss - 4*m^2]*(ss - 4*m^2)*

(1/((ss + sl)*(ss - s)*(ss + sl))), {ss, 4, Infinity},

Assumptions -> {sl >= -4 && Im[s] != 0}]]]

Simplify[N[% /. {sl -> 70}]]

fitfunc[lp, angl, polepositions][s] /.

(ppl[#1[[1]]] -> #1[[2]] & ) /@ sol[[2]]

204



Simplify[N[PowerExpand[Integrate[((4 - ss)*Sqrt[-4 + ss])/

((70 + ss)*(70 + ss)*(-s + ss)), {ss, 4, Infinity},

Assumptions -> {Im[s] != 0}]]]]

bD = FullSimplify[1/(ql - I*q) - ql^2/((ql - I*q)^2*2*ql)]

bf = (alpha*(q^2 + ql^2))/(Pi*ql)

burkhardD[q_] = Apart[Cancel[Apart[1 - Pi*bD*bf]]]

binvA[q_] = Apart[Simplify[PowerExpand[burkhardD[q]/

(4*q^2*finN[q])]]]

FullSimplify[invA[q] - binvA[q]]

binvA1[q_] = Apart[(1/(m*q^2))*(ql*((1 - alpha)/(2*alpha)) +

((1 - 3*alpha)/(2*alpha*ql))*q^2 - I*q^3)]

lh = Chop[Simplify[PowerExpand[Keffr[q] /.

Complex[a_, b_] -> a]]]

rh = Chop[Simplify[PowerExpand[q^2*(invA[q] + I*q)]]]

Solve[lh == rh, {alpha, ql}]

poles[alpha_] = Simplify[q /. Solve[invA[q] == 0, q]]

qlvalue = {ql -> 5, sl -> 96};

qlvalue = {ql -> 1, sl -> 0};

ParametricPlot[Evaluate[

(({Re[#1], Im[#1]} & )[4*poles[alpha][[#1]]^2 +

4*m^2] & ) /@ Table[i, {i, 2,

Length[poles[alpha]]}] /. qlvalue], {alpha, -5, 5},

PlotPoints -> 1000];
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ParametricPlot[Evaluate[

(({Re[#1], Im[#1]} & )[poles[alpha][[#1]]] & ) /@

Table[i, {i, 2, Length[poles[alpha]]}] /. qlvalue],

{alpha, -5, 5}, PlotPoints -> 1000];

D.8 ”ND.nb”

Off[General::spell1]

Off[General::spell]

mPi = 0.1396;

process = pipi;

m1 = 1; m2 = 1;

zsign = -1;

epsilon = 1/2;

epsilont = {1/2};

epsilonu = {1/2};

n = 21;

s0 = 4*m1^2;

cutoff = 300.01*m1^2;

rstart = 100*m1^2;

inelast = 1;

l = 1; isospin = 1;

tresonances = 1; uresonances = 1;

tstrengths = {2}; ustrengths = {2};

tpoles = {30*m1^2}; upoles = {30*m1^2};

twidths = {1*m1^2}; uwidths = {1*m1^2};

tll = {1}; ull = {1};

tisospin = {1}; uisospin = {1};

modifyl = -26; modifyr = -3.99;

crossedinelast = True;

r[s_] := If[s < rstart, 1, inelast];

If[process == pipi, betast = {{1/3, -1, 5/3},

{1/3, -(1/2), -(5/6)}, {1/3, 1/2, 1/6}};

betasu = {{1/3, 1, 5/3}, {-(1/3), -(1/2), 5/6},

{1/3, -(1/2), 1/6}}];

If[process == piN!!*process == PiK,

betasu = {{-(1/3), 4/3}, {2/3, 1/3}};

betast = {{1/Sqrt[6], 1}, {1/Sqrt[6], -(1/2)}}];
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m3 = m2; m4 = m1; q2 = qq2; qt2 = qqt2; qu2 = qqu2;

schanneleq = {s == (Sqrt[q2 + m1^2] + Sqrt[q2 + m2^2])^2,

s == (Sqrt[qq2 + m3^2] + Sqrt[qq2 + m4^2])^2,

t == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m2^2])^2 -

(Sqrt[q2] - Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

u == (Sqrt[qq2 + m3^2] - Sqrt[q2 + m1^2])^2 -

(Sqrt[q2] + Sqrt[qq2]*z)^2 - qq2*(1 - z^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2};

tchanneleq = {t == (Sqrt[qqt2 + m3^2] + Sqrt[qt2 + m2^2])^2,

t == (Sqrt[qqt2 + m1^2] + Sqrt[qqt2 + m4^2])^2,

s == (Sqrt[qqt2 + m1^2] - Sqrt[qt2 + m2^2])^2 -

(Sqrt[qt2] - Sqrt[qqt2]*zt)^2 - qqt2*(1 - zt^2),

u == (Sqrt[qqt2 + m1^2] - Sqrt[qt2 + m3^2])^2 -

(Sqrt[qt2] + Sqrt[qqt2]*zt)^2 - qqt2*(1 - zt^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2};

uchanneleq = {u == (Sqrt[qu2 + m1^2] + Sqrt[qu2 + m3^2])^2,

u == (Sqrt[qqu2 + m2^2] + Sqrt[qqu2 + m4^2])^2,

t == (Sqrt[qqu2 + m2^2] - Sqrt[qu2 + m3^2])^2 -

(Sqrt[qu2] - Sqrt[qqu2]*zu)^2 - qqu2*(1 - zu^2),

s == (Sqrt[qqu2 + m2^2] - Sqrt[qu2 + m1^2])^2 -

(Sqrt[qu2] + Sqrt[qqu2]*zu)^2 - qqu2*(1 - zu^2),

s + t + u == m1^2 + m2^2 + m3^2 + m4^2};

zofst[s_, t_] = Simplify[

z /. Flatten[Solve[schanneleq[[3]], z]] /.

Flatten[Solve[schanneleq[[2]], qq2]]];

ztofst[s_, t_] = Simplify[

zt /. Flatten[Solve[tchanneleq[[3]], zt]] /.

Flatten[Solve[tchanneleq[[2]], qqt2]]];

zofsu[s_, u_] = Simplify[

z /. Flatten[Solve[schanneleq[[4]], z]] /.

Flatten[Solve[schanneleq[[2]], qq2]]];

zuofsu[s_, u_] = Simplify[

zu /. Flatten[Solve[uchanneleq[[4]], zu]] /.

Flatten[Solve[uchanneleq[[2]], qqu2]]];

q2ofs[s_] = q2 /. Flatten[Solve[schanneleq[[1]], q2]];

tofsz[s_, z_] = Simplify[

t /. Flatten[Solve[schanneleq[[3]], t]] /.

Flatten[Solve[schanneleq[[1]], q2]]]

tofszt[s_, zt_] = Simplify[

t /. Flatten[Solve[tchanneleq[[1]], t]] /.

Flatten[Solve[tchanneleq[[3]], qqt2]]]
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uofsz[s_, z_] = Simplify[

u /. Flatten[Solve[schanneleq[[4]], u]] /.

Flatten[Solve[schanneleq[[1]], q2]]]

uofszu[s_, zu_] = Simplify[

u /. Flatten[Solve[uchanneleq[[1]], u]] /.

Flatten[Solve[uchanneleq[[4]], qqu2]]]

sofw[m1_, m2_, w_] := w^2;

qofw[m1_, m2_, w_] :=

Sqrt[((w^2 - (m1 + m2)^2)*(w^2 - (m1 - m2)^2))/(4*w^2)];

dzdt[s_] = Cancel[(2*s)/(((m1 + m2)^2 - s)*

((m1 - m2)^2 - s))];

dzdu[s_] = -dzdt[s];

sl = Table[-cutoff + (i*(cutoff + (m1 - m2)^2 + modifyl))/

(n - 1), {i, 0, n - 1}]

sr = Table[modifyr + (m1 + m2)^2 +

i*((cutoff - (modifyr + (m1 + m2)^2))/(n - 1)),

{i, 0, n - 1}]

deltasl = (cutoff + (m1 - m2)^2 + modifyl)/(n - 1)

w = ReplacePart[ReplacePart[Flatten[

Transpose[{Table[2/3, {Ceiling[n/2]}],

Table[4/3, {Ceiling[n/2]}]}]], 1/3, -1], 1/3, 1]

pipidata[1, 1] = Transpose[{{0.3, 0.32, 0.34, 0.36, 0.38, 0.4,

0.42, 0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58,

0.6, 0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76,

0.78, 0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94,

0.96, 0.98}, ({0.3, 0.32, 0.34, 0.36, 0.38, 0.4, 0.42,

0.44, 0.46, 0.48, 0.5, 0.52, 0.54, 0.56, 0.58, 0.6,

0.62, 0.64, 0.66, 0.68, 0.7, 0.72, 0.74, 0.76, 0.78,

0.8, 0.82, 0.84, 0.86, 0.88, 0.9, 0.92, 0.94, 0.96,

0.98}*(1/qofw[mPi, mPi, #1] & ) /@ {0.3, 0.32, 0.34,

0.36, 0.38, 0.4, 0.42, 0.44, 0.46, 0.48, 0.5, 0.52,

0.54, 0.56, 0.58, 0.6, 0.62, 0.64, 0.66, 0.68, 0.7,

0.72, 0.74, 0.76, 0.78, 0.8, 0.82, 0.84, 0.86, 0.88,

0.9, 0.92, 0.94, 0.96, 0.98})*
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({0.002, 0.007, 0.012, 0.017, 0.026, 0.035, 0.044,

0.056, 0.07, 0.085, 0.102, 0.123, 0.146, 0.173, 0.205,

0.241, 0.284, 0.333, 0.387, 0.443, 0.488, 0.496,

0.428, 0.252, 0., -0.232, -0.386, -0.466, -0.496,

-0.499, -0.489, -0.473, -0.455, -0.436, -0.416} +

I*{0., 0., 0., 0., 0.001, 0.001, 0.002, 0.003, 0.005,

0.007, 0.011, 0.015, 0.022, 0.031, 0.044, 0.062,

0.088, 0.127, 0.184, 0.268, 0.391, 0.559, 0.759,

0.932, 1., 0.943, 0.817, 0.682, 0.465, 0.47, 0.396,

0.337, 0.292, 0.255, 0.223})}];

pipidataofs[1, 1] = ({sofw[mPi, mPi, #1[[1]]]/mPi^2,

#1[[2]]} & ) /@ pipidata[1, 1];

pipidataplot[1, 1] =

{ListPlot[Transpose[MapAt[Re, Transpose[pipidataofs[1, 1]],

2]]], ListPlot[Transpose[MapAt[Im,

Transpose[pipidataofs[1, 1]], 2]]]};

pipieta[1, 1] = Transpose[{Table[i, {i, 1.01, 1.79, 0.02}],

{0.9, 0.85, 0.9, 0.85, 0.88, 0.88, 0.85, 0.83, 0.84,

0.83, 0.81, 0.84, 0.85, 0.89, 0.9, 0.81, 0.74, 0.69,

0.69, 0.65, 0.6, 0.53, 0.49, 0.48, 0.44, 0.41, 0.37,

0.33, 0.27, 0.29, 0.3, 0.33, 0.4, 0.49, 0.59, 0.68,

0.75, 0.8, 0.82, 0.84}}];

pipietaofs[1, 1] = ({sofw[mPi, mPi, #1[[1]]]/mPi^2,

#1[[2]]} & ) /@ pipieta[1, 1];

pipietaofs[1, 1]

inelt[s_] := {If[52.3446030820765 < s &&

s < 164.41264850042282, Interpolation[pipietaofs[1, 1]][

s], If[s <= 52.3446030820765, 1, 0.85]]};

inelu = inelt;

ListPlot[pipietaofs[1, 1]];

Plot[Re[inelt[s][[1]]], {s, 0, cutoff}];

stept[s_, t_] := If[t > Min[{0, -(2/dzdt[s])}] &&

t < Max[{0, -(2/dzdt[s])}], 1, 0];

stepu[s_, u_] := If[u > Min[{s, -(2/dzdt[s]) + s}] &&

u < Max[{0, -(2/dzdt[s]) + s}], 1, 0];

flt[s_] := Table[(1/2)*Pi*tstrengths[[i]]*dzdt[s]*

(2*tll[[i]] + 1)*betast[[isospin + 1,tisospin[[i]] + 1]]*

LegendreP[tll[[i]], zsign*ztofst[s, tpoles[[i]]]]*

LegendreP[l, zofst[s, tpoles[[i]]]]*stept[s, tpoles[[i]]],

{i, tresonances}]
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flu[s_] := Table[(1/2)*Pi*ustrengths[[i]]*dzdt[s]*

(2*ull[[i]] + 1)*betasu[[isospin + 1,uisospin[[i]] + 1]]*

LegendreP[ull[[i]], zuofsu[s, upoles[[i]]]]*

LegendreP[l, zsign*zofsu[s, upoles[[i]]]]*

stept[s, upoles[[i]]], {i, uresonances}]

f[s_] := Plus @@ flt[s] + Plus @@ flu[s]

Plot[f[s], {s, -cutoff, 0}];

mBWtofs[t_] = Table[FullSimplify[

(1/If[crossedinelast, 1, r[t]])*

((q2ofs[t]^l*twidths[[i]]*tstrengths[[i]])/

(tpoles[[i]] - t - I*twidths[[i]]*q2ofs[t]^l*

Sqrt[(4*q2ofs[t])/t]))], {i, 1, tresonances}]

Plot[Im[mBWtofs[s][[1]]], {s, 4.1, 50},

PlotRange -> {All, All}];

Plot[Sqrt[(4*q2ofs[s])/s]*Abs[mBWtofs[s][[1]]]^2,

{s, 4.1, 50}, PlotRange -> {All, All}];

Show[%, %%];

Plot[Re[mBWtofs[s]], {s, 0, cutoff}, PlotRange -> {All, All}];

Show[%, pipidataplot[1, 1][[1]]];

Plot[Im[mBWtofs[s]], {s, 0, cutoff}, PlotRange -> {All, All}];

Show[%, pipidataplot[1, 1][[2]]];

mBWtofst[s_, t_] =

Sum[Chop[FullSimplify[mBWtofs[t][[i]]*LegendreP[tll[[i]],

zsign*ztofst[s, t]]*(2*tll[[i]] + 1)*

betast[[isospin + 1,tisospin[[i]] + 1]]]],

{i, 1, tresonances}]

mBWintegrandt[s_, t_] =

Chop[FullSimplify[mBWtofst[s, t]*LegendreP[l,

zsign*zofst[s, t]]*dzdt[s]]]

dent[s_, t_] = Denominator[mBWintegrandt[s, t]]

numt[s_, t_] = Numerator[mBWintegrandt[s, t]]

Plot[Abs[dent[10, t]], {t, -1, 1}];

Solve[dent[s, t] == 0, t]
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zerot = t /. Solve[dent[s, t] == 0, t][[1]]

Clear[rest]; If[inelast =!= 1 || crossedinelast,

rest[s_] := Limit[(t - zerot)*mBWintegrandt[s, t],

t -> zerot], rest[s_] = Residue[mBWintegrandt[s, t],

{t, zerot}]];

Needs["NumericalMath‘CauchyPrincipalValue‘"];

Clear[mBWlt]; If[crossedinelast, mBWlt[s_] :=

(1/2)*(CauchyPrincipalValue[mBWintegrandt[s, t],

{t, tofsz[s, -1], {zerot}, tofsz[s, 1]}] +

I*Pi*rest[s]), mBWlt[s_] :=

(ints = Sort[{tofsz[s, -1], tofsz[s, 1]}];

Sign[tofsz[s, 1] - tofsz[s, -1]]*

Which[ints[[1]] < zerot < ints[[2]] &&

ints[[1]] < rstart < ints[[2]] && rstart < zerot,

(1/2)*NIntegrate[mBWintegrandt[s, t], {t, ints[[1]],

rstart}] + (1/2)*(CauchyPrincipalValue[

mBWintegrandt[s, t], {t, rstart, {zerot},

ints[[2]]}] + I*Pi*rest[s]),

ints[[1]] < zerot < ints[[2]] && ints[[1]] < rstart <

ints[[2]] && rstart > zerot,

(1/2)*NIntegrate[mBWintegrandt[s, t], {t, rstart,

ints[[2]]}] + (1/2)*(CauchyPrincipalValue[

mBWintegrandt[s, t], {t, ints[[1]], {zerot},

rstart}] + I*Pi*rest[s]),

ints[[1]] < zerot < ints[[2]] &&

!ints[[1]] < rstart < ints[[2]],

(1/2)*(CauchyPrincipalValue[mBWintegrandt[s, t],

{t, ints[[1]], {zerot}, ints[[2]]}] + I*Pi*rest[s]),

!ints[[1]] < zerot < ints[[2]] && ints[[1]] < rstart <

ints[[2]], (1/2)*NIntegrate[mBWintegrandt[s, t],

{t, ints[[1]], rstart, ints[[2]]}],

!ints[[1]] < zerot < ints[[2]] &&

!ints[[1]] < rstart < ints[[2]],

(1/2)*NIntegrate[mBWintegrandt[s, t], {t, ints[[1]],

ints[[2]]}]])];

sl1 = Table[-cutoff + (i*(cutoff + (m1 - m2)^2))/(10*n),

{i, 0, 10*n}];

tabt = ({#1, mBWlt[#1]} & ) /@ sl1;

Null

mBWltA = Interpolation[tabt];

Plot[Re[mBWltA[s]], {s, -cutoff, 0}];
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Plot[Im[mBWltA[s]], {s, -cutoff, 0}];

mBWuofs[u_] = Table[FullSimplify[

(1/If[crossedinelast, 1, r[u]])*

((q2ofs[u]^l*uwidths[[i]]*ustrengths[[i]])/

(upoles[[i]] - u - I*uwidths[[i]]*q2ofs[u]^l*

Sqrt[(4*q2ofs[u])/u]))], {i, 1, uresonances}]

mBWuofsu[s_, u_] = Sum[FullSimplify[mBWuofs[u][[i]]*

LegendreP[ull[[i]], zsign*zuofsu[s, u]]*(2*ull[[i]] + 1)*

betasu[[isospin + 1,uisospin[[i]] + 1]]],

{i, 1, uresonances}]

mBWintegrandu[s_, u_] =

Chop[FullSimplify[mBWuofsu[s, u]*LegendreP[l,

zsign*zofsu[s, u]]*dzdu[s]]]

zerou = u /. Solve[Denominator[mBWintegrandu[s, u]] == 0, u][[

1]]

Clear[resu]; If[inelast =!= 1 || crossedinelast,

resu[s_] := Limit[(u - zerou)*mBWintegrandt[s, u],

u -> zerou], resu[s_] = Residue[mBWintegrandt[s, u],

{t, zerou}]];

Needs["NumericalMath‘CauchyPrincipalValue‘"];

If[crossedinelast, mBWlu[s_] :=

(1/2)*(CauchyPrincipalValue[mBWintegrandu[s, u],

{u, uofsz[s, -1], {zerou}, uofsz[s, 1]}] +

I*Pi*resu[s]), mBWlu[s_] :=

(ints = Sort[{uofsz[s, -1], uofsz[s, 1]}];

Sign[uofsz[s, 1] - uofsz[s, -1]]*

Which[ints[[1]] < zerou < ints[[2]] &&

ints[[1]] < rstart < ints[[2]] && rstart < zerou,

(1/2)*NIntegrate[mBWintegrandu[s, u], {u, ints[[1]],

rstart}] + (1/2)*(CauchyPrincipalValue[

mBWintegrandu[s, u], {u, rstart, {zerou},

ints[[2]]}] + I*Pi*resu[s]),

ints[[1]] < zerou < ints[[2]] && ints[[1]] < rstart <

ints[[2]] && rstart > zerou,

(1/2)*NIntegrate[mBWintegrandu[s, u], {u, rstart,

ints[[2]]}] + (1/2)*(CauchyPrincipalValue[

mBWintegrandu[s, u], {u, ints[[1]], {zerou},

rstart}] + I*Pi*resu[s]),

ints[[1]] < zerou < ints[[2]] &&
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!ints[[1]] < rstart < ints[[2]],

(1/2)*(CauchyPrincipalValue[mBWintegrandu[s, u],

{u, ints[[1]], {zerou}, ints[[2]]}] + I*Pi*resu[s]),

!ints[[1]] < zerou < ints[[2]] && ints[[1]] < rstart <

ints[[2]], (1/2)*NIntegrate[mBWintegrandu[s, u],

{u, ints[[1]], rstart, ints[[2]]}],

!ints[[1]] < zerou < ints[[2]] &&

!ints[[1]] < rstart < ints[[2]],

(1/2)*NIntegrate[mBWintegrandu[s, u], {u, ints[[1]],

ints[[2]]}]])];

tabu = ({#1, mBWlu[#1]} & ) /@ sl1;

ListPlot[Re[tabu]];

ListPlot[({#1[[1]], Im[#1[[2]]]} & ) /@ tabu];

mBWluA = Interpolation[tabu];

Null

f[s_] := Im[mBWltA[s]] + Im[mBWluA[s]];

f[s_] := 2*Im[mBWltA[s]];

Plot[f[s], {s, -cutoff, 0}];

Null

mBWtofs[t_] = Table[FullSimplify[

(q2ofs[t]^l*twidths[[i]]*tstrengths[[i]])/

(tpoles[[i]] - t - I*twidths[[i]]*q2ofs[t]^l*

Sqrt[(4*q2ofs[t])/t])], {i, 1, tresonances}]

Plot[Im[mBWtofs[s][[1]]], {s, 4.1, 50},

PlotRange -> {All, All}];

Plot[Sqrt[(4*q2ofs[s])/s]*Abs[mBWtofs[s][[1]]]^2,

{s, 4.1, 50}, PlotRange -> {All, All}];

Show[%, %%];

Null

dBWtofs[t_] = Table[

Log[1 + 2*epsilont[[i]]*2*I*Sqrt[(4*q2ofs[t])/t]*

mBWtofs[t][[i]]]/(2*I), {i, 1, tresonances}];

mBWinelatofs[t_] := Table[Sqrt[t/(4*q2ofs[t])]*

(1/(2*I*2*epsilont[[i]]))*

(inelt[t][[i]]*E^(2*I*dBWtofs[t][[i]]) - 1),

{i, 1, tresonances}];

Plot[Im[mBWtofs[s]], {s, 4.1, cutoff},
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PlotRange -> {All, All}];

Plot[Im[mBWinelatofs[s]], {s, 4.1, cutoff},

PlotRange -> {All, All}];

Show[%, %%];

Plot[Re[mBWtofs[s]], {s, 4.1, cutoff},

PlotRange -> {All, All}];

Plot[Re[mBWinelatofs[s]], {s, 4.1, cutoff},

PlotRange -> {All, All}];

Show[%, %%];

Plot[Re[mBWinelatofs[s]], {s, 0, cutoff},

PlotRange -> {All, All}];

Show[%, pipidataplot[1, 1][[1]]];

Plot[Im[mBWinelatofs[s]], {s, 0, cutoff},

PlotRange -> {All, All}];

Show[%, pipidataplot[1, 1][[2]]];

mBWtofst[s_, t_] := Sum[mBWinelatofs[t][[i]]*

LegendreP[tll[[i]], zsign*ztofst[s, t]]*(2*tll[[i]] + 1)*

betast[[isospin + 1,tisospin[[i]] + 1]],

{i, 1, tresonances}];

Simplify[Solve[LegendreP[l, zsign*zofst[s, t]] == 0, t][[1,1]]]

mBWlt[s_] := (1/2)*NIntegrate[mBWtofst[s, t]*

LegendreP[l, zsign*zofst[s, t]]*dzdt[s],

{t, tofsz[s, -1], tofsz[s, 1]}];

sl1 = Table[-cutoff + (i*(cutoff + (m1 - m2)^2))/(10*n),

{i, 0, 10*n}];

tabt = ({#1, mBWlt[#1]} & ) /@ sl1;

Null

mBWltA = Interpolation[tabt];

Plot[Re[mBWlt[s]], {s, -cutoff, -26}];

Plot[Re[mBWltA[s]], {s, -cutoff, -26}];

Show[%, %%];

Plot[Im[mBWlt[s]], {s, -cutoff, -26}];

Plot[Im[mBWltA[s]], {s, -cutoff, -26}];

Show[%, %%];

mBWuofs[u_] = Table[FullSimplify[

(q2ofs[u]^l*uwidths[[i]]*ustrengths[[i]])/

(upoles[[i]] - u - I*uwidths[[i]]*q2ofs[u]^l*

Sqrt[(4*q2ofs[u])/u])], {i, 1, uresonances}]

dBWuofs[u_] = Table[

Log[1 + 2*epsilonu[[i]]*2*I*Sqrt[(4*q2ofs[u])/u]*
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mBWuofs[u][[i]]]/(2*I), {i, 1, uresonances}];

mBWinelauofs[u_] := Table[Sqrt[u/(4*q2ofs[u])]*

(1/(2*I*2*epsilonu[[i]]))*

(inelu[u][[i]]*E^(2*I*dBWuofs[u][[i]]) - 1),

{i, 1, uresonances}];

mBWuofsu[s_, u_] := Sum[FullSimplify[mBWinelauofs[u][[i]]*

LegendreP[ull[[i]], zsign*zuofsu[s, u]]*(2*ull[[i]] + 1)*

betasu[[isospin + 1,uisospin[[i]] + 1]]],

{i, 1, uresonances}];

mBWlu[s_] := (1/2)*NIntegrate[mBWuofsu[s, u]*

LegendreP[l, zsign*zofsu[s, u]]*dzdu[s],

{u, uofsz[s, -1], uofsz[s, 1]}];

tabu = ({#1, mBWlu[#1]} & ) /@ sl1;

ListPlot[Re[tabu]];

ListPlot[({#1[[1]], Im[#1[[2]]]} & ) /@ tabu];

mBWluA = Interpolation[tabu];

Null

f[s_] := Im[mBWltA[s]] + Im[mBWluA[s]];

Plot[f[s], {s, -cutoff, 0}];

Null

kl[s1_, s3_] := (1/Pi^2)*2*epsilon*(s1 - s0)*

NIntegrate[((4*q2ofs[s2])^l*Sqrt[(4*q2ofs[s2])/s2]*r[s2])/

((s2 - s1)*(s2 - s0)*(s2 - s3)), {s2, (m1 + m2)^2,

rstart, Infinity}];

Needs["NumericalMath‘CauchyPrincipalValue‘"];

kr[s1_, s3_] := (1/Pi^2)*2*epsilon*(s1 - s0)*

If[s1 < rstart, CauchyPrincipalValue[

((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)*(s2 - s3)), {s2, (m1 + m2)^2,

{s1}, rstart}] + NIntegrate[((4*q2ofs[s2])^l*r[s2]*

Sqrt[(4*q2ofs[s2])/s2])/((s2 - s1)*(s2 - s0)*

(s2 - s3)), {s2, rstart, Infinity}],

NIntegrate[((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)*(s2 - s3)), {s2, (m1 + m2)^2,

rstart}] + CauchyPrincipalValue[

((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)*(s2 - s3)), {s2, rstart, {s1},

Infinity}]];

n*n

215



matr = Table[-((kl[sl[[i]], sl[[j]]]*deltasl*w[[j]]*

f[sl[[j]]])/(4*q2ofs[sl[[j]]])^l), {i, n}, {j, n}] +

IdentityMatrix[n];

invmatr = Inverse[matr];

dl = (Plus @@ #1 & ) /@ invmatr

drRematr = Table[(dl[[j]]*Re[kr[sr[[i]], sl[[j]]]]*deltasl*

w[[j]]*f[sl[[j]]])/(4*q2ofs[sl[[j]]])^l, {i, n},

{j, n}];

rcheck = Table[(dl[[j]]*Re[kr[sr[[i]], sl[[j]]]]*f[sl[[j]]])/

(4*q2ofs[sl[[j]]])^l, {i, n}, {j, n}];

ListPlot[rcheck[[2]], PlotRange -> {All, All}];

drRe = (Plus @@ #1 & ) /@ drRematr + Table[1, {n}]

nr = N[Table[(1/Pi)*Sum[(dl[[j]]*deltasl*w[[j]]*f[sl[[j]]])/

((4*q2ofs[sl[[j]]])^l*(sl[[j]] - sr[[i]])), {j, 1, n}],

{i, 1, n}]]

nlRe = N[Re[Table[(1/Pi)*Sum[(dl[[j]]*deltasl*w[[j]]*

f[sl[[j]]])/((4*q2ofs[sl[[j]]])^l*(sl[[i]] -

sl[[j]] - 0.0001*(m1 + m2)^2*I)), {j, n}],

{i, n}]]];

kl[s1_, s3_] := (1/Pi^2)*2*epsilon*(s1 - s0)^2*

NIntegrate[((4*q2ofs[s2])^l*Sqrt[(4*q2ofs[s2])/s2]*r[s2])/

((s2 - s1)*(s2 - s0)^2*(s2 - s3)), {s2, (m1 + m2)^2,

rstart, Infinity}];

Needs["NumericalMath‘CauchyPrincipalValue‘"];

kr[s1_, s3_] := (1/Pi^2)*2*epsilon*(s1 - s0)^2*

If[s1 < rstart, CauchyPrincipalValue[

((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)^2*(s2 - s3)), {s2, (m1 + m2)^2,

{s1}, rstart}] + NIntegrate[((4*q2ofs[s2])^l*r[s2]*

Sqrt[(4*q2ofs[s2])/s2])/((s2 - s1)*(s2 - s0)^2*

(s2 - s3)), {s2, rstart, Infinity}],

NIntegrate[((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)^2*(s2 - s3)), {s2, (m1 + m2)^2,

rstart}] + CauchyPrincipalValue[
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((4*q2ofs[s2])^l*r[s2]*Sqrt[(4*q2ofs[s2])/s2])/

((s2 - s1)*(s2 - s0)^2*(s2 - s3)), {s2, rstart, {s1},

Infinity}]];

n*n

sub2 = 0.004;

sub2 = 0.0035;

matr = Table[KroneckerDelta[i, j] -

(kl[sl[[i]], sl[[j]]]*deltasl*w[[j]]*f[sl[[j]]])/

(4*q2ofs[sl[[j]]])^l, {i, n}, {j, n}];

invmatr = Inverse[matr];

dl = (Plus @@ #1 & ) /@ invmatr

drRematr = Table[KroneckerDelta[i, j] + KroneckerDelta[i, j]*

sub2*(sl[[i]] - s0) + (dl[[j]]*Re[kr[sr[[i]], sl[[j]]]]*

deltasl*w[[j]]*f[sl[[j]]])/(4*q2ofs[sl[[j]]])^l,

{i, n}, {j, n}];

rcheck = Table[(dl[[j]]*Re[kr[sr[[i]], sl[[j]]]]*f[sl[[j]]])/

(4*q2ofs[sl[[j]]])^l, {i, n}, {j, n}];

ListPlot[rcheck[[2]], PlotRange -> {All, All}];

drRe = (Plus @@ #1 & ) /@ drRematr

nr = N[Table[(1/Pi)*Sum[(dl[[j]]*deltasl*w[[j]]*f[sl[[j]]])/

((4*q2ofs[sl[[j]]])^l*(sl[[j]] - sr[[i]])), {j, 1, n}],

{i, 1, n}]]

nlRe = N[Re[Table[(1/Pi)*Sum[(dl[[j]]*deltasl*w[[j]]*

f[sl[[j]]])/((4*q2ofs[sl[[j]]])^l*(sl[[i]] -

sl[[j]] - 0.00001*(m1 + m2)^2*I)), {j, n}],

{i, n}]]];

nlIm = Table[(f[sl[[j]]]*dl[[j]])/(4*q2ofs[sl[[j]]])^l, {j, n}]

drIm = Table[(-If[sr[[i]] > (m1 + m2)^2, 1, 0])*

(4*q2ofs[sr[[i]]])^l*r[sr[[i]]]*2*epsilon*

Sqrt[(4*q2ofs[sr[[i]]])/sr[[i]]]*nr[[i]], {i, n}]

ar = Table[((4*q2ofs[sr[[i]]])^l*nr[[i]])/
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(drRe[[i]] + I*drIm[[i]]), {i, n}]

phaseshiftr = (180/Pi)*

Table[ArcTan[(Im[#1]/Re[#1] & )[

1 + 2*I*2*epsilon*r[sr[[i]]]*(Sqrt[q2ofs[sr[[i]]]]/

(Sqrt[sr[[i]]]/2))*ar[[i]]]]/2, {i, n}]

arFunc = Interpolation[Transpose[{sr, Re[ar]}]];

N[D[arFunc[s], s] /. s -> s0]

drFunc = Interpolation[Transpose[{sr, drRe + I*drIm}]];

N[D[drFunc[s], s] /. s -> s0]

ListPlot[Transpose[{sr, Re[ar]}], PlotJoined -> True,

PlotRange -> {{0, cutoff}, All}];

Show[%, pipidataplot[1, 1][[1]]];

ListPlot[Transpose[{sr, Im[ar]}], PlotJoined -> True,

PlotRange -> {{0, cutoff}, All}];

Show[%, pipidataplot[1, 1][[2]]];

phaseshiftplot = ListPlot[Transpose[{sr, phaseshiftr}],

PlotJoined -> True, PlotRange -> {{0, cutoff}, All}];
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